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EXISTENCE OF A POSITIVE SOLUTION FOR SUPERLINEAR
LAPLACIAN EQUATION VIA MOUNTAIN PASS THEOREM

A. KEYHANFAR!, S.H. RASOULI?, G. A. AFROUZI, §

ABSTRACT. In this paper, we are going to show a nonlinear laplacian equation with the
Dirichlet boundary value as follow has a positive solution:

—Au+V(z)u=g(z,u) =€
u=0 x € 00

where, Au = div(Vu) is the laplacian operator,  is a bounded domain in R® with
smooth boundary 9f2.

At first, we show the equation has a nontrivial solution. next, using strong maximal
principle, Cerami condition and a variation of the mountain pass theorem help us to
prove critical point of functional I is a positive solution.

Keywords: Laplacian equation; Postive solution; Cerami condition; Mountain pass the-
orem.
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1. INTRODUCTION
In this paper, we consider the following nonlinear ellipitic equation of the Laplace type:

—Au+V(x)u=g(x,u) x€Q

1.1
u=0 x € 02 (1.1)

where, Au = div(Vu) is the laplacian operator, 2 is a bounded domain in R3 with smooth
boundary 92. Also, the functions V' and g € C(2 xR, R) satisfies the following conditions:

(V1) Ve C(R) , vy :=infreq V(z) > 0.
(F1) g subcritical with respect to ¢, and there exists ¢ € (2,6) such that

g(z, 1)
im
t—+oo 41

=0,
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uniformly in a.e. x € Q.
(F2)

t t
bo < lim inf G < lim inf 9(x,1) < a(x),
t—0+ t t—0+ t

where by is constant, a € L°°; for all z € Q,a(a:) < A1 on some §); C Q; with
|Q21] > 0, Ay is the first eigenvalue of (—A + v), || is measure of ;.
g9(x, u)

(F3) inf,cps limy oo > I' :=inf o(—A + v) the infimum of the spectrum of the

operator (—A + v).
g(z, 1)
t

In this paper, we study the existence of positive solution for (1.1) under the above
assumptions. Since (F'4) holds, problem (1.1) is called superlinear in ¢ at +oco. In many
studies involving this superlinear problem, to obtain a nontrivial solution of (1.1), Moun-
tain pass theorem is a common tool, but in using this theorem, usually, we have to suppose
another condition, that is, for some u > 2, M > 0

0 < pF(z,t) < f(z,t)t for a.e. x € X and for all |t| > M. (1.2)

(F4) limy—s 400 = 400 uniformly in a.e. = € .

The condition (1.2) is convenient, but it is very restrictive, in particular, it implies (F'4).
To overcome this difficulty, many efforts have been made. Wang and Tang [8] studied the
following superlinear laplacian equation without condition (1.2).

—Apu = f(z,u), re, u=0, x e (1.3)
The authors by using the following assumption for f proved the existence theorem.
(F'") There exists § > 1 such that 0G(x,t) > G(z,st) forallz € Q, t € R and s € [0, 1],
where G(x,t) = f(z,t)t — pF(x,t) and F(z,t) fo x, s)ds.
Assumption (F’) was first introduced in [3] for p = 2, Liu and his coworker in [5]

extended it for every p > 1. Also, Gao and Tang [2] proved the existance of postive
solutions for (1.3) with following condition

(F5) There exists two constants 6 > 1,6y > 0;
OH(x,s) > H(x,t) — 0 for all z € Q,0 < t < s.

where H(z,t) = g(x,t)t — 2G(z,t) and G(z,t) fo x,s)ds.
Now, we want to find a solution for equation(1.1).

Theorem 1.1. Let (F1) — (F5) and (V1) hold. Then, (1.1) has at least one postive
solution.

2. PRELIMINARIES

In this section, we present some important lemma which will be applied to prove our
theorem. Let

E={uc HY(Q): / V(x)u?dr < oo},
Q
by (V1), E is a Hilbert space with the inner product
<u,v>= / (VuVu + V(z)uwv)dz,
Q

and the norm

Jul? = /Q (IVul? + V(2)u?)d.



A. KEYHANFAR, S. H. RASOULI, G. A. AFROUZI: EXISTENCE OF A POSITIVE SOLUTION... 801

Now it is easy to verify that u € E is a solution of (1.1) if and only if u € E is a critical
point of the functional I : E — R defined by

I(u) = 1/(|w|2+v dx—/Gxu

where G(z,t) fo x,s)ds and t* denotes positive part of ¢t.I is a C' functional with
derivative given by

< I'(u),v >= /(Vqu + V(x)uv)dz — / g(x,u)vdz.
Q Q
Definition 2.1. We say a C' functional I satisfies Palais-Smale condition (Cemmi
condition) if any sequence {u,} C H' () such that

I(uy,) being bounded, I'(uy) — 0, asn — 0 (2.1)
( (un) being bounded, (1+ |juy|)I’(un) — 0, asn — 0)

admits a convergent subsequence, and such a sequence is called a palais-smale sequence(cemmi
sequence).

Lemma 2.1. Let (F1) — (F4) and (V1) hold, then the functional I satisfies the Cerami
condition.

Proof. Let {u,} C E be Cerami sequence;

I(u )_%HunHQ fQ (x,up)dx — ¢ asn— oo (2.2)
(L [ wn () I I (un) [|= 0 as n — 0o. '
On the other hand
1 1 1
—TI'(up)uy = = / (V> + v(z)u?)dz — / g(x,up)dz — 0, (2.3)
2 2 Ja 2 Jq

we notice
> /(| Vu | Vu~ +o(z)u”— || u” ||*)dz — / glz,uMu"dr =|| u™ ||*>0. (2.4)
Q

so now, (2.2)-(2.4) implies
1

2/gzg(x,un+)un+d:c—/S)G(J:,un+)da::c+0(1). (2.5)

Next, we prove the sequence {uy,} is bounded. in the otherwise , there is a subsequence
of uy, satisfies in ||u,| — co as n — co.

Set w,, = then [|w,| = 1. Up to a subsequence, we assume that

[lunll nH
wy, — w inkE; w, — win L"(2 <r < 6); (2.6)
wp(z) = w(x) a.e. x € .

for some w € E as n — oo. It is easy to see that w™ and w™ have the same convergence
like (2.3), where w* = maz{+w, 0} for w € E.

We claim that wt = 0. Leth—{erw () =0}, QF ={z € Q:wh(z) > 0}.
since ||uy|| — +00, then, u;} — +00 as n — +oo for a.e. z € Q.
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Since lim;_ 1 o @ = +o0 by (F4), one has

+
lim 79(:17’ Un")

=400 ae €N
n—-+oo un+

From (2.2) we obtain
(I ()] < 27)
where e, = (1 + || unl|)|[Z'(un)|| = 0 as n — oco. It follows from (2.7) that

a1 = [ gyt da] < <.,
Q
which implies

et 2 = [ gte el <=,

‘g(wvurf)ua
T k|
En
< +
st 12
Then,
9@, uy) 4o En
—— P (wN)dr <1+ . 2.8

If |QF| > 0, since |w;f|| =1 from (2.8) one obtains

+
400 / 79(%_3”)(10:{)2(133 <1+ Ef 5 — L
Un, [Jun ||

which is a contradiction, so || =0 and w = 0.

By (F'1) and (F2), we have
g(x,t) < (a(x) +e)|t| + Alt]9; for all (x,t) € Q x R,
where A > 0 is a constant, thus
Gla,th) < %(a(az) P+ AL forall  (a,¢) € Q x R. (2.9)

Now, set a sequence {t,} of real numbers such that I(t,u,}) = max,c(o 1 I(tu,). For
any integer m > 0, since w® = 0, then by (F'2), (2.9) and the convergence of w;} one has

lim sup /QG(I, (4m)%wf{)d:z < lim sup (/ 2m(A1 + €)(w;)dx + /A(4m)g(w;’;)gdx)

n—oo n—oo
= lim (Cy || wyi |13 +Co || wil [|9)
n—oo
= (C1 [l w™ |53 +Co | w* [|D)
— 07

1
where C1,Cy > 0 are constant. Since ||u,|| — +o00 as n — co. One has 0 < (ﬁT)Q <1

when n is big enough. By definition of ¢,,, we obtain
I(tyut) > I((4m)%w;{) > 2m — /G(x, (4’m)%w:{)dx >m,

which implies
I(tpul) — 400 as n — oo. (2.10)
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Notice that I(0) =0, I(u,) — C, so 0 < t, < 1 when n is big enough. It follows that

/ | V(taul) | da —I—/ v(x)(thu)? — da:/g(w,tnu:{)tnu:da? (2.11)
Q Q
= (I (tpusy Yury sty

dI(ty)
dt

=tn lt=tn
= 0.
But for 0 < t, < 1,|tpun| < |uyl|, then (F5),(2.10) and (2.11) give

1 1
/(2g(x,u:{)u,f - G(x,u:{)dx = Q/H(:L‘,u:{)dx
Q

1
> 2‘9/H(:r:,tnu;b — 6y)dz

1 1 0
=3 /(2g(m,tnu;)tnun = G, tyuf))dz — 519
1 o Bo

= 5I(tnun) - 279|Q‘ — +00, (n - 00)7

which contradicts to (2.5), so {uy} is bounded. By the compactness of Sobolev embedding
and the standard procedures, we know {u,} has a convergence subsequence. So, the
functional I satisfies the Cerami condition. U

Lemma 2.2. Under the assumptions of the Theorem 1.1, there exist p > 0 such that for
all w € E with || u [|= p we have I(u) > 0.

Proof. Since (F2) holds, there exist a positive constant av < 1 such that
/ a(z)|u| < a/(]Vu\Q +o(x)u?)dz  foru € E,
Q Q

see [8]. Let € > 0 be the small enough such that o + )\i < 1. By (2.9), together with the
1
Poincare inequality and Sobolev inequality one obtains:

1 1
1) 2 gyl = 5 [ (o) + 2l = 4 [ Juptds
Q Q

1 5 1 € 9 9

> Sull® =5 [ (a+ )(Vul® +v(z)u)dz — Cflul|?
2 2 Jo A

N 2 _ q

= 3(1=a=)ul* = Clul

where C' > 0 is a constant, since 1 — a — /\i > 0 and ¢ > 2, when p > 0 be small enough
1

by |lu|| = p we obtain
1

2(1—a—i)p2—cp4>o

A1
Ilop, > B >0

g

0

Lemma 2.3. Under the assumptions of the Theorem 1.1, there exists e € E with |le|| > p
such that 1(e) < 0, where p is given by the Lemma 2.2.
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Proof. We follow the arguments in [9]. We find e for I by (F'3). In fact a := inf cq lim;,_, » inf
then by (F'3) and definition of I' there exists a nonnegative function uy € E such that

Jo(IVuo? 4+ v(z)ud)dz < a [, uddz.

Hence, by Fatou’s lemma, we have

. I(tuo) o 1 2 2 . . G($7tu0)
t_lginoosu 2 = 2/9(\Vu0] + v(z)uf) —tlgglolnf/Q Tdm
1 Gz, tug)ud
< 2/9(\Vu0]2+v(ﬂs)u(2)) — /Qliminf de
1 2 2 1 2
< — [ (|[Vuo|* + v(x)ug)dz — = | augdx
2 Ja 2 Ja
< 0.
Hence, limsup;_, . I(tug) = —oo. Then, there exists e € E with |e|| > p such that
I(e) <0. O

3. THE PROOF OF MAIN RESULT

Lemmas 2.1, 2.2 and 2.3 permit the application of a variant of mountain pass theorem
(see [1]). So, we get a critical point w of the function I with I(u) > . But, from
(F2), g(x,0) = 0. Then I(0) = 0, that is u # 0. Since

0= (I'(w),u”) = lu”|* = Jqg(z,uF)u"dx = [u=|* > 0,
which implies that |[u™|| = 0, so u > 0. By the regularity results(see[4]), u € L>(£2) and
hence u € C1(Q) (see[6]). Since u € L™ (o), it is easy to see that Au+v(x)u = —g(x,u) €

loc

t
L? (). From by < lim,_, o+ mfg(?) by (F2) there exist a constant 6 > 0 such that

g(x,t) > (bo — 1)t, for all 0<t<é.
By (F4), we can find a positive constant M such that g(z,t) > 0 for all t > M. Because
g € C(Q2 x R,R), then
| g(z,t)| < B = Bé~ 16 < B6 ¢, for all 0<t< M,
where B > 0 is a constant, hence
g(z,t) > (—|bp — 1| — B6 e, for all t>0,
since u > 0, it follows that
g(z,u) > (<|by — 1] — B6~V)u = —Du,
where D = |bg — 1| + B6~! > 0. Therefore, Au + v(x)u = —g(x,u) < Du. Hence by the

strong maximum principle for A + v in [7] with S(u) = D, one has u > 0 a.e. on Q. That
is u is a positive solution of problem (1.1). The proof is completed. U
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