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SOME NEW FIXED POINT RESULTS FOR SINGLE VALUED
MAPPINGS IN »-METRIC SPACES

SUSHANTA KUMAR MOHANTA!, §

ABSTRACT. In recent investigations, the study of coincidence points and common fixed
points is a new development in the domain of contractive type single valued theory. In
this paper, we introduce the concepts of some new generalized contractive type map-
pings in b-metric spaces and discuss the existence and uniqueness of their fixed points.
As some applications of this study, we obtain some coincidence point and common fixed
point results for a pair of single valued mappings in b-metric spaces. Our results gener-
alize, extend and unify several well known comparable results in the existing literature.
Finally, we give some examples to justify the validity of our results.

Keywords: b-metric, weakly compatible mappings, coincidence point, fixed point.

AMS Subject Classification: 54H25, 47H10.

1. INTRODUCTION

It is well-known that Banach contraction principle [4] is one of the most important
theorems in classical functional analysis. Its significance lies in its vast applicability in
different branches of mathematics and applied sciences. In 1922, S. Banach [4] started a
new field in mathematics, called fixed point theory. In fact, that was the starting point
to start generalize his result by changing the contraction condition or by generalizing
the underlying metric space; see [8, 13, 14, 15, 20]. In 1989, Bakhtin [3] introduced
the concept of b-metric spaces, an extension of metric spaces and generalized the famous
Banach contraction principle in metric spaces to b-metric spaces. After that, many research
works were conducted on b-metric spaces under different contractive conditions. Starting
from these considerations, the study of coincidence points and common fixed points of
mappings satisfying a certain contractive type condition attracted many researchers, see
for examples [12, 17, 18, 19]. Very recently, Hieu and Hung [10] proved some fixed point
results for single valued and multi-valued weakly Picard operators in complete metric
spaces. Inspired and motivated by the results in [10], we introduce the concepts of some
new generalized contractive type mappings in b-metric spaces and prove some fixed point
results for single valued mappings satisfying such contractive conditions. Moreover, we
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give some examples to illustrate our results. As some consequences, we obtain several
coincidence point results in the framework of b-metric spaces.

2. SOME BaAsic CONCEPTS

In this section, we recall some basic known definitions, notations and results in b-metric
spaces which will be used in the sequel.

Definition 2.1. [7] Let X be a nonempty set and s > 1 be a given real number. A function
d: X x X —[0,00) is said to be a b-metric on X if the following conditions hold:
(i) d(z,y) =0 if and only if x = y;
(ii) d(x,y) = d(y,x) for all z,y € X;
(iii) d(z,y) < s(d(x,z) +d(z,y)) for all z,y,z € X.

The pair (X,d) is called a b-metric space.

It is to be noted that the class of b-metric spaces is effectively larger than that of the
ordinary metric spaces. The following example illustrates the above fact.

Example 2.1. [16] Let X = {—1,0,1}. Defined : X x X — [0,00) by d(z,y) = d(y,x)
forallz,y € X, d(z,z) =0,z € X and d(—1,0) =3, d(—1,1) =d(0,1) =1. Then (X,d)
is a b-metric space, but not a metric space since the triangle inequality is not satisfied.
Indeed, we have that

d(-1,1)+d(1,0) =1+1=2< 3 =4d(—1,0).
It is easy to verify that s = %

Example 2.2. [5] Let p € (0,1). Then the set IP(R) := {(x,) C R Z xy |P< oo}
=1
endowed with the functional d : IP(R) x [P(R) — R given by

A((@n), (30)) = (Z | — |P> ,,
n=1

for all (xy,), (yn) € IP(R) is a b-metric space with s = 2%
Definition 2.2. [6] Let (X, d) be a b-metric space, x € X and (xy,) be a sequence in X.
Then
(i) (zn) converges to x if and only if li_>m d(xn,z) = 0. We denote this by 1i_>m Tp =2
or T, — x(n — 00).
(i) (xyn) s Cauchy if and only if ligl d(xpn, zm) = 0.

(iii) (X,d) is complete if and only if every Cauchy sequence in X is convergent.

Remark 2.1. [6] In a b-metric space (X, d), the following assertions hold:

(i) A convergent sequence has a unique limit.
(ii) Each convergent sequence is Cauchy.
(iii) In general, a b-metric is not continuous.

Definition 2.3. [11] Let (X, d) be a b-metric space. A subset A C X is said to be open
if and only if for any a € A, there exists € > 0 such that the open ball B(a,e) C A. The
family of all open subsets of X will be denoted by T.

Theorem 2.1. [11] 7 defines a topology on (X, d).
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Theorem 2.2. [2] Let (X,d) be a b-metric space and suppose that (z,,) and (y,) converge
to x, y € X, respectively. Then, we have

1
—d(z,y) < lilginf d(xp, yn) < limsup d(z,,y,) < s2d(z,y).
S n—00 n—00

In particular, if x =y, then lim d(zy,,y,) = 0.
n—oo
Moreover, for each z € X, we have

1
gd(a;,z) < liminf d(z,, z) <limsup d(x,, z) < sd(z, z).

n—00 n—00

3. MAIN RESULTS

In this section, we present some fixed point results for single valued mappings in b-metric
spaces.

Theorem 3.1. Let (X, d) be a complete b-metric space with the coefficient s > 1 and f
be a single valued mapping from X to itself. Suppose there exists o > 0 such that

%d(l’,fﬂ?) < d(x,y) implies d(fzx, fy) < Myr(x,y, o) d(z,y) (1)

1
for all x, y € X, where Msf(:]," v, a) = Sdézii?};_)ﬁz’éf};ﬁfz’y) . If there exists g € X such

that for x, = f"xo for alln € N and d,, = d(xy, Tp+1) for alln >0 S2dotdr %, then

? 2do+di1+a
(i) f has at least one fized point in X ;

(i) if u, v € X are two distinct fized points, then d(u,v) > 155

Moreover, if Ms¢(x,y,a) <1 for all z, y € X, then f has a unique fized point in X.

Proof. Suppose there exists g € X such that for z, = f"zg for all n € N and d,, =

d(xp, xp41) for all n > 0, ﬁﬂ% < % We note that
1

1
Q—Sd(a:n, fxn) = ?sd(xn,xnﬂ) < d(xp,Tpnt1) for all n > 0.

By using condition (1), we have
dpnt1 = d(fzn, fTni1)
< Msf(.Tn, Tn+1, O[) d(xnv x?’H—l)
%d(l’n, fxn—s—l) + d(xn—i-la fxn) + d(.%'n, xn—l—l)
2d($nv fxn) + d(anrlv fl'nJrl) + o

] d(‘rn, an-&-l)

%d(xm $n+2) + d(xm xn—i-l)

d(Tp, Ty
Zd(xn7$n+1) +d(xn+1a$n+2) + (117 v +1)

[ 2d d
< (mna -/En—‘rl) + (xn+1’ xn—|—2) :| d(l'na $n+1)
_2d(-7f'n; xn—l—l) + d(xn—l-la $n+2) + «
[ an + dnJrl
= d, for all n > 0.
_2dn—|—dn+1 + « " f -
Let us put o, = S 2dntdnil forallm > 0. Then, 0 < «, < 1 with sag < 1 and

2dn+dn+1+06
dnt1 < and, for all n > 0. Now it is easy to compute that

dp < dp—1 and d, < ap_10p_o---apdy for all n > 1.
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As the function g(t) = tﬁa is increasing on [0, 00), it follows that a,, < ay,—1 for all n > 1.

Therefore, 0 < d,, < agdp. Taking limit as n — oo, we get li_>m d, = 0.
n o

Since sap < 1, for m, n € N with m > n, we have

A(xp, ) < 5d(Tp, Tpi1) + 52d(Tpit, Tngo) + - -
+Sm_n_1d(l‘m_2, Tm—1) + Sm_n_ld(xm_l, Tm)
< sdp + SPdppr 4+ ST Mg + S
< [saf 4+ SPaftt 4 g sl gl g
= sap[l +sag+ sk 4+ F s 22 gm Tl gmenl] g,
< safl+ sag+ (sag)*+ -] do
_ sy
1 - saq 0
— 0 asn— oo.
Thus,

lim d(zy,zy) = 0.
n, Mm—00

This gives that (x,) is a Cauchy sequence in X. As (X, d) is complete, there exists u € X
such that li_>m Ty = U.
n o.0]

We now show that for any n > 0,

1 1
either B d(ﬂfm fl'n) < d(xna u), or, 9 d(fl'na fxn-i-l) < d(fxna u) (2)
S S

If possible, suppose that for some n > 0, we have

d(xpn,u) < %d(ajn,facn) and d(fxn,u) < %d(fxn,fxnﬂ).
Then,
dp = d(Tp, frn) < sld(zn,u) +d(fan,u)]
< ld(xn,f:tn) + %d(fxn, frns1)

2
1 1
idn + idnJrl
< dy.
Thus we arrived at a contradiction. Thus, it follows from condition (2) that for every
n >0,

either d(xn41, fu) < Mgp(xn, u, o) d(zp, u),

or, d(anrQ? fu) < Msf(anrla u, Oé) d($n+1, U)
This is equivalent with the fact that for every n > 0,

%d(xn’ fu) + d(ua fxn) + d(.’En, ’LL)

either d(zp41, fu) <

%d(xn%*lv f’LL) + d(uv fanrl) + d(xn+17 U)

2d(fL‘n+1, fxn—i-l) + d(ua fu) + a

or, d($n+27fu) < [ ] d(xn-i-lvu) (4)
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holds true. Then at least one of the above inequalities holds for infinitely many natural
numbers. Suppose (3) holds for infinitely many natural numbers and (ny) is the corre-
sponding increasing sequence of natural numbers. Thus, (z,,) is a subsequence of (zy,)
and

N

d(xnk-i-hfu) >~

%d(xn“ fu) + d(u’ $nk+1) + d(xnkau) d(l’ U)
2d(xp s Ty 1) + d(u, fu) + Nk
d(@ny,, u) + d(u, fu) + d(u, Tn,11) + d(Tn,, u)

Passing to the limit as k — oo, we get klim Zn,+1 = fu and so fu = u. This proves that
—00

u is a fixed point of f. If (4) holds for infinitely many natural numbers, by an argument
similar to that used above we can show that w is a fixed point of f.

Suppose that v(s u) is another fixed point of f in X. Then, 0 = 3-d(u, fu) < d(u,v)
which implies that

d(u,v) = d(fu, fv) < Mgp(u,v,a)d(u,v)

_ _%d(u, fo) +d(v, fu) + d(u,v) i)
i 2d(u, fu) +d(v, fv) + « ’

[ Ld(u,0) + d(v,u) + d(u,v)

= | 2dlww) t (o) ta | )

_ '(1+23)d(u,v)} d(u, v).

s«

This gives that d(u,v) > $35;.

Finally, we suppose that Ms(x,y, ) <1 for all z, y € X. Let w € X be another fixed
point of f. Then, 0 = %Sd(u, fu) < d(u,w) which implies that
A, w) = d( fu, fw) < Mag(u, w, 0) d(u, w).
This ensures that d(u,w) = 0 and hence u = w. This proves that f has a unique fixed
point in X. [l

Taking s = 1 in Theorem 3.1, we can obtain Theorem 2.1 of Hieu and Hung [10] as
follows.

Theorem 3.2. Let (X,d) be a complete metric space and f be a single valued mapping
from X to itself. Suppose there exists o > 0 such that

Sl f) < d(z,y) implies d(fr, fy) < My(x,y,0) d(z.y)

d(z, d(y, d(z,
for all z, y € X, where My (z,y,a) = (fd{f,)ﬁ)fd{;)ﬁ)fay)~ Then

(i) f has at least one fized point in X ;

(ii) if u, v € X are two distinct fized points, then d(u,v) > §.
Moreover, if My(xz,y,o) <1 for all x,y € X, then f has a unique fized point in X.
Theorem 3.3. Let (X,d) be a complete b-metric space with the coefficient s > 1 and f
be a single valued mapping from X to itself. Suppose there exists o > 0 such that

(. fx) < d(z,y) implies d(f, fy) < 5~ Myg(r,,0) [d(a, fy) + d(y. f2)]  (5)
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for all x,y € X. If there exists xg € X such that for x, = f"zg for alln € N and

dp, = d(zp, Tpt1) for allm >0, 2;;{?% < then

(i) f has at least one fized point in X ;
(71) if u, v € X are two distinct fized points, then d(u,v) > mﬁ%

2s
1+s”

Moreover, if Ms¢(x,y, ) < 12%-25 for all x, y € X, then f has a unique fixed point in X.
Proof. Suppose there exists xg € X such that for x, = f"zg for all n € N and d,, =

2do+d
d(xp, Tp41) for all n > 0, we have % < % We note that

1 1
Q—d(a:n, fxn) = z—d(a:n,an) < d(xn,Tpt+1) for all n > 0.
s s

By using condition (5), we have

dpy1 = d(f:l:n, ffcn-i-l)

1 1
< % sf(l’naa:n—&—lva) [gd(xnvfxn-l-l)+d(~rn+1vfxn)]
1 -ld ns n +d n b n +d ny+n
< s (Tn, fEns1) + d(Tny1, fon) + d(Tn, Tpgr) (dn + ds)
2s Qd(l‘n, fxn) + d(xn+1a fanrl) +«
1 i ld Ty Tn+2 +d Tny Tn+1
_ 1 Ll +2) +d( +1) (dn + dysn)
2s | 2d(xp, Xnt1) + d(Tps1, Tna2) + @

1 [ 2d(zn, znt1) + d(Tng1, Tnt2)
< — i J
- 92s _2d(a:n, Tpi1) + d(Tpit, Tnao) + (dn + n+1>

1 [ 2dy+dps1
_ 1 d, +d, lln>0. 6
35 |30, + dpy + | B Fdna) foralln (6)

Let us put ¢, = %% forallm > 0. Then, 0 < ¢, < % < 5 which im-

plies that 0 < Sf—’;n < 1. Moreover, 2;@% < f—fs = < 155 = Sf(’CO < % Take
ap = ;2= for all n > 0. Then, 0 < o, <1 with ag < %

We obtain from condition (6) that
Cn
dpy1 < ” (dn + dnt1).
This gives that

dn+1 < En dn = andy for all n > 0.
s—cp

By the techniques that adapted in Theorem 3.1, we can show that lim d,, = 0 and (zy,)
n—oo

is a Cauchy sequence in X. As (X, d) is complete, there exists u € X such that lim z,, = u.
n—o0

We now show that for any n > 0,

1 1
either Q—d(xn, fxyn) < d(xn,u), or, ?d(fmn,fxnﬂ) < d(fxn,u). (7)
s s

If possible, suppose that for some n > 0, we have

d(xn,u) < %d(xn,fxn) and d(fxn,u) < %d(f:vn,fxnﬂ).
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Then,

< dlen, frn) + 3, fnra)

1 1
= idn + idnJrl
< dy,

which is a contradiction. Thus, it follows from condition (7) that for every n > 0,

1 Dy, + d(zy,
either d(zp4+1, fu) < + d(@n, u) ] s

= 2s {Qd(mn, fxn) +d(u, fu) + «

1 Dpi1 + d(xn+17 u)

< n+1 (9)
25 | 2d(zpy1, fone1) + d(u, fu) + a

holds true, where D,, = %d(xn, fu)+d(u, fx,). Then at least one of the above inequalities
holds for infinitely many natural numbers. Suppose (8) holds for infinitely many natural

numbers and (ny) is the corresponding increasing sequence of natural numbers. Thus,
(2n,) is a subsequence of (z,) and

1 Dy, + d(zp,,u) D
= 25 | 2d(wny, 1) +d(u, fu) +a] T

(8)

or, d(ent2, fu) <

d(xnk'f‘l fu)
We now compute that

d(u, fu)

IA

Sd(ua xnk+1) + Sd(ﬂ?nk_H, fu)
Dy, + d(zp,,,u)
2dy, + d(u, fu) +a "™
As Dy, < d(xy,,u)+ d(u, fu) + d(u, xn,+1), taking limit as k — oo, we get

1 d(u, fu
2 [d(u, fu) +a

1
< sl + g |

d(u, fu) < ] d(u, fu). (10)

If possible, suppose that d(u, fu) # 0. Then, it follows from (10) that dd(;f% >2>1,
a contradiction. This ensures that d(u, fu) = 0 and so fu = u. This proves that u is a
fixed point of f. If (9) holds for infinitely many natural numbers, by an argument similar

to that used above we can show that w is a fixed point of f.

Suppose that v(# u) is another fixed point of f in X. Then, 0 = 5d(u, fu) < d(u,v)
which implies that

dw) = d(fu, fo) < o Mag(u,v,0) [Ld(u, fo) + d(o, fu)
Laq (u fv) +d(v, fu) + d(u,v) <1 >
5 —+1)d(u,v)

2s 2d(u, fu) + d(v, fv) + «
(1+4s) | 2d(u,v) +d(v,u) + d(u,v) o
252 2d(u, u) + d(v,v) + « ’

252

_ (1+s) [(1 + 2s)d(u,v

! o)
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. . 3
This gives that d(u,v) > (1"!‘?)8(710;‘23)

Finally, we suppose that Ms¢(z,y, o) < 12%:9 for all z, y € X. Let w € X be another

fixed point of f. Then, 0 = 5-d(u, fu) < d(u, w) which implies that

1 1
A, w) = d(fu, fuw) < 5 Mg, w,0) [d(u, fuw) +d(w, fu)
(1+5)
= S5a M s (u, w, a)d(u, w).
This ensures that d(u,w) = 0 and hence u = w. This proves that f has a unique fixed
point in X. 0

Corollary 3.1. Let (X,d) be a complete metric space and f be a single valued mapping
from X to itself. Suppose there exists o > 0 such that

S, f) < d(r,y) implies d(fr, Fy) < L Mj(x,y,0) [d(x, fy) +d(y, f)

forall xz,y € X. Then

(1) f has at least one fized point in X ;
(ii) if u, v € X are two distinct fived points, then d(u,v) > §.

Moreover, if My(x,y,o) <1 for all x,y € X, then f has a unique fized point in X.
Proof. The proof follows from Theorem 3.3 by taking s = 1. U

Theorem 3.4. Let (X,d) be a complete b-metric space with the coefficient s > 1 and f
be a single valued mapping from X to itself. Suppose there exists a > 0 such that

Jo(e, o) < d(z,y) implies d(fx, fy) < 5 Mas(w,y,0) (e, fo) + dly, fy)] (1)

for all x,y € X. If there exists xg € X such that for x, = f"zg for alln € N and
dyp, = d(xp, Tpt1) for allm >0, % < 12%, then f has a unique fized point in X.

Proof. The proof of the first part, that is, the existence of a fixed point v € X of f is
similar to Theorem 3.3. For uniqueness, let w € X be another fixed point of f. Then,
0 = =d(u, fu) < d(u, w) which implies that

d(u, w) = d(fu, fuw) < ZLSMS #(uyw, @) [d(u, fu) + d(w, fu)] = 0.

This gives that d(u,w) = 0 and hence u = w. This proves that f has a unique fixed point
in X. g

Corollary 3.2. Let (X,d) be a complete metric space and f be a single valued mapping
from X to itself. Suppose there exists o > 0 such that

1 ) ) 1
forallx, y € X. Then f has a unique fized point in X.
Proof. The proof follows from Theorem 3.4 by taking s = 1. g

We note that if the condition M¢(x,y,a) <1 for all z, y € X does not hold, then the
uniqueness of the fixed point is not guaranteed in Theorem 3.1. The following example
illustrates the above fact.
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Example 3.1. Let X ={a, b, ¢} and d: X x X — [0,00) be defined by
d(a,a) = d(b,b) = d(c,c) =0, d(a,b) = d(b,a) = 4,

d(a,¢) = d(c, a) = g d(b, ¢) = d(c,b) = %

Then (X,d) is a complete b-metric space with s = 2 but it is not a metric space since

d(a,b) =4 > d(a,c) +d(c,b).

We define f: X — X by fa=0b, fo=0b, fc=c. Fora= i, we have
3d(b, fe) + d(c, fb) + d(b,c) _

2d(b, fb) + d(c, fc) + ’

Yd(e. fa) + d(a. fo) + d(c.a) _ 13
2d(c, fc) +d(a, fa) +a 17’

Ld(c, fb) 4+ d(b, fc) + d(c,b)
Mag(e,b, @) = 2 2d(c, fo) 1 db fb) +a

M _ 3d(a, fe) + d(c, fa) + d(a, c) 1
£(a¢,0) = 2d(a, fa) +d(c, fo)+a 3

We consider the following three cases:

Mg(b,c, o) =

Mgs(c,a,0) =

Case-I: 0 = id(b, fb) <d(b,y) for anyy € X and
0= d(fb7 fb) = Msf(ba b7 Oé) d(b’ b)a

0 =d(fb, fa) < Mgs(b,a,a)d(b,a),

% — d(fb, fe) < Myg(b,c, a) d(b,c) =

Thus, 55d(b, fb) < d(b,y) implies that d(fb, fy) < Mz (b,y,)

Q. N ot

(b,y) forally € X.

Case-II: 0 = %Sd(c, fe) <d(c,y) for anyy € X and

% = d(fC, fa) < Msf(C, a, Oé) d(C, Cl) = 5

9

=~

9

N ot W

% =d(fe, fb) < Mss(c,b, ) d(c,b) =

0=d(fc, fc) = Mgg(c,c, ) d(c, c).
Thus, 2=d(c, fc) < d(c,y) implies that d(fe, fy) < Mgs(e,y, o) d(c,y) for ally € X.
2s f

Case-III: 1 = Ld(a, fa) < d(a,y) for y =b, ¢ and
0=d(fa, fb) < Mgs(a,b,a)d(a,b),

% =d(fa, fc) = Mgs(a,c,a)d(a,c) = %

Thus, %d(a,fa) < d(a,y) implies that d(fa, fy) < Mgs(a,y,a)d(a,y) fory = b, c.
Consequently it follows that condition (1) of Theorem 3.1 holds true for o = i.

Moreover, there exists xg = b such that for x, = f"xo = b for alln € N and d,, =
d(xp, Tpt1) = 0 for allm > 0, % =0< % Thus, f satisfies all the hypotheses of
Theorem 3.1 except Ms(x,y,a) <1 for all x, y € X. Then the existence of a fized point
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of f follows from Theorem 3.1. It should be noticed that f has two distinct fixed points

b, ¢ and d(b,c) = % > % _ 1%3-

It is valuable to note that if the condition M¢(z,y,a) < 1 for all 2, y € X holds, then
the uniqueness of the fixed point is guaranteed in Theorem 3.1. The following example
supports the above fact.

Example 3.2. Let X ={a, b, ¢} and d: X x X — [0,00) be defined by
1

d(a,a) = d(b,b) =d(c,c) =0, d(a,b) =d(b,a) = X

1
d(a,c) =d(c,a) =2, d(b,c) =d(c,b) = 3
Then (X,d) is a complete b-metric space with s = 2 but it is not a metric space since
d(a,c) =2 > d(a,b) + d(b,c).
We define f: X — X by fx =c for allz € X. For o = 3, we compute that

ld(a,c) +d(a,c) +d(a,a) 1
MS _ 2 ) ’ ) _ =
sa,a. ) 2d(a,c) +d(a,c) + o 3’

Ld(b,c) +d(b,c) +d(b,b) 1
MS b b’ — 2 ) b b — 7’
b0 = g T db o ta 6

Ld(c,c) +d(e,c) +d(c,c)
M s &y = 2 : : : =0,
sle,ea) 2d(c,c) +d(c,c) +a

%d(a, ¢) +d(b, c) +d(a,b) 4

Myplabia) = 2 e 15
- B2
e -
Haatesbh) = %défié?i L
e - S
S

This shows that My(x,y, o) < 1 for all x,y € X. Finally, d(fz, fy) = 0 for all
x,y € X assures that

d(f1:7 fy) < Msf(xvyv a) d(ﬂj,y)

for all x, y € X. Also, there exists xo = ¢ such that for x, = f"xqg = c for alln € N and

dyp = d(xn, Tpt1) =0 for alln >0, % =0< % Thus, f satisfies all the hypotheses

of Theorem 3.1 for a = 3. It should be noticed that f has a unique fixed point ¢ € X.

The following example illustrates our Theorem 3.3.
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Example 3.3. Let X ={a, b, ¢} and d: X x X — [0,00) be defined by
d(a,a) = d(b,b) = d(c,c) =0, d(a,b) = d(b,a) =3,
3
d(a,c) =d(c,a) = 2 d(b,c) = d(e,b) = Tt
Then (X,d) is a complete b-metric space with s = % but it is not a metric space since

d(a,b) =3 > d(a,c)+d(c,b).

We define f: X — X by fa=0b, fbo=10, fc=c. Fora—li we have

27
Y (a, fe) + d(c, fa) + d(a,c) 57

Msf(a,C,Oé) = 2d(a’ fa)+d(07 fC)+OZ o m’
Yile, fa) +d(a, fc) +d(c,a) 1315
_ 36 =

M(c,a,a) = 2d(c, fc) +d(a, fa) +a 1332

WA, fe) +d(c, fb) +d(b,c) 91

_ 36 ==

Msf(bv G a) = Qd(b, fb) 4 d(C, fC) + « 36

V(o) — e D) 0. ) +dte) o1

2d(c, fe) +d(b, fb) + « 36

We consider the following three cases:
Case-I: 12 = Ld(a, fa) < d(a,y) fory=">, c and

= d(fa, ) < 5-Mp(a,b,0) [d(o, £6) +d(b, fa),

5 = d(fa, fe) < 5 Myp(a ) [Ld(a, fo) + d(e, fo)] = St

Thus, 55d(a, fa) < d(a,y) lmplws that d(fa, fy) < 95 Mss(a,y, a) [jd(a, fy) + d(y, fa)]
fory =0, c.

Case-11: 0 = - (b fb) < d(b,y) for anyy € X and

= (b, fa) < iMsf<b, 0,0) [Ld(b, fa) + d(a, D)),

= d(f, 5) = o Mig(b,b,0) [ (b, £6) + (b, )],
1 1 95095
& = d(b. fo) < ;Msﬂb ¢,0) [Ld(b fc) (e fo)] = e

Thus, (b fb) < d(b,y) implies that d(fb, fy) < 28 M (b, y, )[S (b, fy) + d(y, fb)] for
any y e X

Case-III: 0 = id(c, fe) <d(e,y) for anyy € X and
1 1 1 16664995

ii:ﬂﬁjw<—w@@aan d(c, fa) +d(a, )] = Jraneog
11 d(fe, fb) < 5-Mis(e b, a) [i d(c, f0) +d(b, fe)] = 1??8324
0= d(fe. fc) = o Myg(ere,0) [Ld(e, fo) + e, fo).

Thus, g5d(c, fe) < d(c,y) implies that d(fe, fy) < 5, Msp(c,y, @) [3d(c, fy) + d(y, fe)]
for any y E X. Consequently it follows that condztwn (5) of Theorem 3.3 holds true for
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_ 1
a—12.

Moreover, there exists xg = ¢ such that for x, = f"xg = ¢ for alln € N and d,, =

d(xp, Tpi1) =0 for alln >0, Q;ﬁﬂ% =0< 1274:?5 Thus, f satisfies all the hypotheses of
282

Theorem 3.3 except Mg¢(z,y, ) < fi;s forall x, y € X. In fact, Mgs(b,c, ) = % > -

Then the existence of a fived point of f follows from Theorem 3.3. It should be noticed

that b, ¢ are fized points of f in X and d(b,c) = % > 975707965 = (Hz)s(aﬁ%).

Remark 3.1. It is worth mentioning that if we consider Example 3.2, then f satisfies all
the hypotheses of Theorem 3.3 including Mgy (z,y, a) < 12%_28 forallx, y € X. As a result,
there exists a unique fized point of f in X.

The following example illustrates our Theorem 3.4.

Example 3.4. Let X ={a, b, ¢} and d: X x X — [0,00) be defined by
d(a,a) = d(b,b) = d(c,c) =0, d(a,b) = d(b,a) = 3,

d(a,c) =d(c,a) = %, d(b,c) =d(e,b) = g

Then (X,d) is a complete b-metric space with s = % but it is not a metric space since
d(a,b) =3 > d(a,c) + d(c,b).

We define f: X — X by fa=a, fb=c, fc=a. Fora:hll—o, we have

2d(b, fe) +d(e, fb) +d(b,c) 490

My (bse0) = 2 o /o) + die, fo) T o~ 401"

o) = e~

M) = 2 =
o) =2 e~

We consider the following three cases:
Case-I: 0 = id(a, fa) <d(a,y) for any y € X and

0=d(fa, fa) = 5-Mys(a,a,0) [d(a. fa) + d(a, fo)].
1330
633’

0= d(fa, fe) < 5 Mas(a,c,0) [d(a, fa) + d(c, fo)].

Thus, 5-d(a, fa) < d(a,y) implies that d(fa, fy) < =Mss(a,y, ) [d(a, fa) + d(y, fy)] for
ally € X.

5 = d(fa 1) < 5 Mas(a,b,0) [d(a, fa) + d(b, fb)] =

Case-11I: % = %d(b, fb) < d(b,y) fory=a,c and

1 1 385
5 - d(fb’ fa) < 28M5f(b,(l, O() [d(bv fb) + d(aa fa)] = Ev
1 1 980

5 = d(fb, fe) < 5-Myy(b,e,0) [d(b, fb) + d(c, fo)] = 10
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Thus, 55d(b, fb) < d(b,y) implies that d(fb, fy) < o5 Mss(b,y, ) [d(b, fb) + d(y, fy)] for
y=a, C.

Case-I11: % = 2—1561(6, fe) < d(e,y) fory=a, b and

0= d(fe. fa) < 5-Maglea.0) [dle, fe) +d(a, fa)),

= d(fe, ) < 5 Mag(ebya) [d(c, fe) + (b, )] = %2

Thus, 5.d(c, fe) < d(c,y) implies that d(fe, fy) < 5 Mss(e,y, a) [d(c, fe) +d(y, fy)] for

y = a, b. Consequently it follows that condition (11) of Theorem 3.4 holds true for o = ﬁ.

N | —

Moreover, there exists xg = a such that for z, = f"xo = a for alln € N and d,, =

d(xp, Xpi1) =0 for alln >0, 2;5{?_% =0< % Thus, f satisfies all the hypotheses of

Theorem 3.4. Then the existence of a unique fized point of f follows from Theorem 3.4.
It should be noticed that a is the unique fixed point of f in X.

4. SOME COINCIDENCE POINT RESULTS

Definition 4.1. [1] Let f and g be self mappings of a set X. If y = fx = gx for some x
i X, then x is called a coincidence point of f and g and y is called a point of coincidence

of f and g.

Definition 4.2. [12] The mappings f, g : X — X are weakly compatible, if for every
x € X, the following holds:

g(fz) = f(gz) whenever fx = gx.

Proposition 4.1. [1] Let f and g be weakly compatible self maps of a nonempty set X.
If f and g have a unique point of coincidence y = fx = gx, then y is the unique common
fized point of f and g.

We state the following lemma which is a key result in this section.

Lemma 4.1. [9] Let X be a nonempty set and f : X — X a function. Then there exists
a subset U C X such that f(U) = f(X) and f : U — X is one-to-one.

As an application of Theorem 3.1, we obtain the following result.

Theorem 4.1. Let (X,d) be a b-metric space with the coefficient s > 1. Let f, g be single
valued mappings from X to itself, f(X) C ¢g(X) and g(X) a complete subspace of X.
Suppose there exists a > 0 such that

Q%d(gw, fr) < d(gw,gy) implies d(fx, fy) < Mggp(x,y, ) d(gz, gy) (12)

Ld(gz,fy)+d(gy,fx)+d(gz,gy
for all z, y € X, where Mygf(2,y,0) = =g my iy fy+a

such that for gr, = fxp,—1 for alln € N and d,, = d(gzp, gTn+1) for alln >0

) If there exists xg € X

2dO“l‘dl <
7 2do+d1+o

%, then f and g have a point of coincidence in g(X). In addition, if Msy¢(z,y, o) <1 for
all z,y € X, then f and g have a unique point of coincidence in g(X). Moreover, if f
and g are weakly compatible, then f and g have a unique common fized point in g(X).

Proof. By Lemma 4.1, there exists U C X such that g(U) = ¢g(X) and g : U — X is
one-to-one. Define h : g(U) — ¢g(U) by h(gx) = fx. This is possible as f(X) C g(X).
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Then h is well defined, as g is one-to-one on U.

For all gz, gy € g(U), we obtain from condition (12) that there exists o > 0 such that

1 o
;Sd(gw, h(gz)) < d(gz, gy) implies d(h(g9x), h(gy)) < Mgn(gz, gy, o) d(gz, gy),

1

where Mg, (g, gy, a) = ;d(gzizgfﬁELZS(ﬁZiZ%@S(fggw' This proves that h : g(U) — g(U)
satisfies condition (1) of Theorem 3.1. Moreover, taking y, = gz, for all n > 0, we
have y, = gxn = fxn—1 = h(9xn-1) = hyn—1 for all n > 1. By hypothesis, there exists
yo € g(U) such that for y, = hy,—1 for all n € N and d, = d(yn,yn+1) for all n > 0,
23;62% < 1. Since g(U) = g(X) is complete, by Theorem 3.1, there exists gug € g(X)
such that h(gug) = gup = u, say. That is, fuy = gup = u. Hence, f and g have a point of
coincidence u in g(X).

If Mygp(x,y,) < 1forall z, y € X, then My, (gz, gy, o) < 1 for all gz, gy € g(U) and
hence by Theorem 3.1, there exists a unique gug € g(X) such that fup = h(gug) = gug =
u. This proves that f and g have a unique point of coincidence in g(X).

If f and g are weakly compatible, then by Proposition 4.1 it follows that f and g have
a unique common fixed point in g(X). O

The following theorem is a consequence of Theorem 3.3 and Lemma 4.1.

Theorem 4.2. Let (X,d) be a b-metric space with the coefficient s > 1. Let f, g be single
valued mappings from X to itself, f(X) C ¢g(X) and g(X) a complete subspace of X.
Suppose there exists a > 0 such that

J-dlgw, fz) < d(g, gy) implies d(f, fy) < 5 Mayy(z,y,0)[d(gz, Fy) + d(gy, f2)

for all x,y € X. If there exists xg € X such that for gz, = fr,_1 for alln € N and

dp, = d(gxn, gxni1) for alln >0, 25{?&% < f—fs, then f and g have a point of coincidence

in g(X). In addition, if Msg¢(z,y, ) < f—fg for all x, y € X, then f and g have a unique
point of coincidence in g(X). Moreover, if f and g are weakly compatible, then f and g
have a unique common fixed point in g(X).

The following theorem is a consequence of Theorem 3.4 and Lemma 4.1.

Theorem 4.3. Let (X,d) be a b-metric space with the coefficient s > 1. Let f, g be single
valued mappings from X to itself, f(X) C g(X) and g(X) a complete subspace of X.
Suppose there exists a > 0 such that

2s

for all x,y € X. If there exists xg € X such that for gx, = fr,_1 for alln € N and
dp, = d(gzy, grps1) for alln >0, 25;62% < %, then f and g have a unique point of
coincidence in g(X). Moreover, if f and g are weakly compatible, then f and g have a

unique common fized point in g(X).

J-dlgw, fz) < d(ge, gy) implies d(fr, fy) < 5 Mags(y,0) [d(gz, f) + d(gy, /)

Remark 4.1. Taking s = 1 in Theorems 4.1, 4.2 and 4.3, we can obtain the corresponding
coincidence point results in metric spaces.
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5. CONCLUSIONS

In this work, we first obtained some new fixed point results and then applied these
results to establish some coincidence point and common fixed point results for a pair of
self mappings in b-metric spaces. Our results generalized several well known results in
the existing literature. Moreover, we have justified our results with the aid of competent
examples.
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