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ON CERTAIN SUBCLASSES OF UNIVALENT FUNCTIONS

ASSOCIATED WITH PASCAL DISTRIBUTION SERIES

K. MARIMUTHU1∗, J. UMA1, §

Abstract. In this study, we establish a relation between particular subclasses of com-
plex order univalent functions and Pascal distribution series. The main aim of the present
investigation is to obtain the necessary and sufficient conditions for Pascal distribution
series Fj

q (ξ) belongs to the classes S(δ, η, β) and R(δ, η, β). We also provide some proper-
ties of integral operator connected to Pascal distribution series and adequate conditions
for Pj

q (ξ) to be in K(η, δ) and R(η, δ). Also, we discuss some corollaries and consequences
of the major results.
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1. Introduction

The class of analytic functions denoted by A is defined as

f(ξ) = ξ +
∞∑
s=2

asξ
s, (1)

which are analytic in the open unit disc D = {ξ : ξ ∈ C such that 0 < |ξ| < 1}.
Let us consider the subclass H of A consists of functions of the form,

f(ξ) = ξ −
∞∑
s=2

asξ
s, as ≥ 0. (2)

The following condition for a function f ∈ A to be starlike of complex order δ(δ ∈
C− {0}) as

R
{

1 +
1

δ

(
ξf ′(ξ)

f(ξ)
− 1

)}
> 0, ξ ∈ D. (3)

which is both necessary and sufficient when f(ξ)
ξ 6= 0.
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The class of all those functions is denoted by S(δ). The class S(δ) was proposed by
Nasr and Aouf [9].

Remark 1.1. In the above inequality (3), for different values of δ, we obtain the famous
class of functions as follows:

(i) For δ = 1, we have the class of starlike function (S∗);
(ii) For δ = e−iθcosθ, (|θ| < π

2 ), we have the class of spirallike function (Sθ);
(iii) For δ = 1− ζ, (0 ≤ ζ < 1), we have the class of starlike function (S∗ζ ) of order ζ;

(iv) For δ = (1 − ζ)e−iθcosθ, (|θ| < π
2 ), we have the class of spirallike function of

order ζ (Sθζ );

The following necessary and sufficient condition gives the function f ∈ A to be convex
of complex order δ (δ ∈ C− {0}) when f ′(ξ) 6= 0, it is given by

R
{

1 +
1

δ

(
ξf ′′(ξ)

f ′(ξ)

)}
> 0, ξ ∈ D. (4)

The class C(δ) was introduced by Wiatrowski [13]. It is worth noting that f ∈ C(δ) if
and only if ξf ′ ∈ S(δ).

Remark 1.2. In the above inequality (4), for different values of δ, we obtain the famous
class of functions as follows:

(i) For δ = 1, we have the class of convex function C;
(ii) For δ = 1− ζ, (0 ≤ ζ < 1), we have the class of convex function (Cζ) of order ζ;

(iii) For δ = e−iθcosθ, (|θ| < π
2 ), we have the class of θ-Robertson function (Sθ);

The function f ∈ A is known as close to convex function of order δ(δ ∈ C − {0})
provided with the following necessary and sufficient condition

R
{

1 +
1

δ
(f ′(ξ)− 1)

}
, ξ ∈ D. (5)

The class R(δ) was introduced by Owa [11] and Addul Halim [1].
The following subclasses of A(j) were obtained by Altintas et al. [4], and they consist

of functions of the form

f(ξ) = ξ −
∞∑

s=j+1

asξ
s.

Definition 1.1. [4] Let Sj(δ, η, β) indicate the subclass of A(j) containing of function f
that holds the inequality ∣∣∣∣1δ

(
ξf ′(ξ) + ηξ2f ′′(ξ)

ηξf ′(ξ) + (1− η)f(ξ)
− 1

)∣∣∣∣ < β,

where ξ ∈ D, δ ∈ C− {0} , 0 < β ≤ 1 and 0 ≤ η ≤ 1.
Also let Rj(δ, η, β) indicate the subclass of A(j) consisting of functions f that holds the

inequality ∣∣∣∣1δ (f ′(ξ) + ηξf ′′(ξ)− 1)

∣∣∣∣ < β.

When on the assumption of functions in the above classes, the authors found the fol-
lowing coefficient inequalities in their paper:
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Lemma 1.1. [4] Let the function f ∈ A(j), then f ∈ Sj(δ, η, β) if and only if

∞∑
s=j+1

[η(s− 1) + 1][s+ β|δ| − 1]as ≤ β|δ|.

Lemma 1.2. [4] Let the function f ∈ A(j), then f ∈ Rj(δ, η, β) if and only if

∞∑
s=j+1

s[η(s− 1) + 1]as ≤ β|δ|.

If the functions f belongs to the classes Sj(δ, η, β) andRj(δ, η, β), we assume that j = 1,
then we write S1(δ, η, β) = S(δ, η, β) and R1(δ, η, β) = R(δ, η, β).

Definition 1.2. Let K(η, δ) indicate the subclass of A containing functions of the form
(1) which holds

R
{

1 +
1

δ

(
ξf ′(ξ) + ηξ2f ′′(ξ)

ηξf ′(ξ) + (1− η)f(ξ)
− 1

)}
> 0,

where ξ ∈ D, δ ∈ C− {0} and 0 ≤ η ≤ 1.
Also, let R(η, δ) indicate the subclass of A containing functions of the form (1) which

holds

R
{

1 +
1

δ
(f ′(ξ) + ηξf ′′(ξ)− 1)

}
> 0.

Altıntas¸ et al.[3] and Aouf [5] investigated and studied the classes K(η, δ) and R(η, δ).
The following lemmas have been proved by Aouf [5] and given with sufficient conditions
for the functions f to be in the classes K(η, δ) and R(η, δ).

Lemma 1.3. [5] Assume that the function f defined in (1) satisfies the following inequal-
ity:

∞∑
s=2

[η(s− 1) + 1][(s− 1) + |2δ + s− 1|]|as| ≤ 2|δ|

then f ∈ K(η, δ).

Lemma 1.4. [5] Let f ∈ A then f ∈ R(η, δ) if it holds the inequality,

∞∑
s=2

s[η(s− 1) + 1]|as| ≤ 2|δ|.

We can see that K(0, δ) = S(δ),K(1, δ) = C(δ) and R(0, δ) = R(δ).

A variable x follows Pascal distribution if

P (x = m) =

(
m+ j − 1
j − 1

)
(1− q)jqm,m = 0, 1, 2, ..

El-Deeb, et al.[6] recently studied the following representation whose coefficients are the
probabilities from Pascal distribution

Pjq (ξ) = ξ +
∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1(1− q)jξs, ξ ∈ D, (6)

where j ≥ 1, 0 ≤ q < 1 and by ratio test since the aforementioned series is convergent for
all values of s whose radius of convergence is infinity. In addition to that, they defined
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the following

F jq (ξ) = 2ξ − Pjq (ξ) = ξ −
∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1(1− q)jξs, ξ ∈ D. (7)

As given in [8], we utilise the following notations in this paper for our convenience,

∞∑
s=0

(
s+ j − 1
j − 1

)
qs =

1

(1− q)j
,
∞∑
s=0

(
s+ j − 2
j − 2

)
qs =

1

(1− q)j−1
,

∞∑
s=0

(
s+ j
j

)
qs =

1

(1− q)j+1
,

∞∑
s=0

(
s+ j + 1
j + 1

)
qs =

1

(1− q)j+2
,

where j ≥ 1 and 0 ≤ q < 1. We also state the following result,

∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1 =

∞∑
s=0

(
s+ j − 1
j − 1

)
qs − 1,

∞∑
s=2

(s− 1)

(
s+ j − 2
j − 1

)
qs−1 = qj

∞∑
s=0

(
s+ j
j

)
qs,

∞∑
s=2

(s− 1)(s− 2)

(
s+ j − 2
j − 1

)
qs−1 = q2j(j + 1)

∞∑
s=0

(
s+ j + 1
j + 1

)
qs.

Motivated by the works of Porwal.et.al.[10], Murugusundramoorthy et.al. [7] (see also
[2], [12]), we obtain the necessary and sufficient conditions for the Pascal distribution

series F jq (ξ) belongs to the classes S(δ, η, β) and R(δ, η, β), and for the Pascal distribution

series Pjq (ξ) belongs to the classes K(η, δ) and R(η, δ) there must be sufficient conditions.

In addition, an integral theorem for the series Gjq(ξ) and Hjq(ξ) are established.

2. Main Results

In this section, we obtain the necessary and sufficient condition for F jq (ξ) ∈ S(δ, η, β) .

Theorem 2.1. Let j > 0. We have F jq (ξ) ∈ S(δ, η, β) if and only if

qj

(1− q)j+1

[
η

(
q(j + 1)

(1− q)
+ β|δ|+ 1

)
+ 1

]
≤ β|δ|. (8)

Proof. Let

F jq (ξ) = ξ −
∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1(1− q)jξs.

Using lemma 1.1, it sufficies to establish that

∞∑
s=2

[η(s− 1) + 1][s+ β|δ| − 1]

(
s+ j − 2
j − 1

)
(1− q)jqs−1 ≤ β|δ|. (9)
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For, we consider

∞∑
s=2

[η(s− 1) + 1][s+ β|δ| − 1]

(
s+ j − 2
j − 1

)
qs−1(1− q)j

=
∞∑
s=2

[
ηs2 + s(1− 2η + ηβ|δ|) + η(1− β|δ|) + β|δ| − 1

](s+ j − 2
j − 1

)
qs−1(1− q)j ,

=
∞∑
s=2

[η(s− 1)(s− 2) + (s− 1)(1 + η + ηβ|δ|) + β|δ|]
(
s+ j − 2
j − 1

)
qs−1(1− q)j ,

= η
∞∑
s=2

(s− 1)(s− 2)

(
s+ j − 2
j − 1

)
(1− q)jqs−1 + (1 + η + ηβ|δ|)

∞∑
s=2

(s− 1)(
s+ j − 2
j − 1

)
qs−1(1− q)j + β|δ|

∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1(1− q)j ,

= ηq2j(j + 1)
∞∑
s=0

(
s+ j + 1
j + 1

)
qs−1(1− q)j

+(1 + η + ηβ|δ|)qj
∞∑
s=0

(
s+ j
j

)
qs−1(1− q)j + β|δ|

( ∞∑
s=0

(
s+ j − 1
j − 1

)
qs − 1

)
,

= ηq2j(j + 1) 1
(1−q)2 + (1 + η + ηβ|δ|)qj 1

(1−q) + β|δ|(1− (1− q)j)

Therefore the inequality (9) holds if and only if

η
q2j(j + 1)

(1− q)2
+ (1 + η + ηβ|δ|) qj

(1− q)
+ β|δ|(1− (1− q)j) ≤ β|δ|.

This completes the proof. �

Theorem 2.2. The function F jq (ξ) ∈ R(δ, η, β) if and only if

qj

1− q

[
1 + η

(
q(j + 1)

1− q
+ 2

)]
+
(
1− (1− q)j

)
≤ β|δ|. (10)

Proof. We establish that in view of lemma 1.2

∞∑
s=2

s[η(s− 1) + 1]

(
s+ j − 2
j − 1

)
qs−1(1− q)j ≤ β|δ|.

Now,

∞∑
s=2

s[η(s− 1) + 1]

(
s+ j − 2
j − 1

)
qs−1(1− q)j

=
∞∑
s=2

[η(s− 1)(s− 2) + (s− 1)(1 + 2η) + 1]

(
s+ j − 2
j − 1

)
qs−1(1− q)j ,

= η
∞∑
s=2

(s− 1)(s− 2)

(
s+ j − 2
j − 1

)
qs−1(1− q)j

+(1 + 2η)
∞∑
s=2

(s− 1)

(
s+ j − 2
j − 1

)
qs−1(1− q)j +

∞∑
s=2

(
s+ j − 2
j − 1

)
(1− q)jqs−1,

= ηq2j(j + 1)
∞∑
s=0

(
s+ j + 1
j + 1

)
(1− q)jqs

+(1 + 2η)qj
∞∑
s=0

(
s+ j
j

)
qs−1(1− q)j +

∞∑
s=0

(
s+ j − 1
j − 1

)
qs(1− q)j − (1− q)j ,

= η q
2j(j+1)
(1−q)2 + (1 + 2η) qj

(1−q) − (1− q)j + 1.

Hence the proof is complete if and only if the inequality (10) holds. �
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Theorem 2.3. A sufficient condition for the function Pjq (ξ) ∈ K(η, δ) is

2qj

(1− q)j+1

[
η

(
q(j + 1)

(1− q)
+ |δ|+ 1

)
+ 1

]
≤ 2|δ|. (11)

Proof. It suffices to establish that in light of lemma 1.3

∞∑
s=2

[η(s− 1) + 1][(s− 1) + |2δ + s− 1|]
∣∣∣∣(s+ j − 2

j − 1

)
qs−1(1− q)j

∣∣∣∣ ≤ 2|δ|. (12)

The proof is obtained using similar procedure of Theorem 2.1. �

Theorem 2.4. A sufficient condition for the function Pjq (ξ) ∈ R(η, δ) is

qj

(1− q)

[
η

(
q(j + 1)

(1− q)
+ 2

)
+ 1

]
+ (1− (1− q)j) ≤ |δ|. (13)

Proof. It suffices to establish that in light of lemma 1.4

∞∑
s=2

s[1 + η(s− 1)]

∣∣∣∣(s+ j − 2
j − 1

)
qs−1(1− q)j

∣∣∣∣ ≤ |δ|.
Now, we can write

∞∑
s=2

s[1 + η(s− 1)]

∣∣∣∣(s+ j − 2
j − 1

)
(1− q)jqs−1

∣∣∣∣
=

∞∑
s=2

[
(1− η)s+ ηs2

](s+ j − 2
j − 1

)
qs−1(1− q)j ,

= η
∞∑
s=2

(s− 1)(s− 2)

(
s+ j − 2
j − 1

)
qs−1(1− q)j

+(1 + 2η)
∞∑
s=2

(s− 1)

(
s+ j − 2
j − 1

)
qs−1(1− q)j +

∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1(1− q)j ,

= ηq2j(j + 1)
∞∑
s=0

(
s+ j + 1
j + 1

)
qs(1− q)j

+(1 + 2η)qj
∞∑
s=0

(
s+ j
j

)
qs−1(1− q)j +

∞∑
s=0

(
s+ j − 1
j − 1

)
qs(1− q)j − (1− q)j ,

= η q
2j(j+1)
(1−q)2 + (1 + 2η) qj

(1−q) − (1− q)j + 1

Hence, we obtain the proof if and only if the inequality (13) holds. �

3. Integral Operator

In this section, we define the integral operators as follows:

Gjq(ξ) =

∫ ξ

0

F jq (t)

t
dt, Hjq(ξ) =

∫ ξ

0

Pjq (t)

t
dt. (14)

Theorem 3.1. Let j > 0, then Gjq(ξ) ∈ S(δ, η, β) if and only if

ηqj

(1− q)
+(1−η)(β|δ|−1)

(1− q)
q(j − 1)

(1−(1−q)j−1)−β|δ|(1−q)j+(1−η) ≤ (1−η)β|δ|. (15)

Proof. Since

Gjq(ξ) = ξ −
∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1(1− q)j ξ

s

s
, ξ ∈ D
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according to lemma 1.1, we just need to demonstrate that

∞∑
s=2

1

s
[η(s− 1) + 1][s+ β|δ| − 1]

(
s+ j − 2
j − 1

)
qs−1(1− q)j ≤ β|δ|. (16)

The proof is obtained using similar procedure of Theorem 2.1. �

Theorem 3.2. Let j > 0, then Gjq(ξ) ∈ R(δ, η, β) if and only if

ηqj

(1− q)
− (1− q)j + 1 ≤ β|δ|. (17)

Proof. We establish that in view of lemma 1.2

∞∑
s=2

[η(s− 1) + 1]

(
s+ j − 2
j − 1

)
qs−1(1− q)j ≤ β|δ|.

Now,

∞∑
s=2

[η(s− 1) + 1]

(
s+ j − 2
j − 1

)
qs−1(1− q)j

= η(1− q)j
∞∑
s=2

(s− 1)

(
s+ j − 2
j − 1

)
qs−1 + (1− q)j

∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1,

= η(1− q)jqj
∞∑
s=0

(
s+ j
j

)
qs + (1− q)j

[ ∞∑
s=0

(
s+ j − 1
j − 1

)
qs − 1

]
,

= ηqj
(1−q) − (1− q)j + 1.

Hence the proof is complete if and only if the inequality (17) holds. �

Theorem 3.3. Let j > 0, then Hjq(ξ) ∈ R(η, δ) if

1− (1− q)j +
ηqj

1− q
≤ |δ|. (18)

Proof. Since

Hjq(ξ) = ξ +

∞∑
s=2

(
s+ j − 2
j − 1

)
qs−1(1− q)j ξ

s

s
, ξ ∈ D

according to lemma 1.4, we just need to demonstrate that

∞∑
s=2

[1 + η(s− 1)]

∣∣∣∣(s+ j − 2
j − 1

)
qs−1(1− q)j

∣∣∣∣ ≤ |δ|.
After simple computation, we obtain the required result. �

4. Special Cases

Considering the above Remarks and Definitions, we obtain the following Corollaries by
specialising different values of the parameter η and δ in Theorem 2.1 to Theorem 3.3. For
η = 0, we obtain the following result for starlike functions of δ:

Corollary 4.1. We have Pjq (ξ) ∈ S(δ) if

qj

(1− q)j+1
≤ |δ|. (19)

For η = 1, we obtain the following result for convex functions of δ:
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Corollary 4.2. We have Pjq (ξ) ∈ C(δ) if

qj

(1− q)j+1

[
q(j + 1)

(1− q)
+ |δ|+ 2

]
≤ |δ|. (20)

For η = 1, δ = 1, we obtain the following result for the class of convex functions:

Corollary 4.3. We have Pjq (ξ) ∈ C if

qj

(1− q)j+1

[
q(j + 1)

(1− q)
+ 3

]
≤ 1. (21)

For η = 0, δ = 1, we obtain the following result for the class of starlike functions:

Corollary 4.4. We have Pjq (ξ) ∈ S∗ if

qj

(1− q)j+1
≤ 1. (22)

For η = 0, δ = 1 − ζ, we have the following result for the class of starlike functions of
order ζ:

Corollary 4.5. We have Pjq (ξ) ∈ S∗(ζ) if

qj

(1− q)j+1
≤ 1− ζ. (23)

For η = 0, δ = e−iθcosθ, we have the following result for the class of spirallike functions:

Corollary 4.6. We have Pjq (ξ) ∈ Sθ if

qj

(1− q)j+1
≤ |cosθ| (24)

For η = 0, δ = (1 − ζ)e−iθcosθ, we have the following result for the class of spirallike
functions of order ζ:

Corollary 4.7. We have Pjq (ξ) ∈ Sθ(1− ζ) if

qj

(1− q)j+1
≤ (1− ζ)|cosθ|. (25)

For η = 0, we obtain following result:

Corollary 4.8. We have Pjq (ξ) ∈ R(η) if

qj

(1− q)j+1
+ 1− (1− q)j ≤ |η|. (26)

5. Conclusion

This paper deals with the different subclasses of complex order univalent function as-
socited with Pascal distribution series. And, we have obtained the results of integral
theorem and many interesting special cases. In future, partial sums, Turan-type inequali-
ties and neighbourhood problems are to be investigated in such classes.

Acknowledgement. The authors would like to extend their gratitude to the editor of
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[6] El-Deeb, S. M., Bulboacă, T. and Dziok, J., (2019), Pascal distribution series connected with certain
subclasses of univalent functions, Kyungpook Math. J, 59 (2), pp. 301-314.

[7] Murugusundaramoorthy, G., Frasin, B.A. and Al-Hawary, T., (2022), Uniformly convex spiral functions
and uniformly spirallike function associated with Pascal distribution series, Math. Bohem, 147 (3), pp.
407–417.

[8] Murugusundaramoorthy, G., (2021), Certain subclasses of Spiral-like univalent functions related with
Pascal distribution series, Moroccan J. Pure and Appl. Anal, 7 (2), pp. 312-323.

[9] Nasr, M. A. and Aouf, M. K., (1985), Starlike function of complex order, J. Natur. Sci. Math, 25 (1),
pp. 1-12.

[10] Porwal. S., Magesh. N. and Abirami. C., (2020), Certain subclasses of analytic functions associated
with Mittag-Leffler-type Poisson distribution series, Bol. Soc. Mat. Mex, 26 (3), pp. 1035-1043.

[11] Owa, S., (1988), Notes on starlike, convex, and close-to-convex functions of complex order, in Univa-
lent functions, fractional calculus, and their applications (Koriyama), Ellis Horwood Ser. Math. Appl,
Horwood, Chichester, pp. 199-218.

[12] Vanitha, L., Ramachandran, C. and Bulboaca, T., (2021), Certain subclasses of spirallike univalent
functions related to poisson distributions serties Turk J Math, 45 (3), pp. 1449-1458.

[13] Wiatrowski, P., (1971), The coefficients of a certain family of holomorphic functions, Zeszyty Nauk.
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