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SOME FIXED POINT THEOREMS UNDER CONTRACTION

CONDITIONS USING LINEAR AND RATIONAL EXPRESSION IN

DISLOCATED METRIC SPACE

N. MITTAL1, P. KUMAR2∗, Z. K. ANSARI3, §

Abstract. In this paper, we have established some fixed point results in dislocated
metric space. These results are proved for different types of contraction conditions using
linear and rational expression for single as well as for pair of mappings which generalize
some of the well known fixed point results of the literature available in fixed point theory.
For pair of mappings we have established common fixed point result. Suitable examples
for established results are also given. Few more related results are derived in the end.
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1. Introduction

Fixed point theory is one of the most dynamic and evolving research area in nonlinear
analysis. Fixed point theory is related to existence and uniqueness of fixed point. In this
field, the first important result was given by Banach in 1922 [3] for a contraction mapping
in a complete metric space. It is well known as a Banach fixed point theorem. Kannan
[15] established a fixed point theorem for new types of discontinuous contraction mappings
known as Kannan mappings in a complete metric space. Further, Chatterjea [4] proved a
result for discontinuous mapping which is a kind of dual of Kannan mapping. Dass and
Gupta [6] generalized the Banach contraction principle for some rational type contraction
conditions in metric space. Ciric [5] gave a generalization of Banach contraction principle
in metric space. Hitzler and Seda [7] introduced the concept of dislocated metric space
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in the year 2000 and generalized the Banach contraction principle in such spaces. In
dislocated metric space distance of a point from itself is not necessarily equal to zero.
This concept was not new as it was studied in the context of domain theory [17] under
the name metric domains.
Zeyada et al. [25] introduced the concept of dislocated quasi-metric space and generalized
the result of Hitzler and Seda in dislocated quasi-metric space. The study in such spaces
is followed by Isufati [12], Aage and Salunke [1], Rahman and Sarwar [19], Shrivastava et
al. [20]. Recently many authors have given several results and theories related to fixed
point theory in different metric spaces such as complex valued dislocated metric space
[18], fuzzy metric space [11, 22], neutrosophic metric space [2, 10], modular metric space
[23] and so on by using different contractions and mappins.
In the current research paper, we establish some fixed point results for single and a pair
of continuous self-mapping in the context of dislocated metric space.

2. Preliminaries

The intention of this section is to introduce the basic concepts and definitions used
through out this research article which will further help to understand next section. This
section includes example along with the definitions.

Definition 2.1.[25] Let K be a nonempty set and let d : K ×K → [0,+∞) be a function
satisfying the following conditions:

(d1) d(m,m) = 0;
(d2) d(m,n) = d(n,m) = 0 implies m = n;
(d3) d(m,n) = d(n,m) for all m,n ∈ K;
(d3) d(m,n) ≤ d(m, l) + d(l, n) for all l,m, n ∈ K.

If d satisfies the conditions from (d1) to (d4) then it is called a metric on K. If it satisfies
the conditions (d1), (d2) and (d4), it is called a quasi-metric on K. If d satisfies conditions
(d2) to (d4) then it is called a dislocated metric on K (or simply d−metric).

Example 2.1.[19] Let K = [0,∞) and define a function d : K ×K → [0,+∞) by

d(a1, a2) = max{a1, a2}, for all a1, a2 ∈ K.
d is a dislocated metric on K but not a metric on K.

Definition 2.2.[9] Let {aj} be a sequence in dislocated metric space (K, d) then

(1) {aj} is known as convergent to a ∈ K if limj→+∞ d(aj , a) = 0.
In this case a is called d-limit of {aj} and we write limj→+∞ aj = a or aj → a.

(2) {aj} is known as Cauchy sequence in (K, d) if for given ε > 0, there exists n0 ∈ N
such that for all m,n ≥ n0, d(am, an) < ε that is, limm,n→+∞ d(am, an) = 0.

(3) A dislocated metric space (K, d) is called complete if every Cauchy sequence of
points in K converges to a point in K.

Lemma 2.1. Let {xj} be a sequence in a dislocated metric space (K, d) such that

d(xj , xj+1) ≤ hd(xj−1, xj),

where, 0 ≤ h < 1 and j = 1 , 2 , 3 , · · ·.
Then {xj} is a Cauchy sequence in (K, d).
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Proof. Let i > j ≥ 1, it follows that

d(xj , xi) ≤ d(xj , xj+1) + d(xj+1, xj+2) + · · · · · ·+ d(xi−1, xi)

≤ (hj + hj+1 + · · ·+ hi−1)d(x0, x1)

= hj(1 + h+ h2 + · · ·+ hi−j−1)d(x0, x1)

≤ hj

1− h
d(x0, x1).

Since 0 ≤ h < 1, hj → 0 as j → +∞.
Therefore, {xj} is a Cauchy sequence in (K, d).
Also d(x0, x1) = 0 then d(xj , xi) = 0 for all i > j.
Therefore {xj} is a Cauchy sequence in (K, d). �

Definition 2.3.[17] Let (K, d) be a dislocated metric space. A function f : K → K is
called a contraction if there exists 0 ≤ λ < 1 such that

d(f(x), f(y)) ≤ λd(x, y), for all x, y ∈ K.

Definition 2.4.[5] Let (K, d) be a metric space, a self mapping T : K → K is called a
generalized contraction if and only if for every x, y ∈ K, there exist c1, c2, c3, c4 such that
sup{c1 + c2 + c3 + 2c4 : x, y ∈ K} < 1 and

d(Tx, Ty) ≤ c1d(x, y) + c2d(x, Tx) + c3d(y, Ty) + c4[d(x, Ty) + d(y, Tx)]. (2.1)

Ciric established a unique fixed point theorem for a mapping which satisfies condition
(2.1) in metric spaces.

3. Main Results

In this section, we establish some fixed point theorems with examples for single and pair
of continuous self mappings under different contraction conditions using linear and rational
expression in the context of dislocated metric spaces, which generalizes the results of Ciric .

Theorem 3.1. Let (K, d) be a complete dislocated metric space and T : K → K be a
continuous function satisfying the following condition:

d(T l, Tm) ≤ α1d(l,m) + α2[d(l, T l) + d(m,Tm)] + α3[d(l, Tm) + d(m,T l)]

+ α4

[
d(l,m)d(l, Tm)

d(l,m) + d(m,Tm)

]
+ α5

[
d(l, Tm)d(m,Tm)

d(l,m) + d(m,Tm)

]
(3.1)

where α1, α2, α3, α4, α5 ≥ 0 with α1 + 2α2 + 4α3 + α4 + α5 < 1 for all l,m ∈ K, then T
has a unique fixed point.

Proof. Let x0 ∈ K be arbitrary, define the iterative sequence {xn} in K by:
x1 = T (x0), x2 = T (x1), · · · , xn+1 = T (xn), · · · ,
if for any n, xn+1 = xn, then xn is a fixed point. Therefore, there is no need to go further.
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Assert xn+1 6= xn for any n. Now using (3.1) we have

d(xn+1, xn+2) = d(Txn, Txn+1)

≤ α1d(xn, xn+1) + α2[d(xn, Txn) + d(xn+1, Txn+1)]

+ α3[d(xn, Txn+1) + d(xn+1, Txn)] + α4

[
d(xn, xn+1)d(xn, Txn+1)

d(xn, xn+1) + d(xn+1, Txn+1)

]
+ α5

[
d(xn, Txn+1)d(xn+1, Txn+1)

d(xn, xn+1) + d(xn+1, Txn+1)

]
≤ α1d(xn, xn+1) + α2d(xn, xn+1) + α2d(xn+1, xn+2)

+ α3[d(xn, xn+1) + d(xn+1, xn+2) + d(xn+1, xn+2) + d(xn, xn+1)]

+ α4d(xn, xn+1) + α5d(xn+1, xn+2)

d(xn+1, xn+2) ≤
[α1 + α2 + 2α3 + α4]

[1− (α2 + 2α3 + α5)]
d(xn, xn+1).

Let h = [α1+α2+2α3+α4]
[1−(α2+2α3+α5)]

Note that 0 ≤ h < 1 since α1 + 2α2 + 4α3 + α4 + α5 < 1.
Therefore, d(xn+1, xn+2) ≤ hd(xn, xn+1).
Similarly, d(xn, xn+1) ≤ hd(xn−1, xn), so d(xn+1, xn+2) ≤ h2d(xn−1, xn).
In this way, we get d(xn+1, xn+2) ≤ hn+1d(x0, x1).
Since 0 ≤ h < 1⇒ hn+1 → 0 as n→ +∞.

By Lemma 2.1, {xn} is a Cauchy sequence in CDMS K. So there exists µ ∈ K such
that

xn → µasn→ +∞.

Now we will prove µ is a fixed point of T .
As T is continuous, so limn→+∞ Txn = Tµ
⇒ limn→+∞ xn+1 = Tµ
Thus, Tµ = µ.
Hence µ is a fixed point of T .

Uniqueness: If µ ∈ K is a fixed point of T then by condition (3.1), we have

d(µ, µ) = d(Tµ, Tµ)

≤ α1d(µ, µ) + α2[d(µ, µ) + d(µ, µ)] + α3[d(µ, µ) + d(µ, µ)]

+ α4

[
d(µ, µ)d(µ, µ)

d(µ, µ) + d(µ, µ)

]
+ α5

[
d(µ, µ)d(µ, µ)

d(µ, µ) + d(µ, µ)

]
d(µ, µ) ≤ (α1 + 2α2 + 2α3 +

α4

2
+
α5

2
)d(µ, µ)

Since 0 ≤ (α1 + 2α2 + 2α3 + α4
2 + α5

2 ) < 1 and d(µ, µ) ≥ 0, we have, d(µ, µ) = 0.
Thus, d(µ, µ) = 0, if µ is a fixed point of T .
Now let µ and ρ be two fixed points of T (µ 6= ρ), that is, µ = Tµ and ρ = Tρ.
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We have,

d(µ, ρ) = d(Tµ, Tρ)

≤ α1d(µ, ρ) + α2[d(µ, Tµ) + d(ρ, Tρ)] + α3[d(µ, Tρ) + d(ρ, Tµ)]

+ α4

[
d(µ, ρ)d(µ, Tρ)

d(µ, ρ) + d(ρ, Tρ)

]
+ α5

[
d(µ, Tρ)d(ρ, Tρ)

d(µ, ρ) + d(ρ, Tρ)

]
d(µ, ρ) ≤ [α1 + 2α3 + α4]d(µ, ρ), since d(µ, µ) = d(ρ, ρ) = 0.

which gives d(µ, ρ) = 0, since 0 ≤ α1+2α3+α4 < 1 and d(µ, ρ) ≥ 0. Similarly d(ρ, µ) = 0.
Hence µ = ρ and T has a unique fixed point.

Example 3.1. Let K = [0, 1] with a complete dislocated metric defined by d(l,m) = l+m
for all l,m ∈ K. Define the continuous self mapping T : K → K by T l = l

2 for all l ∈ K.
Let α1 = 2

5 , α2 = 1
20 , α3 = 1

12 , α4 = 1
15 , α5 = 1

20 .

Then T satisfies all the conditions of Theorem 3.1, as α1 + 2α2 + 4α3 + α4 + α5 = 19
20 < 1

and d(T l, Tm) = d( l2 ,
m
2 ) = l+m

2 ≤ 6
10(l +m) +

(l+m
2
)(4l+ 17m

2
)

60(l+ 5m
2

)
. Thus T has a unique fixed

point in K which is µ = 0.

Theorem 3.2. Let (K, d) be a complete dislocated metric space and T : K → K be a
continuous function satisfying the following condition:

d(T l, Tm) ≤ α1d(l,m) + α2[d(l, T l) + d(m,Tm)]

[
d(l, Tm)

d(l,m) + d(m,Tm)

]
+ α3[d(l, Tm) + d(m,T l)]

[
d(l, Tm)

d(l,m) + d(m,Tm) + d(l, Tm)

]
,

(3.2)

where α1, α2, α3 ≥ 0 with α1 + 2α2 + 4α3 < 1 for all l,m ∈ K. Then T has a unique fixed
point.

Proof.Let x0 ∈ K be arbitrary, define the iterative sequence {xn} in K by:
x1 = T (x0), x2 = T (x1), · · · , xn+1 = T (xn), · · · ,
if for any n, xn+1 = xn, then xn is a fixed point. Therefore, there is no need to go further.
Assert xn+1 6= xn for any n.
Now using (3.2), we have

d(xn+1, xn+2) = d(Txn, Txn+1)

≤ α1d(xn, xn+1) + α2[d(xn, Txn) + d(xn+1, Txn+1)][
d(xn, Txn+1)

d(xn, xn+1) + d(xn+1, Txn+1)

]
+ α3[d(xn, Txn+1) + d(xn+1, Txn)][

d(xn, Txn+1)

d(xn, xn+1) + d(xn+1, Txn+1) + d(xn, Txn+1)

]
d(xn+1, xn+2) ≤ α1d(xn, xn+1) + α2[d(xn, xn+1) + d(xn+1, xn+2)]

+ α3[d(xn, xn+2) + d(xn+1, xn+1)]

≤ α1d(xn, xn+1) + α2d(xn, xn+1) + α2d(xn+1, xn+2) + α3d(xn, xn+1)

+ α3d(xn+1, xn+2) + α3d(xn+1, xn+2) + α3d(xn, xn+1)

d(xn+1, xn+2) ≤
[α1 + α2 + 2α3]

[1− (α2 + 2α3)]
d(xn, xn+1).
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Let h = [α1+α2+2α3]
[1−(α2+2α3)]

Observe that 0 ≤ h < 1, since α1 + 2α2 + 4α3 < 1.
Therefore, d(xn+1, xn+2) ≤ hd(xn, xn+1).
Similarly, d(xn, xn+1) ≤ hd(xn−1, xn), so we get d(xn+1, xn+2) ≤ h2d(xn−1, xn).
Proceeding like this, we get d(xn+1, xn+2) ≤ hn+1d(x0, x1).
where 0 ≤ h < 1⇒ hn+1 → 0 as n→ +∞.
By Lemma 2.1, {xn} is a Cauchy sequence in CDMS K. So there exists µ ∈ K such that
xn → µ.
Now we will prove µ is a fixed point of T .
Since T is continuous, so limn→+∞ Txn = Tµ
⇒ limn→+∞ xn+1 = Tµ
Thus, Tµ = µ.
Hence µ is a fixed point of T .

Uniqueness: If µ ∈ K is a fixed point of T then by condition (3.2), we have

d(µ, µ) = d(Tµ, Tµ)

≤ α1d(µ, µ) + α2[d(µ, Tµ) + d(µ, Tµ)]

[
d(µ, Tµ)

d(µ, µ) + d(µ, Tµ)

]
+ α3[d(µ, Tµ) + d(µ, Tµ)]

[
d(µ, Tµ)

d(µ, µ) + d(µ, Tµ) + d(µ, Tµ)

]
d(µ, µ) ≤

(
α1 + α2 +

2

3
α3

)
d(µ, µ).

Since 0 ≤ (α1 + α2 + 2
3α3) < 1 and d(µ, µ) ≥ 0, we have, d(µ, µ) = 0.

Thus, d(µ, µ) = 0, if µ is a fixed point of T .
Suppose that µ and ρ are two fixed points of T (µ 6= ρ), that is, µ = Tµ and ρ = Tρ. We
have,

d(µ, ρ) = d(Tµ, Tρ)

≤ α1d(µ, ρ) + α2[d(µ, Tµ) + d(ρ, Tρ)]

[
d(µ, Tρ)

d(µ, ρ) + d(ρ, Tρ)

]
+ α3[d(µ, Tρ) + d(ρ, Tµ)]

[
d(µ, Tρ)

d(µ, ρ) + d(ρ, Tρ) + d(µ, Tρ)

]

d(µ, ρ) ≤ [α1 + α3]d(µ, ρ), since d(µ, µ) = d(ρ, ρ) = 0

which gives d(µ, ρ) = 0, since 0 ≤ α1 + α3 < 1 and d(µ, ρ) ≥ 0. Similarly d(ρ, µ) = 0.
Hence µ = ρ and T has a unique fixed point.

Example 3.2. Let K = [0, 1] with complete dislocated metric defined by d(l,m) = l+m
for all l,m ∈ K. Define the continuous self mapping T : K → K s.t. T l = l

2 . Let

α1 = 11
20 , α2 = 1

20 , α3 = 1
12 . Then T satisfies all the conditions of Theorem 3.2, and µ = 0

is the unique fixed point of T in K.
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Theorem 3.3. Let (K, d) be a complete dislocated metric space. Let S and T be two
continuous self mapping S, T : K → K satisfying:

d(Sl, Tm) ≤ α1d(l,m) + α2[d(l, Sl) + d(m,Tm)]

[
d(l, Tm)

d(l,m) + d(m,Tm)

]
+ α3[d(l, Tm) + d(m,Sl)]

[
d(l, Tm)

d(l,m) + d(m,Tm) + d(l, Sl)

]
,

(3.3)

where α1, α2, α3 ≥ 0 with α1 + 2α2 + 4α3 < 1 for all l,m ∈ K. Then S, T have a unique
common fixed point.

Proof. Let x0 ∈ K be arbitrary, define the iterative sequence {xn} in K as follows:
x1 = S(x0), x2 = T (x1), x3 = S(x2),· · · , x2n = T (x2n−1), x2n+1 = S(x2n),· · · for all
n ∈ N
We will show that {xn} is a Cauchy sequence in K. From (3.3) we have,

d(x2n+1, x2n+2) = d(Sx2n, Tx2n+1)

≤ α1d(x2n, x2n+1) + α2[d(x2n, Sx2n) + d(x2n+1, Tx2n+1)][
d(x2n, Tx2n+1)

d(x2n, x2n+1) + d(x2n+1, Tx2n+1)

]
+ α3[d(x2n, Tx2n+1) + d(x2n+1, Sx2n)][

d(x2n, Tx2n+1)

d(x2n, x2n+1) + d(x2n+1, Tx2n+1) + d(x2n, Sx2n)

]

≤ α1d(x2n, x2n+1) + α2[d(x2n, x2n+1) + d(x2n+1, x2n+2)]

+ α3[d(x2n, x2n+1) + d(x2n+1, x2n+2) + d(x2n+1, x2n+2) + d(x2n, x2n+1)]

d(x2n+1, x2n+2) ≤
[α1 + α2 + 2α3]

[1− (α2 + 2α3)]
d(x2n, x2n+1).

Let h = [α1+α2+2α3]
[1−(α2+2α3)]

Note that 0 ≤ h < 1, since α1 + 2α2 + 4α3 < 1.
Therefore, d(x2n+1, x2n+2) ≤ hd(x2n, x2n+1).
Similarly, d(x2n, x2n+1) ≤ hd(x2n−1, x2n), so we have d(x2n+1, x2n+2) ≤ h2d(x2n−1, x2n)
In this way, we get d(x2n+1, x2n+2) ≤ h2n+1d(x0, x1).
Since 0 ≤ h < 1⇒ h2n+1 → 0 as n→ +∞.

By Lemma 2.1, {xn} is a Cauchy sequence in CDMS K. So there is a point p ∈ K such
that xn → p.
Further the subsequences {S(x2n)} → p and {T (x2n−1)} → p.
Since S, T : K → K are continuous, we get S(p) = p and T (p) = p.
Thus, p is a fixed point S and T .
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Uniqueness of common fixed point: If µ ∈ K is a fixed point of S and T then by
condition (3.3), we have

d(µ, µ) = d(Sµ, Tµ)

≤ α1d(µ, µ) + α2[d(µ, Sµ) + d(µ, Tµ)]

[
d(µ, Tµ)

d(µ, µ) + d(µ, Tµ)

]
+ α3[d(µ, Tµ) + d(µ, Sµ)]

[
d(µ, Tµ)

d(µ, µ) + d(µ, Tµ) + d(µ, Sµ)

]
d(µ, µ) ≤

(
α1 + α2 +

2

3
α3

)
d(µ, µ).

Since 0 ≤ (α1 + α2 + 2
3α3) < 1 and d(µ, µ) ≥ 0, we have, d(µ, µ) = 0.

Thus, d(µ, µ) = 0, if µ is a fixed point of T .
Now let µ and ρ be two fixed points of S and T (µ 6= ρ), then we have
We have,

d(µ, ρ) = d(Sµ, Tρ)

≤ α1d(µ, ρ) + α2[d(µ, Sµ) + d(ρ, Tρ)]

[
d(µ, Tρ)

d(µ, ρ) + d(ρ, Tρ)

]
+ α3[d(µ, Tρ) + d(ρ, Sµ)]

[
d(µ, Tρ)

d(µ, ρ) + d(ρ, Tρ) + d(µ, Sµ)

]
d(µ, ρ) ≤ [α1 + α3]d(µ, ρ), since d(µ, µ) = d(ρ, ρ) = 0,

which gives d(µ, ρ) = 0, since 0 ≤ α1 + α3 < 1 and d(µ, ρ) ≥ 0. Similarly d(ρ, µ) = 0.
Hence µ = ρ and thus S, T have a unique common fixed point.

Example 3.3. Let K = [0, 1] with a complete dislocated metric defined by d(l,m) = l+m
for all l,m ∈ K, where the continuous self mappings S, T : K → K are defined by S(l) = l

5

and T (l) = 0 for all l ∈ K. Letα1 = 21
50 , α2 = 1

10 , α3 = 1
12 . Then S and T satisfies all the

conditions of Theorem 3.3 and µ = 0 is the unique common fixed point of S and T in K.

4. Some More Results

This section deals with much more interesting situation, when a sequence of continuous
functions converging pointwise to a continuous limit function is shown to have unique fixed
point which is the limit of the fixed points of the sequence of functions.

Theorem 4.1. Let (K, d) be a complete dislocated metric space and {Ti} be a sequence
of continuous mappings of K into itself converging pointwise to a continuous function
T : K → K. Let

d(Til, Tim) ≤ α1d(l,m) + α2[d(l, Til) + d(m,Tim)] + α3[d(l, Tim) + d(m,Til)]

+ α4

[
d(l,m)d(l, Tim)

d(l,m) + d(m,Tim)

]
+ α5

[
d(l, Tim)d(m,Tim)

d(l,m) + d(m,Tim)

]
(4.1)

for all l,m ∈ K and α1, α2, α3, α4, α5 ≥ 0 , α1 + 2α2 + 4α3 + α4 + α5 < 1, i = 1, 2, 3, · · · .
If each Ti has a fixed point µi and T has a fixed point µ, where µi 6= µ for all i then the
sequence {µn} converges to µ.
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Proof. Since µi is a fixed point of Ti, we have

d(µ, µn) = d(Tµ, Tnµn) ≤ d(Tµ, Tnµ) + d(Tnµ, Tnµn)

Now using (4.1), we have

d(µ, µn) ≤ d(Tµ, Tnµ) + α1d(µ, µn) + α2d(Tµ, Tnµ)

+ α3d(µ, µn) + α3d(µn, Tnµ) + α4d(µ, µn), since d(µn, µn) = 0

≤ d(Tµ, Tnµ) + (α1 + α3 + α4)d(µ, µn) + α3[d(µn, µ) + d(µ, Tnµ)] + α2d(Tµ, Tnµ)

= (1 + α2 + α3)d(Tµ, Tnµ) + (α1 + 2α3 + α4)d(µ, µn)

d(µ, µn) ≤ (1 + α2 + α3)d(Tµ, Tnµ)

(1− (α1 + 2α3 + α4))
.

→ 0 as Tnµ→ Tµasn→ +∞.
Thus, {µn} converges to µ. �

Theorem 4.2. Let (K, d) be a complete dislocated metric space and {Ti} be a sequence
of continuous mappings of K into itself converging pointwise to a continuous function
T : K → K. Let

d(Til, Tim) ≤ α1d(l,m) + α2[d(l, Til) + d(m,Tim)]

[
d(l, Tim)

d(l,m) + d(m,Tim)

]
+ α3[d(l, Tim) + d(m,Til)]

[
d(l, Tim)

d(l,m) + d(m,Tim) + d(l, Tim)

]
,

(4.2)

for all l,m ∈ K and α1, α2, α3 ≥ 0 , α1 + 2α2 + 4α3 < 1, i = 1, 2, 3, · · · . If each Ti has
a fixed point µi and T has a fixed point µ, where µi 6= µ for all i then the sequence {µn}
converges to µ.

Proof. Since µi is a fixed point of Ti, we have

d(µ, µn) = d(Tµ, Tnµn) ≤ d(Tµ, Tnµ) + d(Tnµ, Tnµn)

Now using (4.2), we have

d(µ, µn) ≤ d(Tµ, Tnµ) + α1d(µ, µn) + α2[d(µ, Tnµ) + d(µn, Tnµn)][
d(µ, Tnµn)

d(µ, µn) + d(µn, Tnµn)

]
+ α3[d(µ, Tnµn) + d(µn, Tnµ)][

d(µ, Tnµn)

d(µ, µn) + d(µn, Tnµn) + d(µ, Tnµn)

]
= d(Tµ, Tnµ) + α1d(µ, µn) + α2[d(µ, Tnµ)]

[
d(µ, µn)

d(µ, µn)

]
+

α3[d(µ, µn) + d(µn, Tnµ)]

[
d(µ, µn)

2d(µ, µn)

]
≤ d(Tµ, Tnµ) + α1d(µ, µn) + α2d(µ, Tnµ) + α3

[
d(µ, µn) + d(µn, µ) + d(µ, Tnµ)

2

]
=

(
1 + α2 +

α3

2

)
d(Tµ, Tnµ) + (α1 + α3)d(µ, µn)

d(µ, µn) ≤
(
1 + α2 + α3

2

)
(1− (α1 + α3))

d(Tµ, Tnµ).

→ 0 as Tnµ→ Tµasn→ +∞.
Thus, {µn} converges to µ.
�
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Theorem 4.3. Let (K, d) be a complete dislocated metric space and {Si}, {Ti} be a
sequences of continuous mappings of K into itself which are converging pointwise to con-
tinuous functions S, T : K → K respectively. Let

d(Sil, Tim) ≤ α1d(l,m) + α2[d(l, Sil) + d(m,Tim)]

[
d(l, Tim)

d(l,m) + d(m,Tim)

]
+ α3[d(l, Tim) + d(m,Sil)]

[
d(l, Tim)

d(l,m) + d(m,Tim) + d(l, Sil)

]
,

(4.3)

for all l,m ∈ K and α1, α2, α3 ≥ 0 , α1 + 2α2 + 4α3 < 1, i = 1, 2, 3, · · · . If each Si and Ti
has a common fixed point µi and S, T has a fixed point µ, where µi 6= µ for all i then the
sequence {µn} converges to µ.

Proof. Since µi is a common fixed point of Si, Ti, we have

d(µ, µn) = d(Sµ, Tnµn) ≤ d(Sµ, Snµ) + d(Snµ, Tnµn)

Now using (4.3), we have

d(µ, µn) ≤ d(Sµ, Snµ) + α1d(µ, µn) + α2[d(µ, Snµ) + d(µn, Tnµn)][
d(µ, Tnµn)

d(µ, µn) + d(µn, Tnµn)

]
+ α3[d(µ, Tnµn) + d(µn, Snµ)][

d(µ, Tnµn)

d(µ, µn) + d(µn, Tnµn) + d(µ, Snµ)

]
≤ d(Sµ, Snµ) + α1d(µ, µn) + α2d(µ, Snµ) + α3[d(µ, µn) + d(µn, µ) + d(µ, Snµ)]

d(µ, µn) ≤ (1 + α2 + α3)

(1− (α1 + 2α3))
d(Sµ, Snµ).

→ 0 as Snµ→ Sµasn→ +∞.

Thus, {µn} converges to µ. �

2. Conclusions

Ciric [5], Dass and Gupta [6] proved the existence and uniqueness of fixed point result
for mapping satisfying generalized contraction conditions in context of complete metric
space. In this research article, we have established and proved the existence and uniqueness
of fixed point for maps satisfying rational type contraction condition in the context of
complete dislocated metric space. Our established results generalizes and extends related
results in the existing literature. Suitable examples are also provided in support of some
results. Any interested researchers can search for the existence and uniqueness of fixed
points for maps satisfying different contraction conditions in dislocated metric space or
any other generalization of metric space to conduct their thesis work on this topic.
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theorem of six self-mappings in Menger spaces using (CLRST ) property, Open Mathematics, 16, pp.
1423-1434.

[17] Mathews, S. G., (1968), ”Metrics domain for completeness”, PhD Thesis, Department of Computer
Science, University of Warwick, UK,.

[18] Maheshwari, J. U., Anbarasan, A., Mishra, L.N. and Mishra, V.N., (2021), Common fixed point
theorem satisfying rational contraction in complex valued dislocated metric space, Malaya Journal of
Matematik, 9, pp. 222-227, DOI: http://doi.org/10.26637/mjm904/006.

[19] Rahman, M. U. and Sarwar, M.,(2014), Fixed point results in dislocated quasi-metric spaces, In
International Mathematical Forum, 9, pp. 677-682.

[20] Shrivastava ,R., Ansari, Z. K. and Sharma, M., (2012), Some results on fixed points in dislocated and
dislocated quasi-metric spaces, Journal of Advanced Studies in Topology, 3, pp. 25.

[21] Saleem, N., Agwu, I. K. and Ishtiaq, U., (2022), Strong convergence theorems for a finite family of
enriched strictly pseudocontractive mappings and ΦT - enriched lipschitizian mappings using a new
modified mixed-type Ishikawa iteration scheme with error, Symmetry, 14, pp. 1032.

[22] Saleem, N., Ishtiaq, U. and Guran, L., (2022), On graphical fuzzy metric spaces with application to
fractional differential equations, Fractal Fract., 6, pp. 238.

[23] Sanatee, A. G., Rathour, L., Mishra, V. N. and Dewangan, V., (2022), Some fixed point theorems in
regular modular metric spaces and application to Caratheodory’s type anti-periodic boundary value
problem, The Journal of Analysis, DOI: https://doi.org/10.1007/s41478-022-00469-z.

[24] Shahi, P., Rathour, L. and Mishra, V.N., (2022), Expansive fixed point theorems for tri-simulation
functions, The Journal of Engineering and Exact Sciences-jCEC, 8, pp. 14303-01e, DOI: https://
doi.org/10.18540/jcecv18iss3pp14303-01e.

[25] Zeyada, F. M., Hassan, G. H., and Ahmed, M.A., (2006), A generalization of a fixed-point theorem
due to Hitzler and Seda in dislocated quasi-metric spaces, The Arabian J. Sci. Engg., 31, pp. 111-114.



1294 TWMS J. APP. AND ENG. MATH. V.14, N.3, 2024

Nikita Mittal is currently working as an Assistant Professor in the Department
of Mathematics, Indraprastha College for Women, University of Delhi, India. She
received her M.Phil.degree in Mathematics from University of Delhi and M.Sc. degree
in Mathematics from I. I. T. Delhi. Her research interests is in fixed point theory.

Dr. Pawan Kumar is currently working as an Assistant Professor in the Depart-
ment of Mathematics, Maitreyi College , University of Delhi.

Dr. Zaheer Karim Ansari is currently working as Professor in the Department
of Mathematics, JSS Academy of Technical Education, Noida, India. His research
interest is fixed point theory.


