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REVAN WEIGHTED PI INDEX ON SOME PRODUCT OF GRAPHS

M. PRIYADHARSHINI !, P. KANDAN?* E. CHANDRASEKARAN 2, A. JOSEPH KENNEDY ¢, §

ABSTRACT. In chemical graph thoery, PI index is an additive topological index which
has been used to measure the characteristics of chemical compounds. In this paper we
introduce the weighted version of PI index of graph called the Revan Weighted PI index
and we have obtained it for the hierarchical product of graphs, cartesian product, subdi-
vision and join of two graphs. Also we have derived this index for some molecular graphs.
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1. INTRODUCTION

Let G = G(V,E) be the graph where V = V(G) and £ = E(G) denotes the vertex
set and edge set of the graph G. Throughout this paper, the graphs considered here are
simple and connected. A molecular graph is a graph such that its vertices correspond to
the atoms and the edges to the bonds.

A vertex z € V(G) is said to be equidistant from the edge e = uv of G if dg(u,z) =
dg (v, z), where dg(u, ) denotes the distance between u and z in G; otherwise, z is a non
equidistant vertex. The degree of a vertex x € V(@) is number of edges incident with
and is denoted by dg(z). Let A(G) and §(G) denotes the maximum and minimum degree
of the vertices of G respectively.

For an edge e = uv € E(G), the number of vertices of G whose distance to the vertex u
is less than the distance to the vertex v in G is denoted by n&(e) = n, (e, G); analogously,
nG(e) = ny(e, G); is the number of vertices of G whose distance to the vertex v in G is
less than the distance to the vertex wu; the vertices equidistant from both the ends of the
edge e = uv are not counted.
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Graph operations produce new graphs from the given simpler graphs. Frucht and Harary
[6] introduced the corona of two graphs. In Graph theory, the operation of graphs play an
important role in the decomposition of graphs into isomorphic subgraphs. Graph theory
provided variety of tools to the chemist [7]. The tools for chemical graph theory focuses on
topological indices of chemical graphs. These topological indices have many applications
in QSPR and QSAR as well see [4].

The Padmakar-Ivan(PI) index is a topological descriptor. The two topological indices
namely the PI index and weighted PI index of G denoted by PI(G) and PI,,(G) respec-
tively, are defined as follows

PrG) = > (nf(e)+nf(e))

e=uwweE(G)

PI(G)= Y (da(u)+dc(v)) (ng(e) +nf(e))
e=wveE(Q)

The PI index [20] of the graph G is a topological index related to equidistant vertices.
Ili¢ et al. [8] introduced weighted vertex PI index to increase the diversity of bipartite
graphs, that is for bipartite graphs,we have n&(e) +nG(e) = |V(G)| = n where n denotes
the number of vertices in G and therefore the diversity of the PI index is not satisfying. For
a graph G with n vertices and m edges, the inequality that PI(G) < nm holds and the same
equality holds if and only if G is bipartite. Khadikar et al. [11] were the first to introduce
edge Padmakar — Ivan index of graphs. K. Pattabiraman et al. [19] studied the vertex
and edge Padmakar — Ivan indices of the generalized hierarchical product of graphs. On
this extension by K. Pattabiraman et al. [16-18] developed the exact formula for weighted
P1I index of graphs, corona product and Szeged indices of some graph operations. To
continuation of work on weighted version of PI index, Kandan et al. [9,10] developed the
Revan Weighted PI and Szeged index of graphs.

The Revan vertex degree of a vertex u in G is defined as rg(u) = A(G) +6(G) —dg(u).
Recently [13] Kulli’s concept in graph theory: the first and second Revan indices of a graph
G are defined as R1(G) = }_,.ep(q) (ra(v) + ra(v) and Re(G) = 3 ,ep(q) (re(w)ra(v))
and derived the exact value for the various molecular structure see [14,15]. Motivated
by the invariants like the Weighted PI indices and Revan indices, In [10] Kandan et al.
introduced the Revan Weighted PI index PI,.(G) of a graph G as

PI.(G) = Z (ra(u) +ra(v) (nS(e) +nf(e))
e=weE(G)

The hierarchical product were defined by Barriere et al. [2,3]. Let G and H be two
connected graphs and U C V(G) i.e., U be a non empty subset of V(G). Then the
Hierarchical Product of G and H denoted by G(U) M H is the graph with the vertex set
V(G) x V(H) and any two verices (u,v) and (u’,v") are adjacent if and only if u = € U
and (v,v") € E(H) or (u,u') € E(G) and v =v'.

The cartesian product of graphs G and H, denoted by GLH is the graph with vertex
set V(GOH) = V(G) x V(H) and any two vertices (u,x) and (v,y) are adjacent if and
only if u =v € V(G) and (z,y) € E(H) or x =y € V(H) and (u,v) € E(G). It is clear
that G(U) M H is isomorphic to GOH, if U = V(G) then GOH = G(U) N H.

In this paper, we obtain the Revan Weighted PI index of hierarchical product, of graphs
using the two already known topological indices,namely the PI index and Weighted PI
index.Likewise for cartesian product, subdivision and join of two graphs. In addition, we
present explicit results for different classes of molecular graphs.
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2. REvAN WEIGHTED PI INDEX OF G(U) M H

Let G be a graph. The distance between u and v is denoted by dg(u,v) where u,v €
V(G) and U C V(G) is a U — V path in G containing some vertex w € U (vertex w
could be the vertex u or v). The distance between u and v through U is the length of the
shortest path between u and v through U and is denoted by dg() (u,v). Note that if one
of the vertices u and v belongs to U, then dg(u,v) = dg(u,v).

A vertex a € V(G(U)) is said to be equidistant from e = wv € E(G(U)) through U in
G(U), if dgw)(u, a) = dgw) (v, a). For an edge e € G(U), let Ng(r)(e) denote the number
of equidistant vertices of e through U in G(U). Then PI.(G(U)) is defined as follows,

PLGU) = Y (ram@ +raan®) (n5©e) +nfW(e))
e=uwveE(G)

For an edge e = uv € E(G), let T(e,u) be the set of vertices closer to u than v and
T (e, v) be the set of vertices closer to v than u. That is T (e, u) = {a € V(G) | dg(u,a) <
dg(v,a)}, Ta(e,v) = {a € V(G) | dg(u,a) > dg(v,a)}.

Lemma 2.1. [18] Let G and H be graphs with U C V(G) then

(). V(GWU)NH)| = [V(G)||V(H)| and |[E(GU) N H)| = [E(G)| |V (H)|+|E(H)| |U].
(ii). The degree of the vertex (x,y) € V(G(U) N H) is dgu(v) + éu(x)du(y), where
oy denotes the characteristic function on the set U.
(iii). dG(U)FIH((xa y)(:c’, y/)) _ dG(U) (l;, x,) + dH(Iy7 y,) ify#y
da(z,2') if y =y

Next we compute the Revan Weighted PI index of the hierarchical product of two
connected graphs G and H, expressed interms of the known indices, namely the PI index

and the Weighted PI index.

Theorem 2.1. Let G and H be two connected graphs and U be a non empty subset of
V(G). Then

PL(GWU)NH) = 2(AG(U)NH) +§(GU) N H)[U|V(G)|PL(H)

VP [2 &)\PL( >(Z dG(U)(W))

ureU
HUIV(@IPL(H) + V(H)|PL(G)
HV(E)(V(H)] - DPLGWU))
VIEE)] Y (o) +ouu) (16 () + S ()
wur€E(Q)
FRAEE| V()] - 1)
> o)+ dutw) (1596 + @) |

uiur€E(Q)
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PI(GU)NH) = > (rewynu () +rawynua(v))

(u,w)EE(GU)NH)
<n§(U)F|H(6) Jrng(U)mH(e))

PI(GU)NH) = > (A(GU)NH) +6(GU) M H)

(u,0)EE(G(U)NH)

(u,v)EE(G
— 2(AGD)

= 2(AG
Using [18] and
PL(GU)N

(u,v)EE
i

2

>

H)

M

(u,0)EE(G(U)NH)
—dganne(w) + AGWU)NMH) +6(GU) N H)

~dann()) (RO () +nE O ()
(2((AGU) 1 H) + (G N H))) (05O (e) 4 G0N (e))

(A (W) + dannn () (5O (€) +nE O (e))

(U)H)

H)+6GU)nm) 3 (O (e) 4 nfOH )

(u,w)EE(G(U)NH)

(da@ynm(u) + daanna(v)) (HS(U)HH( ) +nG I (¢ ))

(GU)nH)
U) M H) + §(G(U) N H)) PL,(GU) N H) — PI,(G(U) N H)

9], we have

2(AG(U) N H) + §(G(U) 1 1)) [[U]|V(G)|PL(H)
+|V<H>|2PIU<G<U>>][2|V \PL,(H (sz )

ure€lU
+U||V(G)|PL,(H) + |V(H)|PL,(G)

+HV(HE)(V(H)| = 1) PL(GU)) +2AEH)| Y (¢v(w)

wup€EE(Q)
+ou(w)) (ng,(e) +ng (e) +2|EH)| (|V(H)| - 1)

> (Gutu) + ouu) (100 +1E00) |

uup €E(G)

In the above theorem, if we set U = V(G), we obtain the following corollary.

Corollary 2.1. Let G and H be connected graphs. Then

2(A(GOH) + §(GOH))([V(H)PPL(G) + |V(G)[*PL,(H))
—([V(H)]?PLy(G) + [V (G)* PL,(H) + 4(|V(G)||[E(G)| PL,(H)
+V(H)||E(H)|PL(G)))

-Gy, be graphs with vertex set V(G;) and edge set F(G;), 1 <i < n

PI.(GOH)

Let Gl, GQ, .
Denote by ﬁ G; the cartesian product of graphs G1,Ga,---Gy,. Clearly, |V/( D Gi)| =
i=1 =1
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H |V (G;)]. By induction on n, we have |[E(O G;)| = H IV (G))| E ;VE(G; ;: Khalifeh et
i=1 i

i—1 i=1 i=1

1 [12] b d PI,(0) G;) = Y PL(G; V(Gy)[*

al. [12] have prove (El ) - ( )j:g#J (G))]

Now we shall prove the Revan Weighted PI index for n graphs.

Theorem 2.2. Let G1,Go, - - G, be connected graphs. Then

PL(0G) = 2<ZA<Gi>+Zé<Gi>)ZPIv<Gi> II Iv@)r
i=1 i=1 i=1 j=1,j#i
(X e IT v
=1 j=1,j#i

> PLEGIVGIEG T IvEP)

i.j=1,i#j k=1,ik#]

Proof:

The proof is by induction on n. For n = 2, the proof follows from Theorem 2.1 and let
us assume that the result hold for n graphs. then

n+1 n
PL(0 G) = PL(D GiOGun)

= 2[A(0 GiOGui) +8(0 GOGa)(IV (G
PL(D Gi) + V(D G)PPL(Gut))

V(G PPL( B Gi) +V(E) o)

7

PLy(Guin) +4(V(5 GIIE(D Gi)|PL(Gui)

V(G |[E(Gui)|IPL(D) G1)))

1=
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2[§: A(Gy) + i 5(@‘)} (\V(Gn+1)|2

(ZPIU(GD IT v >+H|V DIPPIL( n+1))
i=1 j=1,ji
~(V(Gu) Y PLG) [T V(6P
i=1 J=1j#i
MY PLEGIVIGHIEG) 1] VGWPE)
i,j=1,i#j k=1 i#k#j

+H|V D2 PL( n+1)+4(PI n+1) ZW )| E(G)|

n

[T IV(@GHE+ V(G| E(Grsa)]

j=1,j#i
S PR IT IVG)P)
=1 j=1,j#1
n n+1 n+1
= 2[>@a@y+ sG] (Y PGy I[ VG)P)
=1 =1 j=1,j#1
n+1 n+1 ’ 7JL
~(XPr@) TI WE@PE+4( > PLEGIVG)IEG,)
i=1 j=1,j%#i 1,5=1,i#]
n+1 n+1
[I W@ar+ Y PL@IVEIEG) I VGnP))
k:l,i;ék;é] 1<j<n k=1,i#k#j

= 2[ Y AG)+Y6@ }zm ) 1T viepp

j=1,j#i
~(XPr@y I V@GP
i=1 j=1,j#i
w0 Y PLEVGIEG) [ VGWF).
1,j=1,i#7 k=1,i#k#j

This completes the proof.

Example 2.1. An equivalent description of hypercube n—cube @, is that it is the nt"
power of Ko. That is Qn = K3. By Theorem 2.2, we have

PI.(Q,) = PI.(K}) = n2*" B(A(G(U) NH))+6GU)NH)(n—1)— n]

If n = 3 we have PI,(K3) = 64.
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n?, n is even

Example 2.2. Using Theorem 2.2 and corollary 2.1, we have PI(C),) = ,
n(n—1), n is odd

An?, n i
PI.(Cy) = s eve7.1 We obtain the exact Revan Weighted PI index of
dn(n — 1), n is odd.

k
4k2 T] n2, n; is even
cmger=0...0o™ is PL(CMOC™0. - OC™) = =1 .
4k T n2 Y <1—>, n; is odd
i=1 =1 n;

n

where [0 C™ denotes the cartesian product of n cycles.
=1

4k*n2k n; is even

If each n; = n, then PI.(0C}) = {4k2(n — 1)n2*=1 n; is odd

3. REvAN WEIGHTED PI INDEX OF S(G)(U) M H

Let G be a connected graph. The sub divison graph S = S(G) is the graph obtained
from G by replacing each of its edges by a path of length two, or equivalently, by inserting
an additional vertex into each edge of G. Clearly, V(S(G) contains all the vertices of G.

The edge a - Zagreb index is defined as, Z,(G) = Z (da(u)® + dg(v)?®). It is

weE(G
clear that Z1(G) = Mi(G), where M;(G) is the first Zagr(eli index and is defined as
M (G) = Z (dg(u) + dg(v)). The second Zagreb index is defined as Ms(G) =
quE(G)
Z da(u . The above indices are going to be used in the section 4.

weE(G)
Next we compute the PI.(S(G)(U) M H), for suitable U.

Theorem 3.1. Let G and H be connected graphs. If U =V (G) C V(S(G)), then

PL(S(G)U)NH) = 2(A(S(G)(U)MH) +6(S(G)(U) N H))[(IV(G)]
+HEG)@IV(H)IEG)| + V(G| PL(H)])
— V(@) + E@GDIEG)|PL(H) + (V(G)]
+EG))V(G)|PLy(H) + |[V(H)P(V(G)
+E(G))(M1(G) +4[E(G)])
+HAE(H)||[VH)[E(@)(V(G)| + [E(G)))]

—_

~— ~—

)
)
)

Proof:
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PL.(S(G)(U)NH) = Z (TS(G)(U)ITH(U) + TS(G)(U)HH(U)>
uv=e€E(S(G)(U)NH)

(nS(G)(U)HH(e) + ng(G)(U)FIH(e)>

_ ) [<A<S<G><U> A H) + 8(S(G)(U) 1 H)
uv=e€E(S(G)(U)NH)
sy (W) + (A(S(G)(U) 1 H) + 5(S(G)(U) M H)

—ds<a>(U)mH<v>>] (n5<G<U>>”H<e> n nE<G<U>>”H<e>>

PL(S(G)(U)NH) = 2(A(S(G)(U)NMH)+46(S(G)(U)MH))
Z (ng(G)(U)I_IH(e) +n5(G)(U)HH(e))
uv=e€E(S(G)(U)NH)

- > (dscywynm (w) + dseywynm (v))
uv:eeE(S(G)( )H)
( HH(€> S(G)(U)l‘lH(e))
= 2(A(S(G)(U)NH)+6(S(G)(U) M H))PL(S(G)(U) M H)
—PL,(S(G)(U)MH)
Using Theorem [18] and [19], we have
PL(S(G)(U)NH) = 2(A(S(G)(U)MH)+46(S(G)(U) 1 H))[(IV(G)]
+HE@G)) 2V (H)PIE(G)| + [V(G)|[PL,(H)))]
~[4(V(G)| + |[E(G))|E(G)|PL,(H) + ([V(G)|
+ E(G))|V (G| PL,(H) + |V(H)*(|V(G)|
+|E(G)])(M1(G)
+4|E(G)|) +4|E(H)||[V(H)||[E(G)[(IV(G)] + |E(G)))]

Clearly, we observe that S(C),) = Csq, and S(P,) = Pa,—1 where C,, and P, denote the
cycle and path on n— vertices. By using Theorem 3.1, we obtain the exact PI, of the

graphs S(C,)(U) N P and S(P-)(U) N Ps.

Corollary 3.1. Let r > 3 and s > 2 be two integers. Then for U = V(C,),
PI.(S(C.)(U) M Pg) = 20r?s? + 8r2s.

Corollary 3.2. Let r > 2 and s > 2 be two integers. Then for U =V (P,),
PI.(S(P,)(U) M Pg) = 20r2s? — 14rs? + 8r?s — 36rs + 252 + 16s.

The oldest one of the topological indices is the Weiner index. Weiner and hyper Wiener
indices, vertex, edge and Weighted PI indices were obtained in [1,5,18,19].

Example 3.1. If G is the zig-zag polyhex nanotube TU HCg[2n, 2] then PI.(G) = 96n2.

The zig-zag polyhex nanotube is the graph S(C,)(U) M P, where U = V(C,) C
V(S(Cy)). Since by Corollary 3.1 we obtain the formula as above in Example 3.1.

Example 3.2. If L, is the hevagonal chain then PI,.(L,) = 96n? + 64n + 8.
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The hexagonal chain Ly, is the graph S(P,,11)(U)NP,, where U = V(Py4+1) C V(S(Pry1)).
Since by Corollary 3.2 we obtain the formula as above in Example 3.2.

4. REVAN WEIGHTED PI INDICES OF JOIN OF GRAPHS

In this section , we compute the Revan Weighted PI indices of join of two graphs. The
join graph G + H of graphs G and H is obtained from the disjoint union of the graphs G
and H, where each vertex of G is adjacent to each vertex of H.

For an edge e = uv of a graph G, let Sg(e) be the set of common neighbours of u
and v and let |Sg(e)| = sg(e). For our convenience, we partition the edge set of G + H
into three sets, B1 = {e € E(G+ H) | e € E(G)}, By ={e€ E(G+H) |e € E(H)}
and F3 = {e € E(G+ H) | e =uv,u € V(G),v € V(H)}. Also we have |E,| = |E(G)|,
|E2| = [E(H)| and |Es| = [V(G)||V (H)].

Theorem 4.1. Let G and H be two graphs with n, m vertices and p, q edges respectively.
Then

PI(G+H) = 2(Agtn +dc+u —m)Mi(G)
—4 > (Agrm +0arn — m)sale)
uv=e€E(G)
—Z5(G) — 2Ms(G) + 2M:1(G) s (e)
+2(A¢+H + G+m — n)Mi(H)
4 ) (Agen +0arn —n)su(e)
vy—e€ E(H)
—Zo(H) — 2Ma(H) + 2My (H) sz (e)
+mn(m +n)2(Ag+a + dg+H) — (M +n)]
—2(Ag+m +0c+m)2(pm + gn) +nMi(H) + mMi(G) + 8pg.

Proof:
d ' V(G
Since degaypi(x) = 4 G0 Fm if @ € V(G)
du(x) +n, if v € V(H)
diameter atmost two, that is,

1, if ww e E(G) orwv € E(H) or (u€ V(G) and v € V(H))
dan(u,v) =

2, otherwise
For an edge e = uwv € E(G) C E(G + H), by the definiton of join we have, nGH (e) =
da(u)—Sg(e) and nG+H (e) = dg(v) — Sg(e). Similarly we have n&+ (e) = dg(x) —Sg(e)
and n§+H(e) = du(y) — Su(e). For an edge e = xy € E(H) C E(G+ H). Let e =

ur € E(G + H),where u € V(G) and z € V(H). Then ni*#(e) = m — dy(x) and

and the join of two graphs has
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nG+tH (e) = n — dg(u). Hence

PI.(G+H)=

Z (Agt+H +0c+H — datm(u)
uv=e€E(Q)

+ Ag+m + ¢+ — de+n(v))(da(u) — sale) + da(v) — sa(e))

+ Z (AgtH +6+n —dayu(u)
xy=ecE(H)

+ Actr + 06+ — da+u(v))(du(7) — sae) + du(y) — sa(e))

+ Z Z (Ag+m +dc+n —dayn(u) + Agrg +da+n
ueV(G) zeV (H)

—dg+r(v))(m —du(z) +n—da(u)).

= Y [2(Acin +6arn —m)(da(u) + da(v) — 256(e))
e€E(Q)

= ((da(u) + dg(v))(da(u) + da(v) — 2s¢(e)))]

+ Y 2(Acyn +0cin —n)(du(x) + du(y) — 2su(e))
xy=ecE(H)

= ((du(z) + du(y))(du(x) + du(y) — 2su(e)))]

+ > > 2(Agyn + Sarn)(m+n = (da(u) + d(x)))
ueV(G) zeV (H)

— ((de(u) +du(z) + m+n)(m+n —dg(u) + du(z)))]

=2(Agyn +0arm —m) > (da(w) + da(v))
e€E(Q)

_4 Z (Agig +0crig —m)sg(e) — Z (da(u) + da(v))?

ecE(G) c€E(G)
+2 ) (da(u) + dg(v))sa(e)
e€cE(G)
+2(Agin +0arm—n) Y, (du(x)+du(y))
e€E(H)
—4 Z (Ag+H + 5G+H — n)sH(e)
e€E(H)

—~ Z (du(@)+da()*+2 Y (dul(x)+du(y))sule)
ecE(H e€E(H)
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+2 Z Z (AG4+H + 0c+H)(m +n)
wEV(G) zeV (H)
-2 > Y (Agin +darm)(da(u) + du ()

weV(G) zeV (H)

[Z S (da(u) +dx(@))(m + n)

weV(G) zeV (H)

> Y e +dp(@)*+ > > (m+n)?
ueV(G) zeV (H) u€V(G) z€V (H)
XY e >+dH(x>>}

ueV(G) zeV(H

PI(G + H) =2(A¢+n + 0g+n — m)(M1(G))

—4 Y (Agim +0rm —m)sale) — Za(G) — 2Ma(G)
uww=ecE(G)

+2M,(G)sg(e) + 2(Agym + 0+ —n)M(H)

—4 Z (AG+u + 0c+m —n)su(e)
e€E(H)

— ZQ(H) — QMQ(H) + 2M1(H)SH(€)

+mn(m +n)[2(Ag+m + 0g+m) — (M + n)]

—2(Ag+m + d¢+m)2(pm + gn) + nMy(H) + mM;(G) + 8pgq.

Using the above Theorem we deduce the following corollary and example.

Corollary 4.1. For any two triangle-free graphs G and H, we have sg(e) = 0 and for an
edge wv in G. Then
PI.(G+ H) =2(A¢+n + 0g+u — m)Mi(G) — Z2(G) — 2Ma(G) + 2(Ag+n + da+H
—n)Mi(H) — Zo(H) — 2Ma(H) + nm(n 4+ m)[2(Act+m + 0g+m) — (m + n)]
— 2(Ag+m + dc+m)2(pm + gn) + nMy(H) + mM;(G) + 8pq

Example 4.1. PI.(K; + P,,) =
m3 4+ 2m? + 13m — 18 ifm=2

(m —2)(m? — 1) + 2m(m + 2)
+6(2m — 1) +8(m —3)(m—1) ifm > 2

In the above example if Py, is a path graph on 4 vertices then we get Gem graph, it is the
Fan graph Fy1 and PI. (K, + Py) = 144.

5. CONCLUSION

In this paper we focus on the Revan Weighted PI index on various graph operation.
Further this paper can be extended to some other molecular graphs, infinite graphs and
directed or digraphs.
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