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CHARACTERIZATION OF SEMIGROUP BY ROUGH INTERVAL
PYTHAGOREAN FUZZY SET

V. S. SUBHA', V. CHINNADURAI? P. DHANALAKSHMI?, §

ABSTRACT. This paper expose a study on rough interval valued pythagorean fuzzy sets
in semigroups. We characterize rough interval valued pythagorean fuzzy sets by an exam-
ple. Characterize composition of two interval valued pythagorean fuzzy sets. Introduce
rough interval valued pythagorean fuzzy left(right, bi-, interior-,(1,2)-)ideals in semi-
groups. Moreover we prove an interval valued pythagorean fuzzy set is an upper rough
interval valued pythagorean fuzzy left(right) ideal of semigroup also we give an example
for converse of this is not true. Lower and upper approximation of an interval valued
pythagorean fuzzy ideal of semigroup is an interval valued pythagorean fuzzy ideal of
semigroup.

Keywords: Pythogrean fuzzy set, Interval valued pythagorean fuzzy set, Rough set,
Rough fuzzy set, Rough interval valued fuzzy set, Rough Pythagorean fuzzy ideals, Rough
interval valued pythagorean fuzzy ideals in semigroups.
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1. INTRODUCTION

One of the most interesting research areas for researchers has been fuzzy set theory
and it was studied by Zadeh [11]. As a generalization of fuzzy set, Zadeh[10] studied
interval valued fuzzy sets. This set deals with set of closed intervals of [0,1]. In 1982
Pawlak[5] introduced the concept of rough set theory. In recent era, many researchers
studied the real life applications and theoretical research approach of this theory. Dubois
and Prade[4] studied the concept of rough fuzzy sets and fuzzy rough sets by combining
fuzzy sets and rough sets a fruitful way. Rough fuzzy sets are the fuzzy sets approximated
in the crisp approximation space and fuzzy rough sets are the crisp sets approximated in
the fuzzy approximation space. Subha et.al [8] studied interval valued rough fuzzy sets.
In 1986 Atanassov [1] presented the intuitionistic fuzzy set as a generalization of fuzzy
set. Ordinary intutionistic fuzzy set fails to handle the real life situations. Therefore, a
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more general set is needed for such situations. Recently, Yager [9] has introduced another
class of nonstandard fuzzy sets called pythagorean fuzzy set. These fuzzy sets allow for
the inclusion of imprecision and uncertainty in the specification of membership grades.
Pythagorean fuzzy set is most powerful than intutionistic fuzzy set in dealing with the
uncertainty, imprecision and vagueness. The motivation of introducing pythgorean fuzzy
set, is that in the real life decision process, the sum of the membership and non membership
satisfies a certain criteria, given by experts, may be more than 1 but their square sum is
equal to or less than 1. Peng [7] studied interval valued pythogorean fuzzy set. Azmat
et.al[2] introduced rough pythagorean fuzzy set.

2. PRELIMINARIES

This section deals with basic concepts related to this work. Throughout this paper let
us denote S as semigroup and R as complete congruence relation on §.

Definition 2.1. 3] A mapping A : S — DI[0,1] is called an interval valued fuzzy subset
of S, where A(s) = [A™(s), AT (s)] s €S, and A~ and A" are fuzzy subsets of S such that
A~ (s) < AT (s), s € S. D[0,1] denotes the set of closed subsets of [0,1].

Definition 2.2. [6] The pair (S,R) is called an approximation space. Let A be any
nonempty subset of S. The sets L(A) = {z € §/[z]p C A} andU(A) = {x € §/[z]p N A # ¢}
are called the lower and upper approximations of A. Then R(A) = (L(A),U(A)) is called
rough set in (S, R) if and only if L(A) # U(A).

Definition 2.3. [4] Let A be a fuzzy subset of S. The fuzzy subsets of S defined by
UA)(x) =V Ala) and L(A)(z) = A Ala)

a€lzr]n a€lz]p
are called respectively, the upper and lower approximations of the fuzzy set A.

R(A) = (L(A),U(A)) is called a rough fuzzy set of A with respect to R if L(A) # U(A).

Definition 2.4. [8] Let A be an interval valued fuzzy subset of S. Let L(A) and U(A) be
the interval-valued fuzzy subset of S defined by,
L(A)(z) = [NA"(y), ANAT (y);y € [2]n]

UA)(x) = [VA™ (), VAT (y); y € [a]y]

Then %(A)Nz (L(A),U(A)) is called an interval valued rough fuzzy subset of S if
L(A)#U(A).

Definition 2.5. [9] A pythagorean fuzzy set of S is defined as follows

I = {(p,&,wr/p € S)} where & : S — [0,1] represents the degree of membership and
wr + S — [0,1] represents the degree of non-membership function respectively, with the
condition that 0 < (£7)% + (wy)? < 1.

Definition 2.6. [7] An interval valued pythagoren fuzzy set of S is defined as follows
I = {<p, £ wifp € 5>} where & © S — [0,1] represents the degree of membership and
7+ 8 — [0,1] represents the degree of non-membership function respectively, with the

condition that 0 < sup (fj)Q + sup (wf)2 <1.

Definition 2.7. [9] Let p = {(p1,&p(51),we(p1)/p1 € S)} be an pythagorean fuzzy set of
S. A rough pythagorean fuzzy set is defined as R(p) =

(L(p),U(p)) where
ﬁ(p) = {<p17£(§@)7[’(w@)> ,P1 € 5} here
LE)(p1) = N &olp2) and LR(wp)(s1) =V wp(p2)

p2€[p1]n p2€[p1]n
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with the condition that, 0 < {(L(£,(p1)))? + (L(we(p1)))?} < 1 also,
U(p) = {1, U (&), U(we)) , 1 € S} here U(E) (p1) = [\]/J} €p(p2) and
P2€[P1|R

Uwe)(p1) = N we(p2) with the condition that,
p2€[p1]n
0< { (& (p1)))* + U(wp(p1)) } <1

3. ROUGH INTERVAL PYTHAGOREAN Fuzzy (R%P,F) SETS

In this section we introduce the notion of R P, F sets. Also discuss some properties of
this set.

Definition 3.1. Let ¢ = {(a1,{s(a1),kg(a1)/a1 € 8)} be an Py, F set of S. The lower
and upper-approzimations of Py F is defined as follows:

L(p) = {{e1, L&), L(Kkg)) ;o1 € S} and U(9) = {{a1,U(Ep),U(kg)) ;a1 € S} where
L(E)(a1) = A Eplaz) , L(kg)en) =V kglaz) and

age[cxl R 0426[011]8%

UEs)(on) = V  Eslan), U(kg)(a1) = N Kglag) with the condition that

azE[al]y azG[a1]§R

(v ))} +Sup{£(f€p(a1))} <1 and

(@)} + sup {U(rg(a1))}* < 1.
= (L(p),U()) is called the R Py, F set of S.

0 <sup{L
0 < sup{U
The pair R

N
"~
T D™

—~
L
S—

Example . Consider a semigroup S = {0, 1,2,3} with the binary operation e’

=

Lo D

c@z@s\gow

1 2
2 2
1 2
2 2
3 3

Lo Lo Lo Co| o

Let (R,S) be an approzimation space. Let S/R = {{0},{1},{2,3}} be the set of equiva-
lence classes of S. Let ¢ be an Py, F set defined by

(0,[0.3,0.4],[0.5,0.7])

(1,0.5,0.6], [0.6,0.7])
(2,1 [ I
[ I

3

,[0.1,0.2],[0.7,0.8
(3,[0.5,0.8],[0.4,0.6

then lower and upper-approrimations of © are

(0,[0.3,0.4],[0.5,0.7
(1,[0.5,0.6],[0.6,0.7
(2,[0.1,0.2],[0.7,0.8
(3,[0.1,0.2],[0.7,0.8

L(p) =

)

D

, I

( I

also
.

,[0.3,0.4],[0.5,0.7])
,[0.5,0.6],[0.6,0.7])
,[0.5,0.8],[0.4,0.6])
,[0.5,0.8],[0.4,0.6])

Up) =

{
{
{
(3

Theorem 3.1. Let g1 and o2 be two Py, F set of S then
U(H1) o U(p2) S U(H1 0 H2).
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(U(Ep,), U(kg,)) and U(Ha) = U(Eg, ), U(kg,))-
= < (§m) Ou(gf@)?u(’%@l) Ou(”@z» and
£6,),U(Kg, © Kg,)). We have to prove

< U{s, o o)) and
> U(kg o Kg,) ()
(67

=V UEs)(a) NUEp,) (um)]

a;j=aiom

:a:\o{a < E\[/] f@l(ak‘)> /\( EY ] S@Q(Qn)>]

= \/ \/ (5351 (ak) A f@z(an))

aj=oam | ap€logln,an€lamln

< V V (f@l (ar) A £ps (an))]

Qj=Q]0m akane[alam}m

= V -(5@1 (ar) A £os (o))

agan€lajlp

= \/ (f@ (ak) /\5@2(0571))

at€lajlg,ar=agan

= V|V Gl ngalan)]

Proof. Since U(p1) =
Then, U(H1) o U(H2)
u(@o@) u (p
U(E@l)OZ/l(fm)( )
U(kg,) o U(Kg,)( J)

(U(Epr) o U(Eg,))(

at€fajlp Lor=agan
= 6\[/ ] [(f@l o g@)(at)]
U(Es, o E5,)(a)
Further,
(U(rg,) oU(Kg,)) (o)) = a:Qa U (kg ) () VUK, ) (om)]

[ o) (o)

= /\ /\ (’{@1 (ak) VKg, (an))

aj=com | ap€loglg,an€lamlr

> A A (kg (ar) V K, (O‘N))]

aj=aiam | agon€laam]y

= A (kg (k) V K, (o))

agan€lajlp

= /\ (’%@1 (ak) V Ko (an))

at€lajlp,ar=aron

- A oA <m¢1<ak>v%<an>>}

OétE[Oéij Q= On,

= N (kg okp) ()]

at€loyln
= U(H@H ° K@z)(aj)'
Hence U(H1) oU(p2) CU(H1 0 92). In a similar way we prove the following theorem. [

Theorem 3.2. Let g1 and oo be two Py, F sets of S then
L(p1) o L(H2) € L(H1 0 H2).
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4. ROUGH INTERVAL PYTHAGOREAN FuUzzy IDEAL (R P, F;) IN SEMIGROUP

In this section we define rough interval pythagorean fuzzy
left(right, bi-,interior,(1,2)-)ideals (R P Fri(Fxr, Fai, Fi.1)) of S.
Some basic concepts:
e The composition of two Py, F set {1 and @9 is defined by G0 g2 = (£g, 0 &p,, kg, © Kgs)
where (5, 085,) (01) = V' [£6,(02) A &g, (d3)] and

61=0203
(’%@1 o /ﬁlggQ) (51) = 5 /} s [H@l ((52) V K@Q((Sg)} for all 41,092,603 € S.
1=0203

An P, T set ¢ is said to be

o P, F subsemi-group if £5(012) > min {£5(61),&3(d2)} and kg(6102) < max {k(d1), £s(02)}
o P, F;of Sif 5@(5152) > 5@(51)\/5@(52) and H@(éléz) < %55((51)/\,%@(52) for all 61, 99,03 € S
An P, F subsemi-group @ is said to be

o Py Fpr of S if §5(610203) > §5(61) V §5(d3) and ks(10203) < k(1) A kg (d3).

[ Ti,”f[[ of S if it Satisfy f@(515253) > 5@(52) and Ii@((sldg(sg) < H@((SQ).

® Py F(1,2) of S if §5(610(0203)) > €5(01) A € (d2) A Ep(03) and

K@(515((5253)) < Ii@((sl) \Y K@(&Q) V K;@((Sg) for all 01, d2,03,0 € S.

Definition 4.1. If lower (upper)-approzimation of Py, F subsemi-group of S is an Py F
subsemi-group of S then it is known as lower(upper)-R Py, F subsemi-group of S.

Definition 4.2. If an P, F subsemi-group of S is both lower and upper-R Py, F subsemi-
group of S then it is called R Py, F subsemi-group of S.

Theorem 4.1. Let { be an Py, F subsemi-group of S. Then upper(lower)-approzimation
of © is an Py F subsemi-group of S,

Proof. Since ¢ is an P, F subsemi-group of S. Our aim is to prove

UP) = (U&s),U(Kg)) an Py, F subsemi-group of S. For that let us consider,
ar,az, b1, 62,83 € 5.

UEp)(Br1B2) = V  &(Bs)

B3€[B182]n

> V £5(B3)
B3€B1]n[B2ln

= V Ep(aran)

a1a2€[B1]r[B2]n
> V [€o(a1) Aép(ag)]

a1€[Br1]ra2€[B2]n

\/] 5@(041)] /\[ V 5@(042)]

a1€[B1 az2€[f2]n
> U(Ep)(B1) NUEG)(B2)
Also,
U(kg)(B1B2)= NV  Kp(Bs)
B3€[B152]n
< V k(B3)
B3€B1]n[B2ln
= \ Kglaraz)
a102€(B1]w[B2]n
< V [kg(a) A kglaz)]

a1€[Bi]paz€[B2]R

= [ \/} /%(al)] /\[ V H@(O@)]

1€ a2€[B2]n
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< U(kg)(B1) ANU(KG)(B2)
Consequently, ¢ is an upper-R P, ¥ subsemi-group of S. Similarly we can prove for lower-
approximation. O

Corollary 4.1. If ¢ is an P, F subsemigroup of S. Then @ is an RP;,F subsemi-group
of §.

Definition 4.3. If lower(upper)-approximation of Py, F set is an Py Fr; of S then it is
called a lower(upper)-R Py Fr1 of S.
An P, F set is both lower and upper-R Py, Fr1 of S then it is called a R Py Frr of S.

Theorem 4.2. Let o be an Py Fri(Fzy) of S. Then ¢ is upper-R Py Fri(Fgr) of S.

Proof. Since © be an Py, Fr; set of §. To prove U(p) = (U(&p), U(kg)) is an Py, Frr. Let
Y1572, 73,01, b2 € 8.
UE)mr) =V &)

v3E€MY2]R
> Vo &s(vs)
vE€MIn2lR
= V §p(arbs)
arb2€[v1]n[V2]n
>V &p(be)
ba€[v2]w
> UEp)(72)
Further,
Ulkg)(mre) = N ka(rs)
Y3€[Mv2]n
< A K (73)

y3€Mlr[r2ln

= A Kg(a1bz)
arb2€fy]n[r2ln

< A kgbe)
ba€[v2]n
< U(rg)(12)
Consequently, ¢ is an upper-RP;, Fr; of S. By the same token we can prove for right
ideals. 0

The converse of Theorem 4.2 does not hold in general this is illustrated by the following
example.

Example 4.1. Consider a semigroup S = {a, b, c,d} with the multiplication table.

o‘ab c d
ala b b d
b|b b b d
clb b b d
dld d d d

Let (R,S) be a complete congruence relation on S, the equivalence classes of S are given
by S/R = {{a},{c},{b,d}}. Consider a Py, F set ¢ as follows,

(a, [0.7,0.8],0.1,0.2])
| .108,09].[0.3,0.4])
Y= (¢, 10.5,0.6], [0.3,0.4])

(d, [0.7,0.8],[0.1,0.2])
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and we get
,[0.7,0.8],[0.1,0.2]

)
b,[0.8,0.9],[0.1,0.2])

,[0.5,0.6],0.3,0.4])
d,]0.8,0.9],[0.1,0.2])

Then R($) is an Py Fr of S but § is not an Py, F; of S, because

€p(bd) = &(d) = [0.7,0.8] and £5(b) V &5(d) = [0.8,0.9] = &5(bd) 2 £5(b) V §p(d) also
kg(ac) = kg(b) = [0.3,0.4] and rg(a) A kg(e) =10.1,0.2] = kglac) £ kg(d) A kg(c).
Theorem 4.3. Let ¢ be an Py Fri(Fgy) of S. Then ¢ is lower-R Py, Fri(Fzy) of S.

Proof. To prove L(p) = (L(§g), L(Kg)) is an Py Frr of S. Let v1,72,73 € S.
L(&)(ny2) = A &s(3)

Y3EM2lR

= A §a(73)

13€MIn2le

A £5(a1bo)

arb2€[m]n[v2]n

> Vo &p(be)

b2€[v2]R
> L(&p)(12)
Next,

L(kg)mr2) =V K1)

Y3€[v172]R

= \% r6(73)
Y3€Mln[r2]n

= V rig(aibs)
arb2€[nw[veln

< N kglbe)
b2€[v2]n

< L(rg)(02)

Hence, ¢ is an lower-R P, Frr of S. By the similar way we can prove for right ideals. [

(a
() = 2
(

Example 4.2. Let S ={0,1,2,3} be a semigroup with the following multiplication table
° ‘ 0 1 3

3

3

3

3 3

Let (R, S) be an approximation space. The equivalence classes of S are given by

S/R=1{{0,1,2},{3}}. Consider a Py, F set { as follows

(0,[0.5,0.7],[0.1,0.2])
(1,[0.7,0.8],[0.3,0.4])
(2,[0.8,0.9],[0.2,0.3])
(3,[0.8,0.9],[0.1,0.2])

L~

L DD

L~ DD
N =N D

3
S

then L(9) and U()

,[0.5,0.7),[0.3,0.4])
05,07, [0.3,04])

L9 =1 2. 10.5,0.7], [0.3,0.4]

[ Nl 1)

{
{
{
(3,[0.8,0.9],10.1,0.2

0
1
2
3
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(0,[0.8,0.9],[0.1,0.2])
. 1,[0.8,0.9],[0.1,0.2

(o) — | (105,091, 0.1,02)
(2,10.8,0.9],[0.1,0.2])
(3,10.8,0.9],[0.1,0.2])

P, Fr of S. Hence @ is RPy Fr.

Theorem 4.4. If 01 and o3 is the Py, Fz; and Py, Frr of S, respectively. Then

U(P1 0 H2) CU(H1) NU(H2).

Proof. Since g1 = (£g,, kg, ) is a Py Fgr and @2 = (€g,, kg, ) 18 @ Py Frr of S.

Then, U(H1 0 P2) = (U(Ep, © &), UG, © kg, )) and

U(1) NU(P2) = U(Ep,) NUEg, ), Ulkg,) NU(Kg,))

We have to prove that,

U(Epr 0 &py) <U(Ep) NUEpy), Ul © Kgy) > Ulkg,) NU(Kg,)
Let us consider for all n1,12,713,m4 € S,

Z/l(f@l 05@2)(771) =V (55’31 o 5@)(772)

n2€[mlr

= V [ V (5@1 (n3) A €62 (774))]

ne€mln | M2=N304

<V [ V (5@1(773774)/\5@2(773774))]

n2€[mlg | M12="37M4

=V [5{31 (m2) A 6o (1m2)]

n2€[mlr

\Y; 5@1(772)] N [ V 6@2(772)]

n2€[mlr n2€[mlr

=U(Ep,)(m) ANUEg,) (m)
N = (u<€@1) ﬂU@@)) (771)
ext,

U(kg, o kg)(m) = N (kg 0 kgy)(12)
n2€[m]x

= A [ A (H@1(773)VH@2(774))]

n2€niln [M2=n3M4

<

> A [ A (’1@1(773774)\/”?@2(773774))]

mE[mlr [M2=mM3M4

= 6/[\ } (K@, (12) V Ky (12)]

AN (772)] v ! AR (772)]
n2€[mln n2€[mls

=U(kg,)(m) VU(Kg,)(m)

= (U(&p,) VU(Kg,)) (m)
Hence the proved. O
Theorem 4.5. If 91 and po is the Py, Fg; and Py, Frr of S respectively. Then
L(p1002) € L(H1) N L(H2)-
Proof. Proof is similar to Theorem 4.4. O

>

Definition 4.4. The lower and upper-approximation of Py, F set ¢ is Py Fpr of S then it
1s called an lower-R Py, Fzr and upper-R Py, Fap; .
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An Py, F set @ is said to be an RPyFpr of S if it is both lower-R Py, Fpr and upper-
R Py F5r1-

Theorem 4.6. If o is an Py, Fg; of S. Then ¢ is upper-R Py, Fpr of S.

Proof. Assume that ¢ is an P, Fg; of S. Let by, ba, b3, bs € 5. So,
Up)(bibabs) =  V  &s(ba)
ba€[b1b2bs]n

> V £o(ba)
ba€[b1]n[b2]n [b3]n

= V £5(qr52t3)
q152t3€[b1]w [b2]R [b3]%
= V £5(qr152t3)

q1€[b1]rs2€b2]nts€[bs]n

> V {€s(q) NEp(ts)}

q1€[b1]wts€lbs]n

L ey )
> U(Ep)(b1) AUEp)(b3)

Further,
U(kg)(bibbs) = N\ £p(ba)
ba€[b1b2bs]xn
< A kg (ba)
ba€[b1]g[b2]w [b3]n
= A kg(qisats)
q152t3€[b1]g[b2]R [b3]%

= A ke(qisats3)
q1E€[b1]ns2€[b2]nt3E€bs]n

< A {kg(q) V kg(ts)}

q1€[b1]wts€lbs]n

= { A "6@(41)} v { A H@(t?,)}
Q1 €[b1]r t3€[bs]n
< U(kg)(br) V U(Kg)(bs)
Hence U(5) = (U(&p),U(kg)) is PioFar of S.
In a similar way we prove the following theorem. O

Theorem 4.7. If $ is an Py, Fpr of S. Then § is lower-R P, Fzr of S.
Corollary 4.2. Let ¢ is an Py Fgr of S. Then o is RPy, Far of S.

Definition 4.5. The lower and upper-approzimation of Py, F set @ is Py, Fir of S then it
is called an lower-R Py, Fir and upper-R Py, Fir.

An P, F set ¢ is said to be an RP,F of S if it is both lower-R Py, Fir and upper-
'R.Tivf}—ll-

Theorem 4.8. If ¢ is Py, Fir of S then it is upper(lower)-R Py Fir of S.

Proof. We've to prove U(p) = (U(&g), U(kg)) is an Py, Frr. For that let us take i1, 49, 43,44 €
S
Consider,
U(Ep)(iniziz) =V &plia)
14€ 117213
> V € (ia)
ia€lir]n[iz]n[is]n
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= V §elarbicr)

arbier €fin]nliz]n[is]n

= V &)

ble[ig]m

> U(&p)(i2)

Further,
U(kg)(iniziz) = N\ Eplia)
i4€[i1i213]R
< A Kg(ia)
ia€li1]g[i2]n[is]n
— A kg(aibier)
arbici€fir]rliz]n[is]n

= A £plh)

b1E€li2]n
< U(rg)(i2)

Similarly we prove for lower approximation. O
Corollary 4.3. Let @ be an Py, Fir of S. Then @ is RPy, Fir ofS.

Definition 4.6. The lower and upper-approzimation of Py F set © is Py F12); of S then
it s called a lower-R Py F(1,2); and upper-R Pp F(1,2)1-

An Py F set © is said to be a RPiyF (1,21 of S if it is both lower-R Py F(1.2); and upper-
RPiv F(1,2)1-
Theorem 4.9. If { is an Py F (1)1 of S- Then ¢ is upper(lower)-R Py F(1,2)1 of S-

Proof. Let p1, p2, p3,po € S. To prove U(p) = (U(&g), U(kg))-
U(Es)(p1po(p2ps)) = V &5(pa)

pa€lp1po(p2p3)ln

> V 5(pa)
pa€lp1]nlpoln[(p2p3)]n

- \V {s(arbacady)

arbacsds€lp1ln[polr[p2]nps]n

> V {€o(a1) N&g(es) NEg(da)}

aiczda€lpi]nlp2]r[os]n

= { V f@(al)} A { V 5@(03)} A { V f@(dz;)}
a1€[p1]n c3€[p2]n da€[psln
> U(E)(p1) ANUEp) (p2) NUEG)(p3)

Next,
U(kg)(p1po(p2p3)) = V tig(pa)
pa€lp1po(p2ps)ln
< A\ tig(pa)
pa€lp1]rlpo]r((p2p3)Ix
— A k(aibacady)
a1bzcsd4€[ﬂﬂ%[ﬂo]m[@]%[ﬂ:&]%
< {rg(ar) V rg(es) V kg(da)}
a103d4€[01]§n p2lw(psln
L]y o]y,
ar€] Pl c3€lpz2]n ds€[p3]n
U(kg)(p1) VU(KG)(p2) V U(Kg)(p3)
Hence, U(p) = ( ),U(Kg)) is a Py F1,2); of S. Similarly we can prove for lower ap-
proximation. ]

Corollary 4.4. If ¢ s an Py F(127 of S. Then ¢ is Ry F 1,21 of S-
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5. CONCLUSIONS

In this work, we have presented the notion of rough interval valued pythagorean fuzzy

sets. Also we have discussed rough interval valued pythagorean fuzzy ideals in semigroups.
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