TWMS J. App. and Eng. Math. V.14, N.4, 2024, pp. 1328-1337

PRIME - ANTIMAGIC LABELING OF GRAPHS IN POWER
MANAGEMENT SYSTEM

M. C. J. ANANDY, G. CHITRAZ N. SWAMY?, R. SUDHARANT*

ABSTRACT. Prime anti-magic labeling techniques play a vital role in various types of
real-world applications in sensor networks, smart city management systems, security
models, surveillance systems, and so on. A prime anti-magic technique of graph G is
considered as finite, simple, and undirected and also it has p number of vertices and q
number of edges. If f is an injection from the vertex set of G to the integers {1,2,...,p}
such that for each edge uv, the assignment of adjacent vertices of u and v are relatively
prime and the edge induced labeling f(uv) = f(u) + f(v) and hence are all distinct. In
this research, some special classes of graphs that admit prime anti-magic technique could
play a major role in the water tank power management system.

Keywords: Prime, Anti-magic, Star graph, Tripartite graph, Circular ladder graph, Odd
prime antimagic.

AMS Subject Classification: 05C90

1. INTRODUCTION

This research deals with all the graphs that are finite, connected, and undirected which
have p vertices and ¢ edges. Let |V(G)| = p and |E(G)| = ¢q. Various type of graph
labeling was studied by Gallian’s [2]. The idea of the anti-magic graph was introduced
by Hartsfield [3]. Each vertex labeling f of a graph G = (V, E) from {0,1,2,...|E(G)|}
induces an edge labeling f* where f*(e) is sum the labels of end vertices of an edge e.
Labeling f is called anti-magic if and only if all the edge labeling is paired wisely and
distinctly. The representation of prime labeling and its techniques originated and hence it
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was discussed [8]. The notation of graph labeling and anti-magic labeling was introduced
by Harstfield and Ringel [3]. Various graph labeling is studied from [2]. The representation
of prime labeling and its techniques were originated by Roger Entringer and hence it was
discussed by Tout [8]. Thirugnanasambandam and Chitra [7], introduced the concept of
prime anti-magic labeling. Prime labeling of various types of graphs was studied in [5]
and [6] and the condition of odd prime labeling was introduced by Maged Zakaria Youssef
[4]. The definition of circular ladder graph and its admits prime condition was explained
by Batuwita [1]. Weerarthana [9] introduced some special graphs that are admitted prime
labeling. Based on the study [9], we have derived some new results in the concept of prime
anti-magic labeling. We follow the notation and terminology of [10].

1.1. Motivation. Graph Labeling is one of the famous zones in the applications of math-
ematics. Graph theory as an individual from the discrete mathematics family has an
amazing number of applications to software engineering as well as to numerous differ-
ent sciences (physical, organic, and social), designing, and trade labeled graphs fill in as
valuable apparatuses for an expansive scope of applications. The use of graph labeling in
many research fields, for example, coding theory problems, X-beam crystallographic inves-
tigation, correspondence network structure, ideal circuit design, basic voltage generator,
and added substance number theory. Hence this initiative method helps us to find prime
anti-magic labeling for various types of special graphs and which could serve a major role
in the power management system.

1.2. Contribution. Based on the idea of prime labeling and anti-magic labeling, we
extend the concept of prime anti-magic labeling to various kinds of special graphs. In
this research work, we focused on the applications of prime anti-magic labeling in power
management systems. The discussion of prime anti-magic labeling of complete tripartite
graphs, stripe blade graphs, and ladder graphs is the primary goal of this study. We have
discussed odd prime anti-magic and consecutive prime anti-magic labeling of the scorpion
graph.

Definition 1.1. A graph G is said to have edge anti-magic vertex labeling if the vertices
of G by assigned by positive integers while at the same time, all the edge assignments must
be distinct.

Definition 1.2. A graph is said to have prime labeling if there exists a one-one mapping
f:V ={1,2,...,p} such that for all edge uv € E(G), g.c.d of f(u) and f(v) is 1. The
types of tripartite graphs and prime anti-magic graphs and their technique were studied in

[7] and [9].

Definition 1.3. A complete tripartite graph is a graph of the form K, 4 .in which it has
p number of vertices in one partite set and another partite set contain q vertices, also r
vertices in the remaining partite set where p,q,r > 1 in which each verter in one partite
set 1s adjacent to all the vertices in the other two partite sets.

Definition 1.4. A stripe blade fan graph is a simple undirected finite graph obtained
by replacing every edge of a star graph K, by the complete tripartite graph Ky m 1 for
m = 2,3,4 and 5 which has 3n + 4 vertices and 6(n — 1) edges and is denoted by F 3 .

Definition 1.5. The Cartesian product P, X P,, where n > m is called a grid graph, here
P, denotes the path on n vertices. If m = 2, then the graph is called a ladder graph. A
circular ladder graph (Prism graph) denoted by CL,, - Prism graph has 2n vertices and
3n edges. The notation of graph theory and its terminologies we had to follow [10].
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The following notations are used in this entire research.

V(G) - Vertex set of G

E(G) - Edge set of G

D - Number of vertices in G

q - Number of edges in G

f - Vertex function

fr - Edge function

P, - Path on n vertices

K, - Complete bipartite graph (or) Star graph
Kima - Complete tripartite graph

Kism - Stripe blade fan graph

P, x P,, - Grid graph

P, x Py - Grid graph

CLyn - Circular ladder graph (or) Prism graph
S(p,2¢,) - Scorpion graph

2. MAIN RESULTS

In this section, prime labeling of special kinds of graphs was given in the following
theorems.

Theorem 2.1. The graph G which is obtained by all edges in a star graph K1, replaced
by the complete tripartite K121 ts a prime anti-magic where n > 1.

Proof. Here G is attained by replacing every edge of a star graph K, by the complete
tripartite graph K21 where n > 1. Let the vertices of Ky, be ug,ur,us,...u, with
up be the center vertex and every edge ugu; of Ki, is replaced by Kj21 for 1 < ¢ <
n,n > 1. Then, the new set is V(H); = {uo, uj, ui1,uin}, for 1 < i < n and E(H); =
{ugug, ugug, uinu;, upuie, uigu; b for 1 < i < n. Hence |V(H)i| = 3n + 1. The function
f:V(H)1 —{1,2,...,3n+ 1} defined by f(ug) =1, f(u;) = 3i, f(uin) = 3i — 1, f(ui2) =
3i+ 1 in all above 1 <4 < n. In all the above vertex assignments, adjacent vertices of the
graph vertex are relatively prime and they are distinct. The edge assignment labels are
calculated by f(uv) is equal to the sum of f(u) and f(v) and also all the edge labels are
distinct. Hence G has admitted prime anti-magic technique. O

Theorem 2.2. The graph G which is attained by replacing every edge of a star graph Ki p
by the complete tripartite graph Ky 31 is a prime anti-magic where n > 1.

Proof. By theorem 2.1, the vertices of a star graph K, replaced as K;31,n > 1. Also
Ug, UL, U2, ..., U, as the vertices of Ki, with up be the center vertex and every edge
uouy of Ky, is replaced by Ki3z;1 for 1 < ¢ < n, where n > 1. Then, the new ver-
tex set is V(H)a = {uo,u;, ui1, iz, uiz} for 1 < i < n, where n > 1 and E(H)y =
{ugui,uouﬂ,uﬂui,uouig,uigui,uouigu,;gui} for 1 S ) S n,n Z 1. Hence ‘V(H)2| =4n + 1,
where n > 1.

Vertex Assignment:

f:V(H)2 — {1,2,...4n + 1} by f(uo) = 1, f(w;) = 4i — 1, f(u;1) = 4i — 2, f(ui2) =
4i, f(u;z) = 4i + 1 and also satisfies 1 < i < n, where n > 1. In all the above vertex
assignments, it satisfies adjacent vertex in G are relatively prime and they are distinct.
The edge numbering is calculated by anti-magic technique and also all edge labels are
different. Henceforth G has prime anti-magic labeling and it is proved. O

Theorem 2.3. Prove that the graph G is constructed by replacing every edge of a star
graph K1, by the complete tripartite graph Ki 41 is a prime anti-magic where n > 1.
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Proof. Here G is obtained as replacing all the edges of K, by K41 where n must be
> 1. Take ug, u1, us,...u, as the vertices of K1, with ug be the center vertex and every
edge ugui of Ky, is replaced by Ki 41 for 1 <1 < n, where n should be greater than or
equal to 1. Then, the new vertex set is V(H )3 = {uo, ui, ui1, w2, i3, uiq }, for 1 <i < n,
where n > 1 and E(H)s = {uou;, w1, Ui, Uoliz, Uiali, Uoli3, Uizli, UoUid, Uisl; } for
1 <i<mn,n>1. Hence |V(H)z| =5n+ 1, where n > 1. A vertex function f : V(H)z —
{1,2,...5n 4+ 1} by f(up) =1 for all i.

54, i =1 mod (6)

5i—1, 7=0,2 mod (6
fluy =2 L= ©)
5i—2, i=3,5 mod (6)
)

5 —3, i=4 mod (6

5i—2, i#3,4,5 mod (6)
fluig) =4 _. T
5i—1, i=3,4,5 mod (6)

N 5i, i #Z1 mod (6)
flugs) = {52' —1, ¢=1 mod (6)

L 5 —3, i# 4 mod (6)
f(u’tl){g’n'_g7 1 =4 mod(ﬁ)

fuig) =5i+1, for i <i<n, where n > 1.

In all the above vertex assignments, they are satisfying the relatively prime condition and
they are distinct. To get the edge labels, use the condition of f(uv) = f(u)+ f(v) and also
all the edge labels are distinct. Hence it is proved as G is a prime anti-magic graph. [

Example 2.1. Figure 1 shows that the prime anti-magic labeling of the graph which is
obtained by replacing every edge of a star graph by K3 by the complete tripartite graph
Ki41.

Theorem 2.4. Prove that every edge of a star graph K, is replaced by the complete
tripartite graph K151 is a prime anti-magic graph and n > 1.

Proof. The proof is the same as in theorem 2.3. Here G is obtained as replacing every
edge of K1, by K151 where n > 1. Assume ug,u1,us, ..., u, as the vertices of K1, with
uo be the center vertex and every edge uou; of Ky, is replaced by Ki 51 for 1 <i < n,
where n > 1. Then, the new vertex set is V/(H )4 = {ug, us, w1, iz, Uiz, wig, iz}, 1 < i < n.
Edge set as E(H )4 = {uoui, Uots1, Uil Ui, U2, UigUi, UoUi3, Uigli, UoUid, UOUi5, Uity f, 0 >
1. Hence |V(H)4| = 6n + 1 and its vertices are assigned by {1,2,...6n + 1} as f(ug) =
L fug) = 6i—1; fuin) = 6i—4; f(ui2) = 61—3; f(uiz) = 6i—2; f(uia) = 64; f(uis) = 61+1
in all the above vertex assignment n should be finite and > 1. O

Theorem 2.5. The graph G is attaching K12 at each internal vertex of C'L, is a prime
anti-magic graph when n >3 and n % 1 (mod 3)

Proof. The internal vertices of the circular graph are denoted as u1, us, ..., u,, and its the
external vertices of the circular ladder are denoted as v1,v9,...,v,. Let v;,v;; and vy be
the vertices of it copy of K1 2 in which v; is the central vertex where 1 <14 <n,n > 3 and
n # 1(mod3). The vertex set of G = {uy,ug,...,up,v1,v2,...,0,, v, 01,02} and edge
set of G = {ujUit1, U1Un, ViVit1,V10n, 005}, 1 < i <n,n >3 and n # 1(mod 3),j = 1,2}.
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FIGURE 1. Prime anti-magic labeling of the graph

Hence the cardinality of the vertex set G is 4n and the size of edge set of GG is bn. The
vertex label is f : V(G) — {1,2,...4n} such that f(u;) = 4i — 3; f(v;) = 4i — 1; f(vi1) =
4i — 2; f(via) = 44; f(uig) = 67; f(u;5) = 6i + 1; and n is greater than or equal to one.
Here all the adjacent vertices of wu;’s, v;’s and u;v;’s are relatively prime and hence ged
(f(u), f(v)) = 1. Thus G has received prime labeling. The induced edge labeling is
identified by the condition that f(uv) = f(u) + f(v) for all u,v in E(G). All the edge
assignments must be distinct. Thus G has a prime anti-magic labeling and C'L,, is a prime
anti-magic graph. O

Example 2.2. Consider the C'L,, graph with n = 6. It has 24 vertices and 30 edges. The
figure 2 shows the prime anti-magic labeling of CLg.

Theorem 2.6. If n+1 is prime, then scorpion graph Sz 24,) has a prime anti-magic
labeling.

Proof. By using Theorem in 2.1, vertices have prime labeling, which are in the head and
body of the scorpion, when n + 1 is prime. Let the starting vertex in the tail is placed at
between n and n+1 vertices, and we claim that the vertex labeling gives prime labeling.

Theorem 2.7. If2n+1 is prime, then the Scorpion graph Sy, 24 ) has a consecutive cyclic
prime anti-magic labeling with the value 1 assigned to vertex Vi, where and n = p+ q and
p=2l,g=>2r2>2

Proof. This proof as in theorem 2.6. ]

3. APPLICATIONS IN WATER MANAGEMENT SYSTEM

The prime anti-magic graph could serve as a water power management router for a
particular building or city. The center vertex serves as a hub for the total system. All the
edges are could serve as a router from the center vertex. All the remaining vertices serve
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FIGURE 2. Prime anti-magic labeling of the graph C'Lg

as a power plant connected to the center of the hub. The condition of prime anti-magic
plays a role of control the water level of the building.

3.1. Odd Prime Anti-Magic Labeling. Here we have discussed the definition of odd
prime anti-magic labeling and the graphs which are satisfying the odd prime anti-magic
condition.

Definition 3.1. A graph with p vertices and q edges is said to have odd prime anti-
magic labeling if the vertex function f :V — {1,3,5,...2p — 1} such that for each edge
w € E(G),(f(u), f(v)) = 1 and the induced edge labeling f* : E — N is defined by
[*(uwv) = f(u) + f(v) and also all the edge labeling must be distinct.

Theorem 3.1. The graph G obtained by replacing every edge of a star graph K1, by the
complete tripartite graph Ki 31 is odd prime anti-magic where n > 1.

Proof. Let G be a graph obtained by replacing every edge of a star graph K, by the
tripartite graph K 31 where n > 1. Let wug, w1, u2, ... u, be the vertices of K, with ug
be the center vertex and every edge ugu; of Ky, is replaced by Kj 31 for 1 < ¢ < n, where
n > 1. Then, the new vertex set is V(H)ay = {ug, u;, ui1, uio, u;s} for 1 < i < n, where
n > 1 and E(H)Q = {uoui,uouﬂ,uilui,uouig,uigui,uouig,uigui} for 1 < 1 < n,n > 1.
Hence |V(H)a| = 4n + 1, where n > 1. Here f(u;) =2i — 1 for i = 1,2,...4n + 1. Note
that, in all the vertex assignments are satisfying the condition of prime. Hence

ged(f (uo), f(ui)) = ged(1, f(ui)) =1
ged(f (uo), f(uir)) = ged(1, fuir)) =1
ged(f (uo), f(uiz)) = ged(1, f(uiz)) =1
Thus, in all the above 7,1 < i < n. Therefore, vertex labels are distinct. Thus, the labeling

defined above gives odd prime labeling for the given graph. Also, the distinct edge labeling
is satisfying the condition that f*(uv) = f(u)+ f(v). Hence it is proved. O

Example 3.1. The figure 3 ezhibits the odd prime anti-magic labeling of K15 by K12.1.
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FIGURE 3. Odd prime anti-magic labeling of K 5 by Ki 21

Theorem 3.2. The graph G obtained by replacing every edge of a star graph Ky, by the
complete tripartite graph K131 is an odd prime anti-magic graph, where n > 1.

Proof. This proof is similar to the proof of theorem 3.1. However, the function is defined
as follows for these types of graphs. Let G be a graph obtained by replacing every edge
of a star graph Ky, by Ki 31, where n > 1. Let the vertices of K1, be ug,u1,us,...uy,.
Then, the new vertex set is V(H)o = {uo, uj, w1, w2, uiz}, for 1 < i < n, where n > 1
and E(H)o = {uots, w1, witt, Uolse, Ui, Uol;s, uisu;+ for 1 < i < m,n > 1. Hence
|V(H)2| = 4n + 1, where n > 1. Define a function f: V(H)s — {1,3,5,...2(4dn+1) — 1}
by f(u;) =2i—1fori=1,2,...4n + 1. By applying theorem 3.1, we get the proof. [

Theorem 3.3. The graph G obtained by replacing every edge of a star graph K1, by the
complete tripartite graph Ki 41 is an odd prime anti-magic graph, where n > 1.

Proof. Let G be a graph obtained by replacing every edge of a star graph K, by the
complete tripartite graph K 41, where n > 1. Let ug, u1,u2, ..., u, be the vertices of K1
with ug be the center vertex and every edge upui of K1, is replaced by K 41 for 1 <¢ < mn,
where n > 1. Then, the new vertex set is V/(H)s = {uo, u;, wi1, w2, Uiz, uis }, for 1 < i <n,
where n > 1 and E(H)g = {Uoui, UQU4GT y Uil Uy WU, Ui2Us, UOUE3, Ui3Ug, UQUi4 ui4ui} for
1 <i<mn,n>1. Hence |V(H)s| = 5n + 1, where n > 1. Define a function f : V(H)s —
{1,3,5,...2(bn+ 1) — 1} by f(u;) =2i—1for i =1,2,...5n + 1. By applying theorem
3.1, we get the proof. O

Theorem 3.4. The graph G obtained by replacing every edge of a star graph Ky, by the
complete tripartite graph K151 is an odd prime anti-magic graph, where n > 1.

Proof. By theorem 2.4 and 3.1, we have received its vertex and edge labeling. Thus
proved. ]

Theorem 3.5. The graph G obtained by attaching K1 o at each internal vertex of C'L,, is
odd prime anti-magic graph when n >3 and n Z 1 (mod 3).

Proof. Here the internal vertices of the circular graph are denoted as ui, us, ..., u, and the
external vertices of the circular ladder are denoted as vy, vo,...v,. Let v;,v;1 and v;o be
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FIGURE 4. Odd Prime anti - magic labeling of G(2,2)

the vertices of it copy of K1 o in which v; is the central vertex where 1 < ¢ <n, n > 3 and
n # 1( mod 3). The vertex set of G = {u1,ug,...,up,v1,v2,...,0,,v;,vi1,v2} and edge
set of G = {UiUit1, U1Un, ViVit1, V10n, ;05,1 < i <n,n >3 and n# 1 (mod 3),j = 1,2}.
Hence the cardinality of vertex set G is 4n and the size of edge set of G is 5n. The vertex
assignment is defined by f : V(G) — {1,3,5...2(4n) — 1} such that f(u;) = 2i — 1 for
t=1,2,...4n. Hence by theorem 3.1, we have received its edge labeling. ]

Theorem 3.6. If n+ 1 is prime, then scorpion graph Sy, 94 ) has odd prime anti-magic
labeling.

Proof. By using Theorem in 2.6, vertices have odd prime labeling, which is in the head
and body of the scorpion, when n + 1 is prime. Let the starting vertex in the tail is placed
at between n and n + 1 vertices, and we claim that the vertex labeling gives odd prime
labeling. O

Theorem 3.7. If 2n+1 is prime, then the Scorpion graph S(ap, 24+ has a consecutive cyclic
prime anti-magic labeling with the value 1 assigned to vertex Vi, where and n = p+q and
p=>1l,g=22r2>2.

Proof. This proof as in theorem 3.6. g

Definition 3.2. For n > 2, let G, be the graph obtained from a wheel graph of order
2n + 1 by deleting n spokes where no two of the spokes are consecutive. Such a graph is
called a gear graph. The core of the wheel is also called the core of the graph.

Theorem 3.8. G(n1,n2) admits odd prime anti-magic labeling where ny = no.

Proof. Let G = G(n1,n2). It has 2n; + 1 vertices. The vertex assignment is defined by
f:V(G) = {1,3,5...2(2n1 + 1) — 1} such that f(u;) =2i—1fori=1,2,...(2n; +1).
Therefore, vertex labels are distinct. Thus, the labeling defined above gives odd prime
labeling for the given graph. Also the distinct edge labeling is satisfying the condition
that f*(uv) = f(u) + f(v). Hence it is proved. O

Example 3.2. The figure j is the odd prime anti-magic labeling of G(2,2).

4. CONCLUSIONS

Based on the idea of prime labeling and anti-magic labeling, we extended the concept of
prime anti-magic labeling to various kinds of special graphs. The prime anti-magic labeling
of complete tripartite graphs, stripe blade graphs, and ladder graphs are the new findings
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of this present study and also we have discussed odd prime anti-magic and consecutive
prime anti-magic labeling of the scorpion graph. Mainly we focused on the applications
of prime anti-magic labeling in power management systems.

5. FUTURE DIRECTIONS

We can extend this prime anti-magic labeling technique in the applications of sensor
networks and on these effective anti-magic labeling methods for use with sensor network
applications. We also extend this idea to different kinds of graphs.
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