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BINARY CECH SOFT CLOSURE SPACES
R. N. MAJEED?, §

ABSTRACT. In this paper the notion of binary Clech soft closure space which is defined
over two initial universe sets with fixed sets of parameters is introduced and studied.
This space extends and generalizes Cech soft closure space. The main and basic notions
for this space such as closed (open) binary soft sets, binary soft interior, and dense binary
soft sets are defined and studied. Relationships between binary Cech soft closure space
and Cech soft closure space are deduced. Examples and counterexamples are presented
to illustrate some of our results. Finally, some operations on binary Cech soft closure
operators are defined.
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1. INTRODUCTION

Cech closure space (K, C) introduced first by Cech [4]. In this space, the mapping
C: P(K) — P(K) is called Cech closure operator on K and is satisfying the conditions
C0) =0,F C C(F), and C(FUG) = C(F)UC(G). In general, Cech closure spaces have
a more general structure than topological spaces. Inspiring by Cech initial results, other
researchers are studied further, improved, generalized, and extended Cech closure spaces
(see, e.g., [3, 11, 21, 22|, among others).

In 1999, Molodstov [19] introduced the concept of soft set theory to solve some com-
plicated problems in mathematics and some other fields. In particular, closure spaces are
introduced and studied in a soft set setting. For instance, Cech soft closure spaces were
introduced and discussed by Gowri and Jegadeesan [8] and Krishnaveni and Sekar [12].
Majeed [14] established Cech fuzzy soft closure spaces. The later space is investigated
further in [13, 15, 16]. The concept of soft closure spaces and their essential features are
discussed in detail in [6, 7, 17].

The concept of binary structure between two universal sets K1 and K5 was first defined
and studied by Jothi and Thangavelu [20], because in real-world situations there may
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be two or more universal sets. A binary structure from K; to Ky is mathematically
described as a collection of ordered pairs (F,G), with FF C K; and G C Ks. Jothi and
Thangavelu [20] developed the idea of binary topology which is a single structure denoted
by (K1, K2, M) where M C P(K;) x P(K3) and satisfying the three axioms of ordinary
topology. The notion of binary Cech closure spaces was proposed by Chacko and Susha
[5]. Ackgoz and Tas [1] studied the properties of a binary soft set created from two initial
universal sets and a parameter set. Benchalli et al. [2] introduced the notion binary
soft topological spaces which are defined over two initial universe sets with a fixed set
of parameters. Also, Hussain [9, 10] proposed binary soft topological spaces, which are
extensions of soft topological space, and investigated binary soft connectedness in binary
soft topological spaces. The structure of binary soft sets is employed, in this paper, to
propose the notion of binary Cech soft closure spaces, which is an extension of the binary
Cech closure spaces established in [5]. The prerequisites are listed in Section 2. We
present the notions of binary soft closure operator, binary Clech soft closure operator, and
induced binary soft closure operators in Section 3 and we show how they are related. The
connections between soft closure spaces and binary Clech soft closure spaces are discussed
in Section 4. The operations union, composition, and intersection of binary Cech soft
closure spaces are covered in Section 5.

2. PRELIMINARIES
In this section, we recall several definitions that will be used in the next sections.

Definition 2.1. [19] A soft set (F, A) over an initial universe set K and a set of param-
eters Q is a mapping F : A — P(K) where A is a nonempty subset of Q@ and P(K)
denotes the power set of K.

Definition 2.2. [18] Let (F,A) and (G, B) be two soft sets over an initial universe set
K and a set of parameters Q. Then, (F, A) is soft subset of (G, B), denoted by (F,A) C
(G,B), if (1) AC B, and (2) F(w) C G(w), for allw € A.

Definition 2.3. [18] The union of two soft sets (F,A) and (G,B) over the common
universe K is the soft set (H,C) = (F,A) U (G, B), where C = AU B and for all w € C,

F(w) if we A— B,
H(w) =1 G(w) if we B—A,
Flw)UG(w) if we ANB.

Definition 2.4. [18] The intersection of two soft sets (F, A) and (G, B) over the common
universe K is the soft set (H,C) = (F,A)N(G,B), where C = AN B and for all w € C,
H(w) = F(w)NG(w).

Definition 2.5. [6] An operator u : SS(K,Q) — SS(K,Q) is called a soft closure
operator on K, if for all Fo,Gg € SS(K, Q) the following azioms are satisfied:

(C1) 2q = u(Pq),

(C2) Fq Eu(Fq),

(C3) Fq € Go = u(Fq) E u(Gg)-

The triple (K,u,Q) is called a soft closure space. If in addition (C4) u(Fq U Gg) =
u(Fo) U (u(Gq). The space (K, u,Q) is called a Cech soft closure space [12].

Consider K7 and K> be two initial universal sets, () be a collection of parameters, and
P(K;) and P(K3) be the K and Ky power sets respectively. Also, let A, B,C C Q.
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Definition 2.6. [1] .7-EA is said to be a binary soft set (BS-set, for short) over K1, Ko
where F : A — P(K1) x P(K3), F(w) = (N, M), for eachw € A such that N C K1, M C
K.
Definition 2.7. [Nl] Let fA,ég are two BGS-sets over the universes K1~, Ks. .7-EA 1s called
a BS-subset of Gg, if A C B and N C No, My C My such that F(w) = (N, M),
Q~( ) = (Na, My) for each weE A such that N1, Ny C Kl,Ml,MQ C Ks.

We denote it by FAEQB .7-",4 is called a BS-superset of Gg, if QB is a binary soft
subset of]-:A. We write }:AZIQB

Definition 2.8. [1] Let ]:A QB are two BGS-sets over the unwerses Kl,K2 .7:,4 1s called

binary soft equal to QB, if ]—"AIZQB and ]:AZIQB We denote it by .7-",4 = QB

Deﬁnltlon 2.9. [1] A BG-set .7-"A over K1, Ko is characterized as binary null soft set
denoted by@ if F(w) (0,0) , for allw € A.

Definition 2.10. [1] A BS-set ]-EA over K1, Ko binary absolute soft set denoted by /:l,
F(w) = (K1, Ks), for allw € A.

Definition 2.11. [1] A BS-set 7—?0 is the union of two BGS-sets -7'§A and ,C’/:B over the
universes Ky, Ko where C' = AUB, and for each w € C such that N1, No C Ky, My, Ms C
K27

~ (Nl,Ml) Zf w€eEA—-B
H(w) = (NQ,MQ) if weB—-A
(N1UN2,M1UM2) if weANB

such that f( v) = (N1, My) for each w € A and G(w) = (N2, Ma) for each w € B. We

denote it by fAugB Hc.

Definition 2.12. [1] The BG&-set 7—?0 is the intersection of two BGS-sets .7-5,4 and QZB over

the universes K1, Ko, where C = AN B and ?—:[(w) = (N1 N Noy, M1 N Ms), for each w € C

such that f(w) = (N1, My) for each w € A and g:(w) = (N2, Ms) for each w € B, such

that N1, Ny C Ky, My, My C Ko. We denote it FaTlGg = He.

Definition 2.13. [9] The BS-set 7—[:Q is the difference of two BS-sets ]-EQ and g:Q over

the universes K1, Ko,denoted by fQig:Q and is defined as 7-:[(w) = (N1 — Na, M1 — My) for

each w € Q such that ]-:'( ) = (N1, My) and é( ) = (Na, Ma).

Deﬁnltlon 2.14. [ | The binary soft relative complement of a %6 set FQ s denoted by

]:Q = ]-'é? where F' : Q) — P(Ki)x P(K3) is a mapping given by F (w) = (K1—N,Ky—
M) where .7-"( )= (N, M), for allw € Q such that N C K, M C K.

Definition 2.15. [9] Let 7 be the collection of BS-sets over Ki and Ko and Q denotes
the set of parameters. Then T is said to be binary soft topology on K1 and Ko if

(1) 0,Qer
(2) The union of any numbers of BS-sets in T belongs to .

(3) The intersection of any two BS-sets in T belongs to T.
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3. BINARY CECH SOFT CLOSURE SPACES

In this section, we define binary (resp. binary C’ech) soft closure operator and discuss
their basic properties. We also introduce the notion of morphism between soft closure
space and binary Cech soft closure space.

Definition 3.1. Let K; and Ko are two initial universal sets and @) be a set of pa-
rameters. A mapping O from the family of all BS-sets over Ky, Ky to itself (i.e., O
SS(K1,K2,Q) — SS(K1,K»2,Q)) is called a binary soft closure operator (BSCO, for
short) if

1. 8(@) fZ)
2. fQ:a(fQ)

5. Follg = 0(F)E0(dq).
The space (K1, K2,0,Q) is then referred to as a binary soft closure space (BSCS, for
short).

To explain Definition 3.1, we’ll provide an example.

Example 3.1. Let K; = {a1,a2,a3}, Ko = {d1,,d2} and Q = {wi,wa}. Let O :
SS(K1, K2,Q) — SS(K1,Ka,Q) be a mapping defined as follows:

= ]:Q 7,f ]:Q = (wl, (N, @)) N € P(Kl)}a
0,M)): M € P(K>)},

Q otherwise.

Then, 0 is a BSCO. Hence, (K1, K»,0,Q) is BSCS.

Definition 3.2. The BSCO is a binary Cech soft closure operator (BCSCO for short)

of it satzsﬁes the property 8(}'QI_IQQ) = 8(.7-"@)|_I8(QQ) Then, (K1, Ks,0,Q) is called a
binary Cech soft closure space (BCSCS, for short).

The next example illustrates Definition 3.2.
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Example 3.2. Let K1 = {ai,as,a3}, Ko = {di,,d2} and Q = {wi,ws}. Let 0 :
SS(K1, K2,Q) — SS(K1, Ko, Q) be a mapping defined as follows, fori=1,2:

0 if Fo=0,
{(wi, {ar, a2}, {})} if  Fo = {(wi, {ar},0))},
{(wi, {az}, {di})} if  Fo = {(wi, ({a2},0))},
{(wi, fas}, {di})} if  Fq ={(wi, ({as}, D)},
{(wi, {ar, a2}, {di})} if  Fo = {(wi,({ar,a2},0))},
{(wi, (K1, {di}))} if  Fo = {(wi,({ar1,a3},0))},
B(F) = {(wi, ({az, a3}, {d1}))} if ~7'2Q = {(wi, ({az, a3}, 0))},
Q= {(wi, (K1, {di})} if  Fo = {(wi, (K1,0))},
{(wi, 0, {d 1))} if  Fo = {(wi, (0,{d1}))},
{(wi, {an}, K2))} if  Fo = {(wi, (0,{d2}))},
 A{ws ({an}, K2)} if Fo = {(wi (0, K2))},
A({(wr, (N1,0) HEI({ (wr, (0, M)} )
O(({ (w2, (N2, 0)IN)TO(({(wa, (B, Ma))})) if  Fg = {(w1, (N1, M1)), (wa,
(N2, Ma)) : N1, Ny C Ki,
My, My C Ks}.

Then,  is a BCSCO. Therefore, (K1, K2,0,Q) is BCSCS.

Remark 3.1. Fvery BéSC(’) is BSCO but not conversely, In Example 3.1, 0 is not
BCSCO since there exist ]:Q = {(w1, ({a1,a2},0))} and Gg = {(w1, (0,{d1}))} such that

AFolidg) = Q # 0(FQ)U0(Gg) = {(wr, ({a1, as}, {d1}))}.

Definition 3.3. Let (K, K2, 0, Q) be a BCSCS. Any B&-set .7-"Q € SS(K]_,KQ,Q) is

said to be 0-closed BS-set if 8(.7@) .7-"Q and a *BS-set QQ is 0-open ‘BG-set if .7-"Q 18
0-closed BG-set.

Proposition 3.1. Let (K1, K2,0,Q) be a BCSCS. Then, (3 and é are both d-open(resp.,
0-closed) BGS-set.

Proof. Since 8(6) = @ then @ is d-closed B&-set and hence @’ = Q is H-open BGS-set.
Now, since J?an(}“@) for all .FQ € SS(K1, Ko, Q), then QEB(Q). On the other hand,
since 9(Fo)E0 for all Fy € SS(K1, Ka, Q), then 8(Q)EQ. This implies § = A(Q) which
is 0-closed BGS-set. Hence, é’ = 6 is 0-open BGS-set. O
Definition 3.4. A BCSCO 01 s said to be finer than a BCSCO Oy on the same K1 and
Ky and the set of parameters Q if 01 (]-SQ)iag(]—EQ) for all .7-§Q € SS(Ki,K2,Q). Then, we
write 82281.

Remark 3.2. The discrete binary soft closure operator given by 8(.7§Q) = .7-EQ for all

.7-§Q € SS(K1,K2,Q) is the finest binary soft closure operator over K1 and Ko. The

indiscrete binary soft closure operator is given by 3(.7:Q) 0 for all ]:Q # 0 is the coarsest
binary soft closure operator over K1 and K.
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Definition 3.5. Let (K1, K>,0,Q) be a BCSCS. Then, the binary Cech soft interior
operator associated wzth 0, denoted by Inta is a mapping from SS(K1, Ko, Q) to itself given

by Inta(]-"Q) (8(.7-"Q ). ABG-set Fg is 0-open BG-set if and only if Inty(Fg) = Fo-
Now, we show for each BCSCS (K1, K2,0,Q), there exists a binary soft topological
=/ = =
space (K1, K2, 7p, Q) which is defined naturally. That is 79 = {Fg : 0(Fg) = Fo}-

Theorem 3.1. Let (K1, K>2,0,Q) be a BCSCS. Then the set of all D-open BS-sets is a
binary soft topology over K1 and Ko.

Proof. Let 79 = {.}EQ/ 6(]§Q) ]-EQ} be the family of all 9-open BG-sets over K; and
Ks. We must show 7o satisfies the three conditions of Definition 2.15.
(1) Since @ and Q are J-open ‘B(‘S sets, then Q) and Q are in 7y.
(2) Let Fo, G € . Then, 0(FQ) = Fo = {(w, (K1 = F'(w), Kz = F2(w))) 1 € Q}
and 8(9@ )= Q = {(w, (K1 — G} (w), K3 — g2( ))) w € Q} To prove ]-"QFIQQ is
an 0-open BS-set. That means to prove 6((]—"QI_IQQ) )= (FQI_IQQ)

=~z !

(FeMGq)) = o({(w, (K1 — (Fi(w) NG (W), K2 — (FA(w) N G*(w)))) 1w € Q})

= I({(w, (FKy = Fl(w)) U (K1 = G'(w)), (F2 = F2(w)) U (K2 — G*(w))))
rweQ})

= O{(w, (K1 — F w), Kz~ F*()) s w € Q}D{(w, (K1 — GM(w), K —
G*(w) v € Q)) ~

= I({(w, (K1 = Fl(w), K2 — F*(w))) : w € QHUI({(w, (K1 — G (w),
Ky~ G*(w))) :w € Q})

= {(w, (K1~ F @), K — F2(w))) : w € Q}D{(w, (K1 — G (w), Ka —
G*(w))) :w € Q}

= {(w, (K1 = (Fl(w) NG'(W)), K2 = (FA(w) N G*(w)))) s w € Q}.

Thus, fQ%QZQ is an J-open BG-set.

(3) Consider an arbitrary collection of 0- open PBS-sets {(fQ)a :a € J}. For each
acld, (fQ) is an 0-closed BGS-set and ﬂaeJ(]:Q) (;FZQ)’Q So, 8(ﬁa€J(]—§Q);)§
A((Fa)l) Z(Fo), for all a € J. Hence, d(Flacs(Fo)a)E(Fo),. Thus, Hacs(Fo),
is an O-closed BS-set. Hence, LI(]-'Q)a is an d-open BG-set.

g

Definition 3.6. Let (K, K2,0,Q) be a BCSCS and 1y be the induced binary soft topology
of (Ki,K2,0,Q). Then, (K1, Ks, 7o, Q) is called the induced binary soft topological space.

Proposition 3.2. Let (K1, K2,0,Q) be a BCSCS. Then,

(1) The union of any two 0-closed BS-sets is an 0-closed BES-set.
(2) The intersection of any family of 0-closed BG-sets is an O-closed BES-set.

Proof. Obvious. O

Definition 3.7. Let SS(V,R) and SS(K1, K2,Q) be the families of all soft sets over V
and BG-sets over K1 and Ko respectively. Let f:V — Ky X Ko, and p: R — Q are
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mappings, such that if A C V, then f(A) = (C,D) € P(K;) x P(K3), where C = {z :
(z,y) = f(a) for somea € Ayand D = {y : (z,y) = f(a) for somea € A}. Then, a binary
soft mapping fp : SS(V,R) — SS(K1, K2, Q) is defined as:

(1) Let Fr € SS(V, R), then f,(FRr) is a BS-set over Ky and Ky given by

To(Fr)(W) = f(Upep1()F (1)), for allw € Q
(2) Let }EQ € SS(K1,K2,Q). Then, fpil(fQ) is a soft set over V given by

fr H(FQ)(r) = [THF(p(r))), forr € R

Example 3.3. Consider the following sets: V- = {v1,ve}, K1 = {a1,az2,a3}, Ky = {dy,d2},
R = {ri,m},Q = {w1,ws} and SS(V,R), SS(K1,K2,Q) are the classes of all soft sets
over V and B6-set over K1 and Ky respectively. Define f : V — K; X Ko and
p: R — Q as: f(n1) = (a1,d1), f(v2) = (a3,d2),p(r1) = wi,p(r2) = wa. Choose the
soft set Fr € SS(V,R) and Fg € SS(K1, K2, Q) as:

Fr = {(ri,{v1}), (ra, {v1, 21}, Fo = {(w1, ({a1, a2}, {d2})), (w2, ({az}, {d1}))}. There-
fore, the binary soft mapping fp : SS(V,R) — SS(K1, K2, Q) is defined as:

So(Fr)(w1) = f(UF(r1)) = f({vi}) = ({ar} {dr}), fp(FRr)(w2) = f(UF(r2)) = f({v1,v2})
= ({a1, a3}, {d1,d2}). Hence, f,(Fr) = {(w1,({ar},{d1})), (w2, ({a1, a3}, {d1,d2}))} 15 a

BG-sets over K1 and K. Moreover, for the inverse image of Fg is given as:

L (Fo)r) = FHF ) = 1 (Fwn) = - ({ah {d}) = {u},

fp_l(fQ)(Tz):Z FHF(@(r2) = fH(F(w2) = f 1 (({ash {di}) = 0,
Thus, fy~!(F@) = {(r1, {v1})}.

4. RELATIONSHIPS BETWEEN C'ECH SOFT CLOSURE SPACES AND BINARY C'ECH SOFT
CLOSURE SPACES

In this section, we study the relationships between Cech soft closure spaces and binary
Ceech soft closure spaces, and define the notion of dense binary soft sets in binary Cech soft
closure spaces. First, we need to give a notation which will be used to express that every
BGS-sets over K1 and K5 can be written as two soft sets over K7 and Ky respectively.

Notation 4.1. Let ]-EQ be a BS-set over K1, Ky. That means ]-EQ ={(w,(N,M)) :w €
Q,N € P(K;),M € P(K2)}. Then, ]-EQ reduce two soft sets denoted as ]:612 and ‘7:(22 where
]:612 € SS(K1,Q) and ]:622 € SS(K2,Q) defined as: ]—"&2 = {(w,N2 rweQ,N e P(Ky)}
and .7-"22 ={(w,M):weQ,M¢c P(Ky)}. Thus, every BS-set Fg can be written as the

following: Fg = {(w, (F*(w), F2(w))) 1w € Q, F'(w) € P(K}), F?(w) € P(K3)}.
The following example illustrates Notation 4.1.

Example 4.1. In Example 3.3, choose .7-EQ the BG-set over Ky, Ko defined as: ]::Q =
{(w1, {a1,a2},{d2})), (w2, ({as},{d1}))}. Then, .7-:Q can be written as:

Fo = {(wn, (Flwn) = {a1, a2}, F(w1) = {d2})), (w2, (F'(w2) = {as}, F*(w2) = {d1}))},
Thus, the two soft sets reduce from Fq are: ]:é = {(w1, FH(w1) = {a1,a2}), (wa, Fl(wa) =
{ash)}, and FE = {(wy, F2(w1) = {da}), (w2, F2(w2) = {d1})}.

In the next, we introduce theorem to show that from each BCSCS we can obtain two
Clech soft closure spaces.
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Theorem 4.1. Let (K1, Ko,0,Q) be a BCSCS, let 9, : SS(K1,Q) — SS(K1,Q) given
by Ok, (FQ) = Gq for all Fo € SS(K1,Q); Fo = {(w, F(w)) : w € Q,F(w) € K1} and
G ={(w,6(w)) :w e Q,G(w) C K1} where A(FQ) = Gg such that Fo = {(w, (F(w),0)) :
weQ,F(w)C Ky} and gb ={(w,(G(w),M)):we Q,G(w) C K1,M C Ko}. Then, the

mapping Ok, s a Cech soft closure operator over Ki. Similarly, let Ok, : SS(K2,Q) —
SS(K2,Q) given by Ok, (Hq) = Uq for all Hg € SS(K2,Q); Hg = {(w, H(w)) : w €
Q,H(w) C K2}t and Ug = {(w,U(w)) : w € Q,U(w) C Kz} where d(Hg) = Ug such
that Ho = {(w, (0, Hw))) : w € Q, H(w) C Ka} and Ug = {(w,(N,UWw))) :w € QN C
K1,U(w) C Ks}. Then, the mapping Ok, is a Cech soft closure operator over Ks.

Proof. (1) Since 0 is a BCSCS, then 8(@) (. This implies 8}(1(@@) = @Q and

6K2(®Q) = (DQ
(2) For Fo € SS(K1,Q) and Hg € SS(K2,Q). We must prove Fg T Ok, (FQ)
and Hgo T 0Ok,(Hg). Let Fo = {(w,F(w)) : w € Q F(w) S Ki}. Then,

Fo = {(w,(F(w),0) : w € Q,F(w) C K1}CA(Fg). Hence, FoLI(Fg). Now,
since 8(.7-EQ) = {(w, (0K, (Fg),M)) : w € Q, for some M C Ky}. That means
fQﬁa(fQ) = {(w, (0K, (FQ),M)) : w € Q, forsome M C Ks}. It follows,
}EQé{(w, (O, (Fq@), M)) : w € Q, for some M C Ka}. Which gives Fq E Ok, (Fo)

for all Fo € SS(K1,Q). Similarly, HQIZE)(HQ) whereHQ ={(w, (0, Hw))) :w €
Q, H(w) C Ky} which gives Hg C 9k, (Hg).
(3) Let Go, Fq € SS(Kl,Q) and Ho,Uq € SS(KQ,Q) such that Fg C Gg and Hg C

Ug. Then ]—“QIZQQ and HQEUQ, where ./T"Q = {(w, (F (w),@)) rw e Q,F(w) C
K1}, Go = {(w, (G(w w), M)) :w € Q,G(w) € K1, M C Ko}, Hg = {(w, (0, H(w))) :
we Q,Hw) C Ky} and Ug = {(w,(N,U(w))) :w € Q,N C K;,U(w) C Ka}.
Therefore, (Fo)E0(Go) and (Hg)Ed(Ug) implies 9k, (Fo) T Ik, (Go) and
Ok,(Hq) T 0K, (Ug). Now, let Gg, Fg € SS(K1,Q) and Hg,Ug € SS(K»,Q).
Since A(Fo)00(Gq) = d(FolGy), then dx, (Fo)Udk, (Go) = 9k, (FollGo). Also,
since d(Hg)UA(Ug) = d(HqUUg), then dx,(Ho) U dx, (Uq) = 9k, (Ho U Ug).

Hence, Ok, , Ok, are Cech soft closure operators.
O

In the next proposition, we show that from any two Cech soft closure spaces we can
obtain a BCSCS.
Proposition 4.1. If (K1,01,Q) and (K2,02,Q) are two Cech soft closure spaces, then
(K1, K2, 0k, k5, Q) where O, i, : SS(K1, K2, Q) — SS(Ky, Ky, Q) is given by Ok, i, (FQ)
= {(w, (Gl(fé))(w),ag(.?g))(w))) fw E Q,al(}'é?)(w) C Kl,ag(]:é)(w) C Ks}. Where .7:65
and ]:622 are soft sets which reduced from the B6-set ]-:Q (as we explain in Notation 4.1).

Proof. (1) aKle( ) = {(w, (01(0Q) (W), Ba(Dg)(w))) : w € Q} = {(w, (0,0)) : w € Q} =
@ since 9 and 09 are Cech soft closure operators.
(2) Let Fg € S’S(INQ,Q) and Gg € SS(K»2,Q). Then, Fg C 01(Fg) and Gg T 02(Gq).

This implies Fo = {(w, (F(@),6(w)) : w € Q} T {(w, (01(Fa) (@), a(G) (@))) -
w e Q} = 8K1K2(fQ)'
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3) Let .7-5 ,Q: € SS(K1,K,,Q). Then, from Notation 4.1, F5, GL € SS(K1,Q) and
Q> YQ QQ
F3, G2 € SS(Ka, Q). So, 0r(FL) LDy (Gh) = 01(FhUGY) and 0a(F3) Lida(G3) —
82(}'22 L ggg) Now,

O 1 (FQ) 00k 1, (G0) = {(w, (91(F) (), Ba(FR) () : w € Q)
{(, (01(G5) (@), D2(G3) (w))) : w € Q}
= {(w, (01(FH) (@) U D1 (Gh)(w), a(FB) (w) U da(G3) (w))) :
w e Q}
= {(w, (D1(FSUGL) W), 0a(FEUGH)())) : w € Q)

= aKle (}:Qlng)

Thus, dx, i, is a binary Cech soft closure operator.
O

Lemma 4.1. Let (K1,K5,0,Q) be a BCSCS. Then, {(w, (O, (F')(w), Ok, (F3)(w))) :
w € Q}E@(}:Q) for all .7-:Q € SS(K1,K2,Q) and .7-"&2,.7-"22 are the associated soft sets of
Fo.

P~7“00f. Let .7-EQ be a BG-set. From Notation 4.1, .7-EQ can be represented as the form
Fo = {(w, (FY(w), P w))) : w € Q,F (w) € P(K1),F?(w) € P(K2)}. Then, 9k, :
SS(K1,Q) — SS(K1,Q) and 0k, : SS(K2,Q) — SS(K2,Q). Now,

{(w, (O, (FQ) (@), 0k, (FQ(W))) s w € QY = {(w, 0, (F)(w),0)) :w € Q}U

{(w, (0,0, (FG(W))) : w € Q}

{(w, Ok, (FQ)(w), M)) 1w € Q, M C K>}
U{(w, (N, 0, (FQ)(w))) s w € Q, N C K1}

N

= I({(w, (F'(w),0)) :we QU
O{(w, (0, F*(w))) : w € Q})
= 9(Fq).

Remark 4.1. Let (K1, Ko,0,Q) be a BCSCS. Then 9 is coarser than Ok, ..

Proof. We must show for all ]-EQ € SS(Ki,K2,Q) we have Ok, K, (]-EQ)E(?(]—EQ) From
Notation 4.1, any BG&-set ]-:Q can be represented as

Fo = {(w, Flw) = (F'(w), F*(w))) : w € Q, F'(w) € P(K1), F?(w) € P(K3)}.

8K1K2(.7-:Q) = {(w, (GKl(Fé)(w),aKZ(Fgg)(w))) NS Q}E@(}:Q) by Lemma 4.1. Hence,
the result. 0
Proposition 4.2. Let (K1,01,Q) and (Ka3,02,Q) be two Cech soft closure spaces and
Ok, K, as in Proposition 4.1. If Fg € SS(K1,Q) is 01-closed soft set and Gg € SS(K2,Q)
is Da-closed soft set, then Fg = {(w, (F(w),G(w))) : w € Q} is Ik, i, -closed BS-set.
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Proof. Let Fg be a 0;-closed soft set. Then, 01(Fg) = F¢g and let Gy be a 0-closed soft
set. Then, 0;(Gg) = Gg. Since O, 165 (FQ) = {(w, 0 (FQ)(w), 02(Gg)(w)) : w € Q} =
{(w, (F(w),G(w))) : w € Q} = Fg. Therefore, Fq is I, x,-closed BS-set. O

Definition 4.1. Let (V,C,R) be a soft closure space and (K1, Ks3,0,Q) be a BCSCS.
Then, the binary soft mapping f, : (V,C,R) — (K1, K>,0,Q) is called a C — 0 binary

soft morphism if f,(C(Fg))TO(fp(Fq)) for all Fg € SS(V, R).

Definition 4.2. Let (K1, K2,0,Q) be a BCSCS. A B&-set Fo € SS(K1, Ky, Q) is said
to be O-dense BG-set, if I(Fq) = Q.

Proposition 4.3. Let (K1, K2,0,Q) be a BCSCS, Fq € SS(K1,Q) is Dk, -dense BS-set

and Gg € SS(K2,Q) is Op,-dense BG-set. Then, Fo = {(w, F(w),G(w)) : w € Q} is
0-dense BGS-set.

Proof. Since Fg is d,-dense BG-set, this implies dx, (Fo) = K1 = {(w, K1) : w € Q},
and since Gg is Ox,-dense BGS-set, this implies I, (Gg) = K2 = {(w, K»2) : w € Q}.

Now, Q = {(w, K1, K2) : w € Q) = {(, (01, (FQ)(). Oz (GQ))) : w € Q) EO(Fo).
Therefore, 8(]—:Q) = (). Thus, .7-:Q is 0-dense BS-set. O

Corollary 4.1. Let (K1,01,Q) and (Kg,02,Q) be two Cech soft closure spaces. Then,
.7-:Q is 0-dense if and only if '7:(12 is O1-dense and ]—% is Oy-dense.

Proof. Let ]-EQ be a BG-set over K; and Ka. Then, ]-EQ = {(w, (FY(w), F3(w))) : w € Q}.
Suppose that ]-:Q is 0-dense. This implies

I(FQ) Q
{(w, (F'(w), F*())) 1w € Q} = {(w, (K1, K2)) :w € Q}
{(w, (01(FH) (W), 0a(FB) () : w € QF = {(w, (K1, K2)) : w € Q}

81(F612) = Xl and 82(.7(3) = KQ
]-"é is 01 — dense and ]-"22 is 0o — dense.

Trrey

5. OPERATION ON BINARY C'ECH SOFT CLOSURE OPERATORS

Definition 5.1. Let Ql and O f)e two bz;nam'es Cech soft c~losu7’e operators over K and
Ky. Then, (01U d9)(Fg) = 01(Fo)0da(Fq) and (01 0 82)(Fg) = 81(02(Fg)).

P~r0p0siti0n 5.1. If 01 and O binam’esfj’gch soft closyre operators over K1 and Ko and
Fo € SS(K1, Ko,Q). Then, (9y U da)(Fg)C (81 0 &) (Fg).
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Proof. Let ]-EQ € SS(Ki,Ks,Q). Since fQiaz(}EQ), then al(fQ)ﬁal(aQ((fQ)). Also,
82(fQ)E81(82(]5Q)) Hence,

|
S
<
Cn
P
<

(01 U D) (Fo)

e e

I
S
[

(¢]
&

S

0

Proposition 5.2. Let (K1, Ko, 81, Q) and (K1, Ko, 35, Q) be two BCSCS’s. Then, 75,00, =
T8100y = Toy N Toy, = TH1UB, -

Proof. First, we prove Tor00, = 7',91 N To,- Let .7-"@ e T9,08,- Then, (01 o O 2)(.7-5 /) = .FQ
that means 81(62(]:Q ) = ]:Q Since ]:Q E@g(]:Q) then we get 01(02(Fg =) )N 02(Fg )
By the second condltlon of the property of 01, we have 82(.7-“Q )IZ81(82(]-"Q )) which im-
plies 81(82(]:Q ) = 82(}"@) That means 82(.7@) is 01-closed BGS- set Now, since
al(ag(fQ )) = Bs(Fo ) and since 9y (9s(Fo ) = Fo , then we have az(fQ ) = fQ That
means FQ 1s Oa- -open BS-set. Therefore, .FQ € 719,- Now, 81(.FQ) = 81(82(]:Q ) =

(01 0 82)(]:Q ) = ]:Q Hence, ]:Q is d1-open BG-set. It follows, Fo € 75,. This yields,
To100, & Toy M To,-

Conversely, let ]-:Q € 79,N7y,. Then, fQ € Ty, and ]:Q € Ty, which means o1 (.7:Q ) fQ
and 82(]-"Q) fQ respectwely On the other hand, ((91 o (92)(?@) = 81((92(.7:Q ) =
81(.7'"Q) fQ 82(]-'Q) = 82(81(.7-"Q ) = (020 81)(}'Q) It follows, FQ € 79,00,
and .7:@ € Ton,- Hence, Tored, = Tor N 7, and Tp,09, = Toy ﬂ Toy- Now to prove
T, N 7'52 = T@lU32 Suppose ]:Q € THUBs- Then (81 U 82)(]-}9) = ]:Q this implies
2 (]—“Q )an(FQ) ]-"Q if and only if 81(.7-"Q) FQ and 82(.7-"62) ]-"Q, that means
]:Q € 19, NTo,. 0

Remark 5.1. Let 01 and 02 be two binary Cech soft closure operators. Then, 01N 0> need
not to be binary Cech soft closure operator.

Proof. Let @ = 0 N8y, i.e., (Fq) = d1(Fo)F0a(Fo) for all Fo € SS(K1, Ka, Q).

(1) 9(B) = 0 since 0,(#) = 0 and 92(0) = 0.
(2) Since FoLoh (Fo)and FLoa(Fy), then cha(f ).
(3) Let ]:QIZQQ Then, 81(.7:Q)IZ81(QQ) and 0z (F

O (]:Q)ﬂ52(fQ) Eal(gQ)I_I32(QQ) implies 8(]—"Q

closure operator.
But,

w— S«zz 'O

( /o). Tt follows,

Fo)Ton(G
)EA(G ) Thus, 0 is a binary soft
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AFolG) = 01(FolGo)0x(FoliGg)
= {01(FQ)001(G0) )T (Fo)002(G0)}
= {{01(FQ)D01(G0)}T102(Fo) }D{{01(F)D01(G0)}T102(Go) }
= {{01(FQ)N02(FQ)}O{01(Go)T02(Fo) )T
{{01(G)M02(G0) {01 (FQ)T102(Gg) }
3 9(F)0a(Ge)
Hence, 8(.7§QEQ:Q) need not be equal a(fQ)ﬁa(g}).

6. CONCLUSIONS

This study introduces and investigates the concept of binary Cech soft closure space,
which is defined over two initial universe sets with fixed parameter sets. Clech soft closure
space is extended and generalized in this space. Closed (open) binary soft sets, binary
soft interior, and dense binary soft sets are defined and studied as one of the most basic
concepts in this space. Relationships between binary Cech soft closure space and Cech
soft closure space are deduced. Examples and counterexamples are presented to illustrate
some of our results. Some operations on binary Cech soft closure operators are defined.

Acknowledgement. The author would like to thank the referee(s) for their helpful sug-
gestions, which improved this paper.
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