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APPROXIMATE CONTROLLABILITY OF SEMILINEAR CONTROL
SYSTEMS IN HILBERT SPACES

N. I. MAHMUDOV?, N. SEMT!, §

ABSTRACT. This paper deals with the approximate controllability of semilinear evolution
systems in Hilbert spaces. Sufficient condition for approximate controllability have been
obtained under natural conditions.
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1. INTRODUCTION

We are given a probability space (2, ¥, P) together with a normal filtration (3¢):>0. We
consider three real separable spaces K, X and U, and Q-Wiener process on (2,3, P) with
covariance linear bounded operator ) such that tr@) < co. We assume that there exists
a complete orthonormal system {e;},~; in K, a bounded sequence of nonnegative real
numbers A such that Qe, = Ager, k= 1,2, ..., and a sequence {Bk}>, of independent
Brownian motions such that -

<’w(t),€>:Z\/>\>k<6k,e>ﬁk(t), ec K, te [Ovb]a
k=1

and 3; = 3, where 3Y is the sigma algebra generated by {w (s) : 0 < s <t}. Let L =
Lo (Ql/zK; X) be the space of all Hilbert-Schmidt operators from Q2K to X with the
inner product (1, ¢) Ly =tr [WQ¢]. LP (3, X) is the Banach space of all 3,—measurable

square integrable variables with values in X. Lg(O,b;X ) is the Banach space of all p-
square integrable and J;—adapted processes with values in X. Let C (0,b; L? (3, X)) be
the Banach space of continuous maps from [0, 8] into LP (3, X) satisfying the condition
sup{E |l (®)||" : t € [0,b]} < c0. €,(0,b; X) is the closed subspace of C (0,b; L? (¥, X))

consisting of measurable and 3;—adapted X-valued processes ¢ € C (0,b; LP (S, X)) en-
1

p
dowed with the norm ¢l = 0s<1;1<)bE o5

Abstract semilinear differential equation serves as a formulation for many control sys-
tems described by partial or functional differential equations.Controllability theory for
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abstract linear control systems in infinite-dimensional spaces is well-developed, and exten-
sively investigated in the literature, see [1], [6], [17] and [23] and the references therein.
Several authors have extended controllability concepts to infinite-dimensional systems rep-
resented by nonlinear evolution equations. The approximate controllability for the systems
of differential equations has been investigated by several authors, see for instance [2]- [24].

This paper is devoted to the approximate controllability problems of the following semi-
linear control system

{ dy (t) = [Ay (t) + (Bu) (t) + f (t,y ()] dt + [y o (r,y (r)) dw (r), (1)
y(0)=¢ 0<t<b,

in a real Hilbert space (X, ||-||) . The meaning of all notations are listed in the following:
A is the infinitesimal generator of a Cp-semigroup {S (¢) : ¢t >0}, u € L% (0,b;U) is a
control function, U is a Hilbert space, B is a linear bounded operator from L% (0,b;U) to
LZ(0,0;X), f:[0,b] x X = X, 0 :[0,b] x X — LY.

Denote the solution of (1) corresponding to a control u by y (-;u). Then y (b;u) is the
state value at the terminal time b. Introduce the set

Ry (f) ={y(b;u):ue L3 (0,b;U)},

which is called the reachable set of system (1) at terminal time b, its closure in L? (3, X)

is denoted by Ry (f).

Definition 1. System (1) is said to be approximately controllable on [0,b] if Ry (f) =
L? (S, X).

2. ASSUMPTIONS

Throughout the paper we impose the following assumptions:
: (A1) (f,0) :[0,b] x X — X x LY is locally Lipschitz continuous in y uniformly in
t € [0,0] : there exists a constant L > 0 such that
1 (y) = f (G y2)ll + Mo (G yn) — o (G y2)llg < Ly — el

for any t € [0,b] .
: (A2) There exists L1 > 0 such that for all (¢,y) € [0,b] x X

1f &)l +llo & y)llg < Lo (1+ [lyll)

: (A3) For any p € L4(0, b; X), there exists a function ¢ € Im (B) such that Ep = =g,
where = : L4(0,b; X) — LY is defined as follows

b
Ep—/ S(b—s)p(s)ds, pe LA(0,b:X).
0

The assumption (A3) was introduced by Naito in [15]. Let N = ker Z = {p € L4(0,b; X)
and let G be an orthogonal projection operator from L4 (0, b; X) into N+t and Im B be the
range of B. It follows from (A3) that {x + N}NIm B # () for any x € Nt. Therefore, the
operator P : N+ — Im B defined by

Pr =z*,

where 2* € {x + N} NIm B and ||z*|| = min {||y|| : y € {z + N} NIm B} is well defined.
The operator P is bounded [15].

:Ep:()}
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3. APPROXIMATE CONTROLLABILITY

This section provides the main results and several lemmas that will be used to prove
the main results.

Under the assumptions (A1) and (A2), for any control u € L4(0,b;U) the system (1)
has a unique mild solution. This mild solution is defined as a solution of the following
integral equation:

y(t;u>=s<t>5+/0 S(t— ) [(Bu) () + f (5.9 (5))] ds

t s
—i—/ S(t—s)/ o(r,y(r)dw(r)ds, 0<t<b. (2)
0 0
Similarly, for any z € Lé(O, b; X), the following integral equation

x(t;z):x(t):S(t)§+/O S(t—s)[z(s)+ f(s,z(s))]ds

+/0 S(t—s)/o o(r,z(r))dw(r)ds, 0<t<b 3)

has a unique mild solution z (-; 2). Therefore, the following operator W : L4(0,b; X) —
€5 (0,b; X) can be defined (Wz) (-) =z (; 2).

Lemma 2. For any 21,22 € L4(0,b; X) the following inequality holds:
t
E||(Wz)(t) — (Wz1) (t)]|> < 3M exp (3M Lb* (b + 1))/ E ||z (s) — 22 (s)||* ds.
0
Proof. Let 21, 29 € L4(0,b; X). Then

E||(Wz1) (1) = (Wa2) (8)]* < 3M/0 E |21 (s) — 22 (s)||* ds

£ 3MLb(b+ 1)/0 E|[(Wz1) (s) — (Was) ()] ds,

where M =sup {||S (¢)|| : 0 <t < b}. By the Gronwall inequality we have
E||(Wz1) (t) — (Wz2) (t)[|*

< 3M/0tE||z1 (s) — 2o (s)||* ds

+3MLb(b+1)/0t /0 SME ||z1 (1) — 22 (7)||* drexp (B3MLb (b + 1) (t — s)) ds

:3M/0tE||z1 (s) — 2o (s)szs—/Ot/Os3ME||zl (1) — 2o (7)||* drds exp (3MLb (b + 1) (t — )
= SM/OtEHzl (s) — 22 ()| ds — /0 3ME ||z1 (1) — 22 (7)||* drexp (BMLb (b4 1) (t — 5)) |5},
+3M/Otexp (BMLb(b+1) (t — ) E |21 (s) — 22 (s)]|* ds

< 3Mexp (3M LY (b+ 1)) /Ot E ||z (s) — 2o (s)||* ds.



70 TWMS J. APP. ENG. MATH. V.2, N.1, 2012

By the definition of reachable set R;, (0), for any h € Ry, (0) there exists u € L4(0,b;U)
such that

b
th(b)f—i—/ S (b—s)(Bu) (s)ds.
0
Define an operator J : N L NL as follows
Jv=GBu— GI'Pv, veN>, (4)

where I' : LA(0,b; X) — L%(0,b; X) is the operator defined by

(Tz) () = [ (¢, (W2) (1)) + /Ot o (r,(Wz)(r)) dw (r).

For any v € N1, we have Pv € L%(0,b;X), TPv € L4(0,b;X), and GTPv € Nt
Therefore, J is well defined.

Lemma 3. The operator J defined by (4) has a unique fized point in N-.

Proof. The proof is based on the classical Banach fixed point theorem for contractions. It
is clear that J maps N L into itself. Let vy, vy € N+. We show that there exists a natural
number n such thatJ™ is a contraction mapping. Indeed,

E || Jv (t) — Tvz ()|
<E|(I'Pvy) (t) — (I Puy) (1)

< LE (W Pw) (t) — (W Pus) (1) +L/O E |(WPuv1) (s) — (WPus) (s)||* ds
<3(L*+ L)bM exp (3MLb* (b+1)) /OtE [(Pv1) (s) — (Pug) (s)||* ds
<3 (L?+ L) bM exp (3M LV (b + 1)) || P||? /Ot E |jv; (s) — va (s)]|* ds

t
:z/ E o1 (s) — va (s)|| ds.
0
Similarly,
t
B[l () = TP 0 <1 [ BT0r(s) - Tea (5)] ds
0
t s t
§l2/ / E o1 (r) — v (r)H?drdsgz?t/ E o1 (5) — v (5)]? ds.
0 0 0
Thus, it is obvious that
t
E |7 oy (8) = T e ()| < / E |01 (s) = T vz (5)]|* ds
0
1 t Snfl sE 9
< S A -
<1 /0 (n—1)!/0 o1 () = va ()2 drds

tn t
<1 [ Bl (5) = o) s
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and, consequently

b
E || 7" o — T e||” = / E |77 v (8) — T s (1) dt
0

n-+1 n+1
10 1b

b
<t / E [[vr (5) = v2 (s)[]* ds = 1" =B oy — vl
; !

n!

It is known that l"+1%

tion mapping for sufficiently large n. Then J has a unique fixed point in N=t.
Similarly

< 1 for sufficiently large n. This results that J"*! is a contrac-

E | Jv @)|* < 2B||(Bu) (t)]* + 2E [|(T Pv) (¢)||?
< 9B |(Bu) (O]* + L (14 B[ (WPv) ()]?).
Now we state and prove the main result. O

Theorem 4. Assume the assumptions (A1), (A2), (A3). Then the system (1) is approz-
imately controllable on [0,0].

Proof. Note that the assumption (A3) implies the approximate controllability of the linear
system associated with (1). Then R, (0) = L?(Sp, X) and to prove the approximate
controllability of (1) it suffices to show that

Ry (0) € Ry (f).
In other words, we need to show that for any £ > 0 and for any h € Ry (0), there exists

Ye € Ry (f) such that E ||y — h||*> < e. By Lemma 3 the operator 7 has a fixed point in
N=t. So there exists v* € N+ such that

Jv* = GBu — GT Pv*.

Recalling that Pv* € (v* + N)NIm B, and G is the projection from L2 (0,b; X) into N+,
we have

/Obsw—s)(Pv*)(s)ds:/Obsw—s)v*(s)ds,
/Obsw—s)c:p(s)ds=/Obs<b—s>p<s>ds,
/Obsa)—s) (Bu) (s) ds
—/ObS(b—s) Uosa(r,a;(r;m*))dw(r)+f(s,x(s;Pu*))+v* (s)] ds
_ /ObS(b _s) [/Oa (r, 2 (s Pu*)) duw (r) + £ (s, (s: Pv™)) + (Pv*) (s)] ds.

Finally,
b s
h=S(b)¢ +/0 S(b—s) {/0 o (r,x (r; Pv*))dw (r) + f (s,x (s; Pv*)) + (Pv™) (s)} ds
=z (b; Pv").

On the other hand there exists a sequence u, € L% (0,b;U) such that Bu, — Pv* as
n — oo. This implies that
x (b; Buy) — x (b; Pv*) = h
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asn — oo. Since z (b; Buy,) = y (b;uy,) € Ry, (f), we obtain that h € Ry, (f). This completes
the proof of the theorem. O

4. EXAMPLE
Let X = L?(0,7) and e, () = sin (nz) for n > 1. Define A : X — X by Ay =y with
domain
D(A) = {y € X :y and ¢/ are absolutely continuous, y” € X,y (0) =y (7) = O} .
Then the operator
o0
_ZnQ (y,en)en, y € D(A),

n=1

and A generates strongly continuous semigroup {S (¢) : t > 0} defined by

Ze (y,en) en, ye€X.

n=1

Define the space U by

o0 o
U= {u Tu = Zunen, ul)? = Zui < oo} :
n=2 n=2

Define an operator B : U — X as follows:

o]
Bu = 2uqe; + E UpCn.-
n=2

Consider the following semilinear heat equation
Ay (t,x) _ 9%y (t )

ot Ox?
y(t,0)=y(t,m) =0, 0<t<b,
y(tz)=&(x), 0<z<m

+ Bu (t, x)+f(t,y(t,x))+fga(s,y(s,x))dw(s), 0<t<b0<z<m,

(5)
System (5) can be written in the abstract form (1). It follows from [16] that (A3) holds and
the corresponding linear system of (5) is approximately controllable on [0,b]. Assuming
that f and o satisfy Lipschitz and growth conditions we may see that (Al) and (A2) are
satisfied. It follows from Theorem 4 that system (5) is approximately controllable on [0, b].
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