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DISCRETE LINEAR QUADRATIC OPTIMIZATION PROBLEM WITH
CONSTRAINTS IN THE FORM OF EQUALITIES ON CONTROL
ACTION

F.A. ALIEV»?* N.S. HAJIYEVA!, §

ABSTRACT. In the paper the discrete linear quadratic optimization problem, where, over
a certain part of the time interval, some coordinates of the control actions are known
constants. These equalities in the form of a penalty function with a certain weight
are added to the quadratic functional and the corresponding discrete Euler-Lagrange
equation is constructed, the solution of which is constructed using a discrete fundamental
matrix. Then, an explicit expression of control actions over the entire time interval is
given. The results are illustrated using the example of the vertical motion of a flying
vehicle.
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1. INTRODUCTION

Typically, the linear quadratic optimization problems of the standard [2, 4, 5, 6, 11,
13, 18] form are solved by different methods, for example, sweep methods [3, 4, 14, 15],
methods of reducing solutions to linear algebraic equations with dimensions greater than
the size of the original system [16], the Moszynski method [17], etc. However, when the
linear quadratic optimization problems with equality constraints on some control coordi-
nates for part of the time interval are considered, the situation changes; solutions to the
optimization problem are reduced to solving a system of linear algebraic equations for
the missing boundary conditions. Next, the control and trajectories are found from the
corresponding Euler-Lagrange equations.

In this paper, a discrete optimization problem with a quadratic functional is formulated,
where there are restrictions in the form of equalities on some coordinates of control actions.
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Using the FEuler-Lagrange method, this constraint is added to the functional in the form of
a penalty with a certain weight. Further, an extended quadratic functional is constructed
[3, 4, 11, 12] and the Euler-Lagrange equation for the discrete case is described [19, 20, 21].
To find trajectories and controls, concrete formulas are given. The results are illustrated
using the example of the vertical movement of a flying vehicle [1].

2. PROBLEM STATEMENT OF CONTINUOUS CASE

As is known, the similar linear quadratic optimization problem in the continuous case,
i.e. the motion of an object on an interval [0, T+ A] is described by the system of linear
differential equations

#(t) = Fa(t) + Gu(t) + V (1)

with initial condition

Hux(0) = q, (2)

where 2 (t) = [ 21(t) 22(t) =23(t) z(t) | — phase coordinates of n-dimensional ob-
ject, z;(t) are k;— dimensional vectors,

(i=1,4), Xi ki=n), F, G and H

are constant matrices with dimensions n X n, n X m, m X n, respectively. The sign
" means the transpose operation. V is an external disturbance with dimension n x 1,
u(t) = [ u1(t) wa2(t) |- m-dimensional vector of control actions, ui(t), uz(t) are (m-
p) and p-dimensional vectors, correspondingly. Let G = [ Gy Go ] ,where G, G2 are
n X (m — p) and n X p matrices, correspondingly.

Assume that there is a condition at the time instant T

.T(T—i—(]) = F(sl'(T—O) —|—G1’LL1(T—0), (3)

where Fj is a known matrix with corresponding dimension.

It is required to find such control action u(t) and the corresponding trajectory z(t)
with boundary conditions (2), (3) such that the equation (1) is satisfied and the following
functional received the minimum value

M\H

J = ( (T 0) — zq)'N(z(T — 0) — zq) + (u(T — 0) C)o(u(T —0)—C)+
+5 fo ()Qx(t) + 22/ (1) Ku(t) + o/ (t)Ru(t))dt + 1 T+A(u(t) CYy(u(t) — C)dt ( |

4
where N >0, 6=0 >0, R=R >0, Q=Q >0,v=4+ >0, K and x4, C are

known matrices and vectors with corresponding dimensions. Note that C' = [ C(;l ] , C1

is a known constant parameter.

An algorithm for solving problem (1)-(4) has been given [22]. However, when the function
is piecewise constant, it is required to consider the discrete analogue of problem (1)-(4).
3. DISCRETE CASE

If we discretize the problem (1)-(4), we’ll receive the following discrete problem analo-

gously (1)-(4)

Tig1 =Px; +Tu; +w, 0<i<N-—-1, N+1<i<N+A-1, (5)
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Hzo =g, (6)

N1 = Fszn + Ghuy, (7)

J=3(xn —2q) N(zn — zq) + (un — C)'6(uy AC) ®)
WY N @l Qui + 20K i+ wiRui) + 2 SR w — Oy (i — O),
where
® = F+ hF, T'=hG, w = hV, h is a discretization step, F is an identity matrix with
corresponding dimension.

4. EULER-LAGRANGE EQUATION FOR THE PROBLEM (5)-(8) AND CONSTRUCTION
SOLUTION ON THE INTERVAL 0 <7< N + A.

Using the results of [7, 8, 9, 10], we get the discrete Euler-Lagrange equations on the
intervals 0 <i <N —1, N+1<i<N+ A —1 for the problem (5)-(8) in the following
form, correspondingly

{A;ﬂ:@{&]J@Q,ogng—l, (9)
[ii“}:ég[ff}Jﬂh,N+1§7L§N+A—1 (10)
i+1 %
with boundary conditions
Avi1 = (F§)"'hAy — (F) " 'N'(zn — z4), (11)
uy = C — 6 G ANy 1, (12)
ANt+a =0, (13)
H’V—l—)\o = 0, (14)
where
o | 2 'RIK' — (¢ — KR'I")"'TR'I"(-Q'+ KR'K') —(®' — KR™'I")"'TR™I”
t= (® -TR'K')(—Q'+ KR™'K") (@ — KR™'T")~!
o | B —(@- KR TR | [ w
2710 (@ — KR™'T)~! 0
P *F’}/_IF/((I)_I)/
¢3 = 0 (q)—l)l )

o | E D] [ TC+w
t7lo E 0 ’

Ao = hQzo + hKug + h® 1, (15)

We assume that det(®) # 0, det(® — KR™'T') # 0.
The control u; on the intervals 1 <71 < N —1, N+1<i< N+ A —1 is defined as,
correspondingly
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U; = —RilK/J}i - Pfll“’)\iﬂ, (16)

u; =C — T \iy 1. (17)
Substituting the expression of (11) into (12), writing the obtained expression of ux into
(7), then we have

ey = Fsoy + G1C — G16 Gl (18)
Combining (17) with (11), we get
TN+1 TN
=0 D, 19
[ANH] 5[/\N]+6 (1)

where
o — | HHGUO G FNTINT G167 G (Fy) " h
: ~(F)IN IR
Pr — Glc—GﬂS*lG/(Fé)lelwd
o~ (F§)~'N'zq ‘

We assume that det(Fy) # 0.
Combining (6), (13), (14) we have

T
H 000 0 Ao
0 E 0 0 H || znsa :[H (20)
000 E 0 AN+A

14

0
T i | To j :
)=o) 3 oten e .
J=i—
. " N+1
i | _ di—N-1 N+1 i—1—j ;
[Ai}_@g [ANH}Jrjzi;cpg dy, N+2<i<N+A. (22)

Thus, by means of (19), (21), (22) we get

)\N+A A A0 (23)
N+1 N+A—-1—j
+ Zj:N—i—A—l ®y 10y,

Further, from (20), (21) we get the following system of linear algebraic equations as follows

{ A } = s S { 10 ] + 5105 Yy DDy + B D+

Zo
—o27 o590 E 0 Ao
H, Hy Hj INtA | =
H, Hs Hg AN+A
14
q)sA_l(pS Z?’:Nﬂ @{@2 + (DSA_l(Dﬁ + Z?S\}JrA—l ‘I':]?)V+A_1_j‘l’4

= q ; (24)
0
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where

le[lg 27]’1%:[8 8],H3:[I3/},H4=[0 0], Hs=[0 E], Hs=0.

After finding [ o ] from (24) we solve the system of difference equation (21), i.e. we find

the trajectory x; on the interval 0 < ¢ < N. Then according (15) we find control ug.Further,
we obtain the control u; from (16) on the interval 1 < i < N. Thus we get the control

u; on the interval 0 < i < N.Then from (19) we find [ iNH } .Further, substituting the
N+1

obtained expression of into (22), we solve the system of difference equation (22),

TN+1 .
ol
i.e. we find the trajectory x; on the interval N +1 < ¢ < N 4+ A. The control u; is defined
from (17) on the interval N +1 < < N + A.

5. EXAMPLE

Let us consider an example that describes the vertical movements of a flying object on
the interval 0 <7 < N + A.We assume that the object moves only vertically. In this case,
from (5) and (6) the parameters have the form:

P = [0 =0)], o= H O'fl] ' = {0.%1}’ “ = [—09019]7112

[ (1) 8 } , q = z10 g is a gravitational acceleration.

Now introduce the following functional which is to be minimized

J = (ZCN—ZUd) N(zy —xq) + (uy — C)d(uy — C)+
LN S Qs + 20K+l Rus) + Lh AT (s — Oy (i — ),
where .
_|{x 0 _ | % _|@a 0 _ | R
N_|:O a]’xd_[ 0 :|’Q_|: 0 q2:|’K_|: 0 ]vXaOéazda(S;C,R,ChaQ%kh’Y
are given positive numbers.

Using the procedure outlined in sections 3-4, we can find z; solving on the interval
0 < i < N+ A and the control action u; determining by formulas (16), (17) on the
interval 0 < 7 < N + A. The results in the discrete case coincide with the results in
the continuous case [20] of the order of 107°. Let us introduce the graphs of program
trajectory z1(i) and control action u; on the interval 0 <i < N 4 A:
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Figure 1. Changing z1(7) on the interval 0 < i < N + A.
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Figure 3. Changing u1(¢) on the interval 0 <i < N + A.

6. CONCLUSIONS

In the current paper, a discrete linear quadratic optimization problem was investigated,
where in a known part of the time interval some coordinates of the control actions in
the form of a penalty function with a certain weight are added to the quadratic func-
tional. Constructing the discrete Euler-Lagrange equations and obtaining the control and
trajectories using a discrete fundamental matrix.
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