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ANALYSIS OF A DYNAMIC CONTACT PROBLEM FOR
ELECTRO-VISCOELASTIC MATERIALS WITH TRESCA’S FRICTION

B. DOUIB!, T. HADJ AMMAR?*, A. AZEB AHMED?, §

ABSTRACT. We consider a mathematical model which describes the dynamic process of
contact between two electro-viscoelastic bodies with damage. The contact is bilateral
and is modeled with Tresca’s friction law. The damage of the materials caused by elastic
deformations. We derive a variational formulation for the model which is in the form of
a system involving the displacement field, the electric potential and the damage. Then
we provide the existence of a unique weak solution to the model. We also study the finite
element approximations of the problem and derive error estimates. Finally, we present
numerical simulation results in the study of a two-dimensional example.

Keywords: Dynamic process, piezoelectric, monotone operator, fixed point, weak solu-
tion, damage.

AMS Subject Classification: 74M15, 74M10, 74F05.

1. INTRODUCTION

In this paper, we study a bilateral contact problem involves viscous friction of Tresca
type described in [1]. A nonlinear electro-viscoelastic constitutive law is used to model
the piezoelectric material. The piezoelectricity can be described as follows: when mechan-
ical pressure is applied to a certain classes of crystalline materials (e.g ceramics BaT'iOs,
BiFeOs), the crystalline structure produces a voltage proportional to the pressure. Con-
versely, when an electric field is applied, the structure changes his shape producing dimen-
sional modifications in the material. Different models have been developed to describe the
interaction between the electrical and mechanical fields see for example [5, 15] and the

! Department of Mathematics, University of El-Oued, P.O. Box 789, 39000, El-Oued, Algeria.
Department of Mathematics, University of Biskra, P.O. Box 145, 07000 Biskra, Algeria.
e-mail: bachir-douib@univ-eloued.dz; ORCID: https://orcid.org/0000-0001-8452-7472.

2 Department of Mathematics, University of El-Oued, P.O. Box 789, 39000, El-Oued, Algeria.
e-mail: hadjammar-tedjani@Quniv-eloued.dz; ORCID: https://orcid.org/0000-0002-5302-4845.

* Corresponding author.
e-mail: aziz-azebahmed@univ-eloued.dz; ORCID: https://orcid.org/0000-0002-0561-2044.

§ Manuscript received: August 13, 2020; accepted: January 07, 2021.
TWMS Journal of Applied and Engineering Mathematics, Vol.12, No.4 (C) Isik University, Department
of Mathematics, 2022; all rights reserved.
The authors are supported by the ”Laboratory of Operators Theory and PDE Foundations and
Applications”.

1490



B. DOUIB, T. HADJ AMMAR, A. AZEB AHMED: A DYNAMIC CONTACT PROBLEM ... 1491

references therein. Contact problems involving elasto-piezoelectric materials [6, 20]. Dif-
ferent models of viscoelastic piezoelectric problems in [3, 7, 16, 18, 19] have been studied,
contact problems for electro-elasto-viscoplastic materials were studied in [2, 14].

The damage is an extremely important topic in engineering, since it affects directly the
useful life of the designed structure or component. There exists a very large engineering
literature on it. Models taking into account the influence of the internal damage of the
material on the contact process have been investigated mathematically. General models for
damage were derived in [12] from the virtual power principle. The models of mechanical
damage, which were derived from thermodynamical considerations and the principle of
virtual work, can be found in [10]. The new idea of [11, 12] was the introduction of the
damage function of = af(x,t), which is the ratio between the elastic moduli of the damage
and damage-free materials. In an isotropic and homogeneous elastic material, let Ef, be
the Young modulus of the original material and Eff s be the current modulus, then the

damage function is defined by of = Eﬁ £f / Ef/. Clearly, it follows from this definition that

the damage function o is restricted to have values between zero and one. When of = 1,

there is no damage in the material, when of = 0, the material is completely damaged,
when 0 < of < 1 there is partial damage and the system has a reduced load carrying
capacity. Contact problems with damage have been investigated in [21]. The differential
inclusion used for the evolution of the damage field is

At — Aat + kfox e (ah) 3 S(e(uf), af) in QF x (0,T), (1)
where k¢ is a positive coefficient and K* the set of admissible damage defined by
Kf={¢c H'(OY; 0<&£<1, ae. in Q). (2)

The paper is structured as follows. In Section 2, we present the physical setting and
describe the mechanical problem. We derive a variational formulation, list the assumptions
on the data, and give the variational formulation of the problem. In Section 3, we state
our main existence and uniqueness result which is based on classical result of nonlinear
first order evolution inequalities and equations with monotone operators and the fixed
point arguments. In Section 4, we introduce a fully discrete scheme to solve the problem
numerically. Under certain solution regularity assumptions, we derive an optimal order
error estimate. Finally, we present the numerical solution together with simulation result
son a two-dimensional test problem.

2. PROBLEM STATEMENT AND VARIATIONAL FORMULATION

Let us consider two electro-viscoelastic bodies, occupying two bounded domains 9!, Q2
of the space R%(d = 2, 3). For each domain Qf, the boundary I'* is assumed to be regular
enough, and is partitioned into three disjoint measurable parts I‘{, Fg and Fg, on one
hand, and on two measurable parts Ff; and Fi, on the other hand, such that measfl{ > 0,
measT? > 0. Let T > 0 and let [0,T] be the time interval of interest. The Qf body is
submitted to fg forces and volume electric charges of density qé. The bodies are assumed
to be clamped on I'{. The surface tractions f§ act on I'5. We also assume that the electrical
potential vanishes on Fﬁ and a surface electric charge of density qé is prescribed on Fg. The
two bodies can enter in contact along the common part I't = I'2 = I's. The classical form
of bilateral contact with Tresca’s friction and damage between two electro-viscoelastic
bodies is given by:

Problem P. For ¢ = 1,2, find a displacement field u’ : Qf x (0,T) — R%, a stress field
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ol Qf x (0,T) — S%, an electric potential ¢ : Qf x (0,7) — R, an electric displacement
field D’ : Qf x (0,T) — R?, and a damage of : Q x (0,T) — R such that
ot = Ale(u?) + B e(ub),a’) + (£9)*Ve! in QF x (0,T), (3)
Df = Ef(u’) + C*E(p") in QF x (0,7), (4)

&t — Aal 4+ EOx e (a) 3 St e(ub),af) in Qf x (0,T),

(5)
Diveot + f§ = plit  in Qf x (0,7), (6)
divD! —gf =0 in Qf x (0,7), (7)

u’ =0 onT¥% x(0,7), (8)
ot = f§ on T4 x (0,7), 9)
[uy]ZO,UT:—UEEUT, ”UTHSQ
ol <g=[u]=0 on '3 x (0,7, (10)
|lor|| = g = 36 > 0 such that o, = —4 [i]
gaé, =0 onT!x(0,7), (11)
e!'=0 onT% x(0,7), (12)
DY vt =g5 onTyx(0,7), (13)
u’(0) = uf, u4(0) =vf, a’(0) =af in Q. (14)

Here, Egs (3) and (4) represent the electro-viscoelastic constitutive law. The evolution
of the damage field is governed by the inclusion given by the relation (5). Next, Eqs (6)
and (7) are the equations of motion written for the stress field and of balance written
for the electric displacement field, respectively, in which Div and div denote the diver-
gence operators for tensor and vector valued functions. Conditions (8) and (9) are the
displacement and traction boundary conditions, respectively. The relation (11) represents
a homogeneous Neumann boundary condition, (12) and (13) represent the electric bound-
ary conditions, and (14) are the initial conditions. Conditions (10) represent the bilateral

contact condition with Tresca’s friction law where [u,] = ul 4+ u2 is the stands for the
displacements in normal direction, and where the friction yield limit is g which is assumed
to depend only on each point of I's, where [u,] = ul — 42 stands for the jump of the

displacements in tangential direction.

We now proceed to obtain a variational formulation of Problem P. For this purpose, we
introduce additional notation and assumptions on the problem data. Here and in what
follows the indices ¢ and j run between 1 and d, the summation convention over repeated
indices is adopted and the index that follows a comma indicates a partial derivative with
respect to the corresponding component of the independent variable. Let Eq = L?(2') x
L2(92) = [LX(Q9)%, Hi = [HY(Q)]% H = [L(Q))&, By = HN Q) x H(Q?), H =
H' x H?, H =H! x 7-[2 and define the following spaces: V* = {v* € [H'(Q)]%; K}Fz =
0, W'={y" e H' Q) ¢, =0}, W = {D' € H divD’ € L*(Q")}, W =
WEx W2, W=WxW? V= {vEleV2 [vy |F3_0}

Since mesI‘f > 0, Korn’s inequality holds and there exists a constant Cx > 0 depending
only on Qf and I'{, such that

le()llgee > Crcllvfllre, ¥o* € V¥, (15)
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On the space V¥, we consider the inner product and the associated norm given by
(w0 e = (e(u), e(v))gge, V' 0t € VY, (16)

and let HUZHVZ the associated norm given by

|+
1%

Notice also that, since mes(I') > 0, the following Friedrichs-Poincaré inequality holds:

= le@)llye, Vot € V. (17)

IVl p2eye > Cr ISt sy, V¢ e W, (18)

where Cr > 0 is a constant which depends only on Q¢ and I'Y and V¢ = ({ez) A proof of
Friedrichs-Poincaré inequality may be found in ([17, p.188]).

Further, we denote by X’ the dual space of X, and we use the notation (.,.)x/«x to rep-
resent the duality pairing between X’ and X.

For the convenience of the reader, we recall the following standard result for parabolic
variational inequalities and the abstract result (see, e.g., [21, p.47-48]).

Theorem 2.1. Let X CY =Y’ C X' be a Gelfand triple. Let K be a nonempty, closed
and convex set of X. Assume that A : X — X' is a continuous and symmetric linear
operator which satisfies, there exists Cy € R and C3 > 0 such that

<AU,U>X/><X + OQHUH%/ > Cg”UH?X, Yo e X. (19)

Then, for all ug € K et f € L2(0,T;Y), there exists a unique function u which satisfies

we Wh2(0,T; X) N L*(0,T;Y) (20)

u(t) € K, Vte[0,T], (21)
(a(t),v —ut))vrxv + (Au(t),v — u(t)vixv (22)

> (f(t),v—u(t)yxy, Y€ K, a.ete (0,T),

u(0) = uyp. (23)

Theorem 2.2. Let X CY =Y’ C X' be a Gelfand triple. Assume that A: X — X' is a
hemicontinuous and monotone operator which satisfies

<Avav>X’><X > WH”H%{ + )‘7 Vo € Xv (24)
lAclxr < Calllollx +1), Vo€ X, (25)

for some constants w > 0, C1 > 0, and A\ € R. Then, for every up € Y and f €
L?(0,T; X"), there exists a unique function u which satisfies

ue L20,T;X)NC(0,T);Y), ue L*0,T;X"),
u(t) + Au(t) = f(t) a.et € (0,7T),
u(0) = up.

We now list assumptions on the data. Assume the operators A¢, B¢, €4, C¢ and S* satisfy
the following conditions (L ¢, m 4¢, Lge, mee and Lge being positive constants).
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(a) AL: Qf x ST — S )
(b) |AY(z,e1) — AY(w,e9)|| < L geller — &2 Ver,e2 € %, ae. x € QF.
(0) (A (z, 1) — A, 22))-(21 — £3) > m_gele1 — 23]
Vey,eq € S% a.e z € QL.

(d) For any ¢ € S%, 2 — A(x, &) is measurable on Q,
(e) The mapping z — A’(xz,0) € H’.
) B Qf xS x R — S%
) HBZ(Q«“ e1, 1) — Bz, 2, 00) || < Le([le1 — ea| + a1 — azl)

Ver, g2 € S%, Vai, as € R, ae. z € QL. (27)
(¢) The mapping z — B(z, ¢, ) is measurable in Q¢ Ve € S¢,Va € R.
(d) The mapping z +— B(z,0,0) € H’.

(26)

(a
(b

(a) € QL x 8¢ R, } )
(b) &z, 7) = (efjk(x)Tjk) where e k= = e ; € L>(QY).

(a) C*: Qf x RY — RY,

(b) C(x, E) = (cfj (z)Ej) VE = (E;) €RY, ae xeQf (29)
(c) cfj cﬁz, k. € LOO(QZ) 1<i,5<d.

(d) C'E.E > mce|E| = (E;) €R?, ae. xc Q.

(a) S¢: QA x ST xR — R.
(b) [S*(x, &1, dv) — Sz, &, do)| < Lige(|€1 — &of + |dy — da]),
V&, & €S%Vdy,dy € R ae. x € QL. (30)
(c) Forany ¢ € S%,d € R, x> S¥(x,&,d) is measurable on Q.
(d) The mapping z — S*(z,0,0) belongs to L?(02°).

The mass density and the friction yield limit g satisfies

pt € L=(QF), ming—; 2 inf,cqe p(x) = p* > 0, (31)
ge L>*(T3), g>0 onTls. (32)
The forces, tractions, volume and surface free charge densities have the regularity
fo € L*(0,T; H),  fy € L*(0,T; L*(T5)%), (33)
g6 € C(0,T; LA(Q)), a5 € C(0, T L*(Ty)), (34)
¢5(t)=0 onT3 Vte[0,T]. (35)

Finally, we assume that initial data satisfy the regularity

uy e V4 b eVt af e K (36)
We define the mappings F': [0,7] = V', ¢: [0,T] = W, a: By x By > Rand j: V=R
respectively, by

2
(F@t),v)vixv = > [ fit)wde + Z [ fSt)wtda, Yo eV,
{=10¢ lpf

(q(t), ¢ W—meqo qbdx—prng (t)dlda, Yo W, (37)

a<<,f)=€; K Joe VCL0EN . and (o) = i, ol [or] paryye da- |
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From the assumptions (33) and (34) it follows that

F e L*0,T;V'), qe€C(0,T;W). (38)
We use a modified inner product on H given by
2
(u,v) g = Z(peue, ) e, Vu,v e H, (39)
(=1

that is, it is weighted with p¢. We let |||z be the associated norm, i.e.,

Wl = (v, 0)3, Vo€ H. (40)

It follows from assumption (31), that ||.||z and |.|z are equivalent norms on H, and also
the inclusion mapping of V into H is continuous and dense. Identifying H with its own
dual, we can write the Gelfand triple V. C H C V', so we have

(u,v)yrxy = (w,v)g, VYue H, YvoeV. (41)

By a standard procedure based on integration by parts and Green’s formula, we obtain
the following weak formulation of the piezoelectric contact problem P.

Problem PV.Find v:[0,7] -V, ¢:[0,7] - W and «: [0,7] — Ej such that
(ii(t), w — a(t))vixy + é(«‘lzﬁ(ﬂe) + B (e(uf), af), e(w’ — i (t)))3e+
Zi (€9 V! e(w’ —a'(t)))pe + j(w) — j(a(t)) = (F(t),w — alt))vixy
eV, ae te(0,7),

(42)

Vo
Ké(csze(t) = Ee(u'(1)), Vo) ge = (a(t), p)w, Yo e W, ae. t € (0,T),  (43)

aft) e K=K'x K2, fj(o'/(t),g@ — (1) 2 (a0 + ala(t), € — at))

=1 (44)
> e;(sf(s(uﬁ(t)),aﬂ(t)),gf —a(t)) 20y, VEEK, ae te(0,T),
u(0) = ug, u(0) = wg, a(0) = ap. (45)

The existence of a unique solution to Problem PV will be presented in the next section.

3. MAIN EXISTENCE AND UNIQUENESS RESULT

Now, we state and prove our existence and uniqueness result.

Theorem 3.1. Under the assumptions (26)-(36). Then there exists a unique solution
{u, ¢, a} to problem PV . Moreover, the solution satisfies

ue W0, T;V) N CY0,T; H) nW22(0,T; V), (46)
a € WH(0,T; Eg) N L*(0,T; Ey). (48)

The proof of Theorem 3.1 is carried out in several steps that we prove in what follows,
everywhere in this section we suppose that assumptions of Theorem 3.1 hold, and let a
n € L%(0,T; V') be given. In the first step, we consider the following variational problem.
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Problem P, . Find a displacement field u, : [0,7] — V' such that

(i (£), w0 — g () )iy + é (Ale(il (1)), (ut — i (1)) yurt

J(w) = (i) 2 (F(t) = nt),w — ity ())yrxvs Yoo €V, ae. t € (0,T), (49)
up(0) = up, uy(0) = vo.
We define the function A : V — V’ by
2
(Au, v)yrvy = Z(Ags(ug),s(vé))y_ﬂ, Yu,v €V, (50)

(=1
Using variable velocity v, = 1, the Problem P, is written for a.e. t € (0,T), as follows

Problem P, . Find the velocity field v, : [0,7] — V such that

<1'},7(t), w— Ur](t)>V’><V + <Avn(t)vw - Un(t)>V’><V + j(w) — j(vn(t))
> (Fy(t), w — vy(8) )y Yaw € V. (51)
UW(O) = 0.

Where F,, = F' — .

Lemma 3.1. Assume that (26) and (32) hold, then the operator A and the functional j
defined respectively by (50) and (37) satisfy

(a) A:V — V' is hemicontinuous and strongly monotone,

(b)3C1 >0, 3Cy >0,YVv eV ||Av|lyr < Ci|jv|lv + Co,

(¢) for all sequence (u,) and u in L*(0,T;V) such that

u, — u weakly in L?(0,T;V) then Au, — Au star weakly in L?(0,T;V")
and liminf [ (Aun (8), un(t) vyt > [ (Au(t) u(®)) v dt

(@) j:V = R is convex and lower semi-continuous functional,
There exists a sequence of C1 convex functions (jn) : V — R such that
(b/) ddy >0, d3dy >0, Vn € N, H];L(U)HV/ < d1H’UHV + da,

() Yo e L2OT:V), T [T g, (o(t)dt = [T j(o(t),
(d') There exists a sequence (vy,) and v in L*(0,T;V) such that
vp — v weakly in L?(0,T;V) then ligj_nf inf fOTjn(vn(t))dt > fOTj(v(t))dt.

\

Jr(v) denotes the Fréchet derivative of j, at v.

Proof. From the definition (50)and assumption (26), we can verify that A satisfies the
conditions (a)-(b), and applying Lebesgue theorem, we deduce the condition (c).

On the other hand, by using the continuous embedding from V into L?(T'3)%, we find that
j is continuous and convex. To approximate the function j, we use the following functional

(jn) : V — R defined by

Jn(v) = /F 9\/||UT||%2(F3)¢1 + exp(—n) da, Yv e Vy, VYneN.
3

We verify that the Frechet derivative of j, at v is given by

(vr, hr)

<j{1(v),h>vw=/ g da, YheV. (52)
ra Sl

2 —
L2(3)d +e "
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We note that j, is continuously differentiable. One may show that for all @ > 0, b > 0,
such a +b =1, for all reals z,y € R and n € N

Viaz +by)? + e < ava?+em+by/y2 + e (53)
Then j,, is convex for all n € N. Using (52) it follows that
3C =0, VeV, [ljn@)llv: < Cligllrry),
therefore (V') is satisfied. From the definition of j,, we have nli}rfoojn(v) = j(v) and as j,

is continuous on V', applying the Lebesgue theorem, we deduce the property (¢’). Finally,
(d') is a consequence of the fact that

Vo eV, VneN, ju(v)>jv).

We conclude that the operator A, the functional j and j, satisfy the conditions of the
lemma 52. U

Lemma 3.2. Under assumptions (26) and (32), for all n € L*(0,T;V"), the Problem
Py, has a unique solution with the regularity

v, € C(0,T; H) N L*(0,T; V) nWhH2(0,T; V).

Proof. Using the conditions of the lemma 3.1, it is deduced that the operator A + j!, is
hemicontinu and strongly monotone. Thus, (see, e.g., [21, p.48]), for any n € N exists a
unique function vy € L2(0,T;V)NC(0,T; H)n W20, T; V') such as

{ o (t) + Avp(t) + gr (v (1) = Fy(t), ae. t€(0,T),
vy (0) = .

Then, we obtain

(0 (1), w — vy () vrxv + (Avg (8), w — v () vrxv + j(w) — j(og(t))
> (Fy(t),w — vy (t)vixy, Yw eV, ae. te(0,T).

We have

(o (), vy () vrev + (Ao (8), v () vrxw + (o (1)), (05 (D)) vrxv
:< ()vvn(»\/’xv, a.e. tE(O,T).

Integrating the latest equality on [0,¢], t € [0,T], using (26) and monotony of j/, to infer
that

T
3050, YaelN, Ve 0.1) [of@la<C. [ gl <c.
0
We have
T
3C >0, VneN / [op (8)[[3-dt < C.
0

We can therefore extract a subsequence still denoted (vy) to find that

n

O — ¥, star weakly in L?(0,T; V’).

{ v — v, weakly in L?(0,T; V) and star weakly in L>(0,T; H),
7

It follows that
vy € C([0,T]; H) and vy (t) — vy (t) star weakly in H, vt € [0,T]. (54)
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Then, we obtain
fO 77 V/><th+f0 AU (1), >V/det+f0Tjn(w)dt
> [ (o )>fovdt+f0 (AR (), 01 () vrcvdt + [y ga(ol(8))dt
—l—fo n(t),w — vy (t))vixvdt, Yw € L?(0,T;V)
and we find
Jo @R, wyvecvdt + [ (AR (), whysvdt + [ Gu(w)dt
> 5llop(T )H%-%HU”( W3+ Jo (A (), v () dt (55)
+ [ dn(R )t + [ (F (), w — vl (£ dt,

using the assumptions of the 1emma 3.2 and the weak lower-semi-continuity, we obtain
that

[ 0y w = vy)vrevdt + [ (Avg,w — v)yrvdt + [ (G (w) — j(vy))dt (56)
> [T (Fyyw — vg)yrevdt, Yw € L2(0,T; V4).
The above inequality implies that

<®n(t)vw - Un(t»\/’xv + <AU,7(7§), w— Ur](t)>V’><V +j(w) — j(vn(t))
> (Fy(t),w —vy(t))vxv YweV, ae te(0,T).

We conclude that P, has at least a solution v, € C(0,T; H)NL*(0,T; V)NWH2(0,T; V).
For the uniqueness, let v1,, v2, be two solutions of P,, . We use (51) to obtain

(D2 (t) — D17 (t), V2 (1) — v1n () vrscv + (Avzy(t) — Aviy(t), vag(t) — vig(t))vixy > 0.
Integrating the previous inequality, using (50) and (26), we find

1 t
5 llvzy () — v ()1 H +/0 [v2q () — v1y(s)[[3-ds < 0, V¢ € [0,T],
which implies vy, = vg,. ]

Let now u, : [0,7] — V' be the function defined by

¢
() = / vn(s)ds +ug, Vit € [0,T]. (57)
0
In the study of Problem P,, , we have the following result.
Lemma 3.3. P,, has a unique solution satisfying the regularity expressed in (46).

Proof. The proof of lemma 3.3 is a consequence of lemma 3.2 and the relation (57). O

In the second step, let (, ) € L?(0,T; V' x Ey) be given, we use the displacement field
uy, obtained in Lemma 3.3 to consider the following variational problem.

Problem P,,. Find a ¢, : [0,7] — W and «, : [0,7] — E; such that

2
ZZI(CZVst;( )s V&) e 2( e(uy (1), Vo) e = (a(t), o)w,
Vo e W, ae. te(0,T)
au(t) € K, E( () = 1E(1),€° = ap) 2 (o) + alau(t), € — au(t) 20
V{EK aetE(O T),
where K = K' x K2. We have the following result for the problem.
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Lemma 3.4. There exists a unique solution of the Problem Py, and satisfies the reqularity
(47)-(48)-

Proof. For more details about the proof of this lemma, see lemmas 4.3. and 4.6. in [13].
Since meas(T'y) > 0, it follows from (29) and the Friedrichs-Poincaré inequality (18) that
the bilinear form : b(.,.) : W x W — R such that
2
b, @) =Y (C'V (1), Ve ) e Vo, € W. (59)
/=1

is continuous, symmetric and coercive on W. Moreover, keeping in mind the regularity of ¢
in (38), assumption (28) on the piezoelectric tensor £ and the regularity u, € C1(0,7; H)
obtained in lemma 3.3, we obtain that the function L, :[0,7] — W given by

2
(Ly(t), O)w = (q(t), &)w + Y _(Ee(uby(t)), Vo ) e Vo e W (60)
/=1

is continuous. The existence and uniqueness part in lemma 3.4 is now a straight conse-
quence of the well-known Lax-Milgram theorem combined with the equalities (59)- (60).

On the other hand, the inclusion of (E1,|.|[g,) into (Eo, ||.|5,) is continuous and its
range is dense. We denote by Ej the dual space of E; and, identifying the dual of Ey with
itself, we can write the Gelfand triple

Ey C Ey=E,CE}.
Frome (41) we write
(57 C)EixEl = (57 C)Eov Vf € E07 C € Ela

and we note that K is closed convex set in Ej. Then, using the definition (37) of the
bilinear form a and the fact that oy € K in (36). Thus using the Theorem 2.1, we
deduce that there exists a unique function ¢, solution of the second relation in (58),
which concludes the proof of the lemma. O

We consider the element A(n(t), u(t)) = (A1 (n(t), u(t)), Aa(n(t), u(t))) € V' x Ey defined
by the equations

<A1(n<t>,u<t>),v>wv—é Bl (0), ab (D) + () VD), e, (61)
Aol (t). (1)) = Zz St (1)), ol (1)) (62)

We have the following result.
Lemma 3.5. The operator A : L*(0,T; V' x Eg) — L?(0,T;V' x Ey) has a unique fized
point (n*, p*).

Proof. By using arguments similar to those in the proof of lemma 4.9 in [14].
Let now (n1,61), (n2,02) € L*(0,T; V' x Eyp). For simplicity, we use the notation wu,, =
Ui, Uy, = U; = Vi, ©p, = @; and ay, = a4, for ¢ = 1,2, we have

2
1As (1 (8), 1 (0) = Aa(me(), 2@ < D 11(7) Viph(e) = (&) Tht) e
(=1

2
+ ) IB (e(ui (1)), 1 () — B (e(us(t)), af (D) [3e-
(=1
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From the definition (61) combined with the assumptions (17), (27) on B and (28) on &,
we conclude that there is C' > 0 such that

1AL (71.(8), p2.(8) = Ax(m2(8), p2O)Tr < C(llun(t) — w2 ()T +
las () = a2 (D)1, + () — e2(®)]w)- (63)

Moreover, from (57), we have

s () — w(®)lly < /O lor(s) - va(s)lvds, vt e [0,7]. (64)

Substituting n = 71, v = vy and n = 72, v = v in (49), keeping in mind (50) and combining
the resulting inequalities, we find

2
(01 — D2, v1 — V2) vy + Z (Ae(vf) — Ale(vs), e(v] — v5))ge +
=1
(m —m2,v1 —v2)vrxy <0

We integrate this inequality with respect to time. We use the initial conditions v1(0) —
v2(0) = vp and the relation (26) to find that,

min(m, g1, m_g2) /0 lon(s) — va(s)[[2ds < — /O (1(5) — 1a(5), 01 (5) — 3(8))vrcvds.

Then, using the inequality 2ab < fn—Q + mb?, we obtain

/ lo1(s) — va(s)|[2ds < C / I (s) — ma(s)|2ds. (65)
0 0

From (64) and (65), we deduce

lur () — w2 () < C/O In1(s) — m2() 13 dls. (66)

We use assumptions (28) and (29) on the piezoelectric and permittivity tensors respectively
with the inequality of Friedrichs-Poincaré (18), it follows from (58) than

lo1(t) = o2(®)fy < Cllua(t) — w2 (D)}, vt € [0,7). (67)

Furthermore, by substituting p = p1, £ = a3 and p = ug, £ = as in (58) and subtracting
the two inequalities obtained, we find

(A (t) — da(t), a1(t) — aa(t)) B, + alar(t) — az(t), au(t) — az(t))
< () — p2(t), a1 (t) — az(t)) gy, ae. te€(0,7).

We integrate the previous inequality and applying the inequality of Holder and Young
with Gronwall’s lemma, we deduce that

t
lon(t) — an(t)|3, < C / i (s) — pa(s) 3 ds. (68)
We substitute (66)-(68) in (63) we obtain

fOT [A1(11(8), pa(s)) = Ax(n2(s), pa ()37 g, A5

< C [T (m(s) = ma(s)|Z + I (s) = pa(s)|[%, )ds. (69)
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Using the assumption (30), equality (17) with estimates (66) and (68) we obtain the
estimate of Ay

Jo 182 (s), m1(s)) = Aa(na(s), pa(9) |3y s
= Jo IS(e(ui(s)), a1(s)) = S(e(uz(s)), aa(9) [Fr g ds (70)
< C [y (lm(s) = m2(s)} + lpa(s) = pa(s)lI3, )ds.

Combining the inequalities (69) and (70) to obtain

1A (1, 1) = Az, p2) 720 mvrizgy < Clim = 11512 = 12l 220 1075 10 (71)
Reiterating the inequality (71) n times leads to

Cn
A" (11, 1) — An(Tl2aM2>”2L2(o,T;V'xEO) < F”’h — K172 N2”2L2(0,T;V’XEO)? (72)

Thus, for n sufficiently large, A" is a contraction on the Banach space L%(0,T; V' x Ejy),
and so A has a unique fixed point. O

Now, we have all the ingredients to prove Theorem 3.1.

Existence. Let (n*,u*) € L2(0,T;V’ x Ey) be the fixed point A and let u and {p,a}
denote the solutions of problems P, ,P,, respectively, for n = n* and p = p*. The
equalities Aq(n*, p*) = n* and Aa(n*, u*) = p* show that (42)—(75) are satisfied. Next,
(45) and the regularity (46)—(48) follow from lemmas 3.3, and 3.4.

Uniqueness. Uniqueness of the solution is a consequence of the uniqueness of the fixed
point of the operator A and the unique solvability of the problems P, and P,.

4. DISCRETE APPROXIMATIONS

We now introduce a finite element method to approximate solutions of Problem PY
and derive an error estimate on them. We consider finite dimensional spaces V" ¢ V,
Wh c W, and E* C Ey, approximating the spaces V', W and E}, respectively. Here, h > 0
denotes the spacial discretization parameter. Secondly, the time derivatives are discretized
by using a uniform partition of [0,7], denoted by 0 =ty < t; < ... < ty = T. Let k be
the time step size, k = T//N, and for a continuous function F'(¢) let f,, = F(t,). Finally,
for a sequence {wn}ﬁf:o, we denote by dw, = (w, — wy—_1)/k the finite differences. In this
section, no summation is assumed over a repeated index and ¢ denotes a positive constant
which depends on the problem data, but is independent of the discretization parameters,
h and k. Thus, using the backward Euler scheme, the fully discrete approximation of
Problem PV is the following.

Problem PV''*, Find a discrete velocity field v"™* = {(vy"™ v%h’“)}szo C VI adiscrete

electric potential "* = {(gpqlqjhk,goi’hk) N, C W and a discrete damage field o* =
{(a,ll’hk, ai’hk) 712[:0 C E'"nK = K", such that v{}k = wg, ozgk = ag, andforalln=1,.... N

2
(5U%hk,wfih - 'Ug’h)V’XV + Z(Aﬁg(vﬁ,hk) + BEE(’U/fL’hk, afl,hk)7€(vfl,h - wg’h))';.ﬂ‘i‘
(=1

2
D (EY V™ (0 —wh ) + j(w") = j(viF) > (£, v —w")y V' e V",
/=1
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[

2

Z(BKVQO Jhk v¢eh Z Ehk v(b@h) , = (qn7¢h)W V(bh c Wh (74)
/=1 /=1

g (B (1), €1 — (1)) gy + alalb, €8 — akh (1))

2 (75)
E (Sg(g(u%hk)a a%hk)a §h7£ - afl’hk)LQ(QZ)> Vgh S Kh: a.e. t € (07 T):
=1

v

where the discrete displacement field u* = {(up"™ u2"")

n
Ohk _ £,hk
u,; —kg v+
j=1

WN_, c VP s given by

Here ugh, véh and aéh are appropriate approximation of the initial condition ué, vg and

ozf;, respectively, and cpg Ik

for n = 0.

We notice that the fully discrete Problem PY"** can be seen as a coupled system of
variational inequations. Using classical results of nonlinear variational inequations (see
8]), we obtain that Problem PY""* admits a unique solution in V" x W* x K" Our
interest in this section lies in estimating the numerical errors |[u, —u"* ||y, [|©n — ©"*|lw
and |3, — B¥|| Loo(Ty)- Let Vi(Q9), Wi,(Q) and By, consist of continuous and piecewise
affine functions; that is,

is the unique solution of the seconde quation in Problem PY-*

vhmf - {vﬁ & [CE@NY bl € PRI VE € Ts vhloe =0},
Wi(Q2) = {#}, € C(2); @il € Pu(K), VK € Tys vjlpy =0},
Eh = {af, € C(Q); af|, € Pi(K), VK € T},
where C'(Qf) and P;(K) denote the space of continuous functions on Qf and the space

of the polynomials with the global degree one on K, respectively, and 5,‘; = {ca =

xﬁ,x‘i, ...,xﬁve_l,:c(]gvz = ¢y} the set of nodes on I's belonging to triangulation 7;[. We

define the spaces
V= V,(QY x V,(Q%), Wh=w,(QY) x W,(Q%), E"=E} x E?
H? = H*(QY) x H}(Q?), K'=E"'nK.

Then, we have the following corollary which states the linear convergence of the algorithm
under suitable regularity condition.

Theorem 4.1. Assume that (26)-(36) hold. Let {u,p,a} and {ul*, o"* ol'*1 denote the
solution to Problems PV and PV"% respectively. Under the following reqularity conditions:

ue C0,T;[HY?Y), ¢ € C(0,T;H?), o € CY(0,T; H?).
Then we obtain the estimate

 ax, {lwn = urfllv + lon — on®lw + llan — ap* |5, } < C(h+ k), (76)

where positive constant C' independent of the discretization parameters h and k.
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Proof. We have the following approximation properties of the finite element spaces V",
W and E" (see [9]),

: h
125?Nué2£hnun“u%HV'SC%M“HC@JHH%%?

IN

max inf o, — dhllw

1<n<N gheWh ChH(anC(O,T;HQ)v

. h
 max, )\gléltﬁ/h lom = Anllw < chllom|lco.r,m2)-

Then, using arguments similar to those used in [4, Theorem 2|, we deduce (76). O

Numerical example. For the numerical simulations, we consider the next special case:
” A dynamic process of contact between two viscoelastic bodies without damage” of two-
dimensional test problem. There, the following notation are used: Q' = [0, 1] x [0, 1],
02 =100,1 x [-1,0], T1 =[0,1] x {1}, T4 = {0,1} x [0, 1], T3 = [0, 1] x {-1}, T3 =
{0,1} x [-1, 0], T's = [0, 1] x {0}. We model the material’s behaviour with a constitutive
law of the form (3), in which the two bodies have the same properties and the functions
£’ vanishes. The compressible material response is governed by a linearly viscoelastic
constitutive law in which the viscosity tensor A’ and the elasticity tensor B¢, are given by

1072Er 1072E
¢ .
(A (7))ij = ﬁ(ﬁl + 792)di5 + T i, 1<1,5<2, £=1,2, Vre 827
Er FE
¢ . 2
(BY(r))ij = Tz (T +722)05 + T~ T 182 (=12 VTes’,

where £ = 20000N/m? is the Young’s modulus, r = 0.3, is the Poisson’s ratio of the
materials and ¢;; is the Kronecker delta. For computation we use the following data:

T =1s, ug=(0,0)m, vo=(0,0)m/s, g=O0N/m> p'=p?=1kg/m?>,
fo = (05,=05)N/m?, f§ = (05,0)N/m®, f3 = (fa1, f2), £=1,2, where
3x1072N/m on {0} x [0,1], _
f%l_‘{ / 103 f&zzzlo UVﬂn,

]
]
) .
2, :{ 5x 1072N/m on {0} x [-1, } f3y=—10"2N/m.

To see the convergence behaviour of the fully discrete scheme, we compute a sequence
of numerical solutions based on uniform partitions of the time interval [0, 1], and uniform
triangulations of the domain [0, 1] x [—1, 1] of the type shown in Figure 1 which represents a
coarse discretization (h = k = 1/4). The results at the end of the simulation are illustrated
Figure 2, which represent the approximation of displacements at ¢ = 1s.
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