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ON A FRACTIONAL WAVE EQUATION WITH SINGULAR INITIAL
DATA

A.BENMERROUS!*, L.S.CHADLI!, AMOUJAHID?, M.ELOMARI!, §

ABSTRACT. This paper focuses on the time fractional wave equation with the use of
conformable derivative D(® for 1 < o < 2 which we will prove to be inside Colombeau
algebra, the initial data are singular distibution. Nets of conformable cosine family (C&).
with polynomial development in € as ¢ — 0 are defined for the first time and used for
solving this irregular fractional problems.
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1. INTRODUCTION

The wave equation is a fundamental equation in physics that describes the behavior
of waves. It is a partial differential equation that relates the second derivative of a wave
function with respect to time to the second derivative of the same function with respect
to space. This equation applies to a wide range of physical phenomena, including sound
waves, electromagnetic waves, and water waves. The solution to the wave equation can be
used to predict the behavior of waves in different situations, such as reflection, refraction,
and interference. It is a cornerstone of many fields of physics, including acoustics, optics,
and fluid dynamics, among others.

In traditional calculus, derivatives are defined for integer orders only, such as the first
derivative, second derivative, and so on. However, conformable calculus allows for deriva-
tives of any real or complex order, including non-integer orders.
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The basic idea behind conformable calculus is to redefine the traditional difference
operator by using the conformable fractional difference operator, which is a generalization
of the traditional difference operator. The conformable fractional difference operator uses
the concept of fractional calculus [12], which is a division of calculus that concerned with
derivatives and integrals of non-integer orders.

Conformable calculus has applications in various fields, including physics, engineering,
finance, and biology. It provides a new tool for modeling complex systems that cannot be
accurately described using traditional calculus [20][16].

In the first time A. Benmerrous and al [4] were able to studied the non-homogeneous
wave equation in Colombeau algebra, in their paper they deal with the following abstract
problem, taking the initial values as generalized functions:

2 , 2
@u(t, x)—c @u(t,m) = F(t,u(t,z)) z€R, t>0
u(0,z) = a(x) (1)

O (0, ) = b(x)
With a,b € G. Then they studied the associations for this abstract problem.

In this paper we characterize a new method for solving the nonlinear fractional wave
equations with initial data are generalized functions as we can see in the following

{D<a>f<t,y>+Af<t,y>:F<t,f<t,y>> yeR, t>0
F0,9) = uo(y), 9™ 1(0,) = vo(y)

Where A = —62;!7:2, D@ is the conformable derivation with 1 < a < 2, the linear operator
A:D(A)cG—G, F:[0,T]xG—¢G, G isthe Colombeau algebra.

(2)

The paper is organized as follows, in section 2 we mention some notions of Colombeau’s
algebra and some notion concerning the new derivative, in section 3 we will prove the
existence and uniqueness of conformable fractional derivative of order o in Colombeau
algebra, in section 4 we will deal with the basic definition of conformable cosine family
and some properties, in section 5, we provided the existence and uniqueness of generalized
solution.

2. PRELIMINARIES

2.1. Colombeau algebra. Here we list some notations and formulas to be used later.
The elements of Colombeau algebras G are equivalence classes of regularizations, i.e.,
sequences of smooth functions satisfying asymptotic conditions in the regularization pa-
rameter . Therefore, for any set X, the family of sequences (uc).¢[o;1] of elements of a set

X will be denoted by X 0:1] such sequences will also be called nets and simply written as
Ue.

Let D(R™) be the space of all smooth functions ¢ : R"™ — C with compact support.
For ¢ € N we denote:

A (R") = {90 eD (R")//gp(z)dw _ 1and/x°‘go(x)d:v Oforl<a< q} .

The elements of the set A, are called test functions.
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It is obvious that A; D Ay ... . Colombeau in his books has proved that the sets Ay
are non empty for all £ € N.

=

For ¢ € A4(R™) and € > 0 it is denoted as ¢c(z) = ¢ (%) for ¢ € D(R™) and
p(x) = o(—x).

We denote by:
EMR™) ={u: A xR" = C/ with u(p, z) is C* to the second variable =},

u(pe, ) =us(x) Yo € A,
En (R™) ={(us).o9 C E(R™) VK CR™,Va € N,IN € N such that

sup | D%u.(z)|| = O (V) as ¢ — 0},
zeK

N R™) ={(uc).~ € E(R") /VK CR",Var € N,Vp € N such that
sup || D%us(z)|| = O () as € — 0},
zeK

The generalized functions of Colombeau are elements of the quotient algebra G (R"™) =
En [R™] /N [R"], where the elements of the set £y; (R™) are moderate while the elements
of the set N (R™) are negligible.

The meaning of the term ‘association’ in G(R) is given with the next two definitions.

Definition 1. Generalized functions f,g € G(R) are said to be associated, denoted f =~ g,
if for each representative f(pe, ) and g(pe,x) and arbitrary ¥ (x) € D(R) there is a ¢ € N
such that for any p(z) € Ay(R), we have:

lim /R 1£(per ) — 9lpes @) [(a)de = 0.

e—0t

Definition 2. Generalized functions f € G(R) is said to admit some as u € D' (R)
‘associated distribution’, denoted f =~ u, if for each representative f(pe,x) of f and any
Y(z) € D(R) there is a ¢ € N such that for any o(x) € Ay(R), we have:

lim /R [(per @) (@) = (u, ).

e—0t

2.2. Conformable derivative. The definition of conformable derivation is provided in
the following part.

Definition 3. [12] Let n < o« < n+ 1 and v : R™ — R be n-differeniable, then the
conformable fracrional derivauive of u of order a characterized by

n n+l—a) _ ,,(n
D(O‘)u(r) i u™ (r +er ) u™(r)
e—0 €

D@y (0) = lim D™ u(r)

r—0

Remark 1. [12] In light of the definition above, it is simple to demonstrate that
D(a)u(r) — rn+17au(n+1) (T’)

withn < a <n+1, and u is (n + 1)-differeniable.
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Definition 4. [12] Let 1 < o < 2,
t
(I(a)u> (r) —/ s 2u(s)ds
0

Theorem 1. [12]
D (1 u(r)) = u(r)
forr >0
3. GENERALIZED CONFORMABLE DERIVATIVE

Let (fc(t)), be a representative of the function f(t) € G(RT) and let n — 1 < a < n.

The generalized conformable fractional derivative of (fc(t))., characterized by

d
D(a) 3 _ o 3
Tely) =y g fv) 3)
neNee (0,1)
Lemma 1. Let (f(y))e be a representative of f(t) € G(RT). Then, Yo > 0, sup,epo1 |

D@ f.(y) | has a moderate bound.

Proof.
(03 — d —
sup D) = sup [y L) < T sup |4 £(y)]
y€[0,T] y€[0,T] Y yelo, 7] Y
Sca,Te_N

Then, M € N, such as

sup [DOfe(y)| =0 (™), e—0
y€[0,T]

0

Lemma 2. Let (f1c(t))., (f2e(t)), be two distinct representatives of f(t) € G(R'). Then,
Va > 0, supyepo.r) | D fre(y) — D fac(y) | is negligible.

Proof.
(a) _ l—ocd d
sup D fro(y) — Do ()] = sup 5" fr o) — L o (0)]
ye[0,T] ye[0,T] dy d
ol d d
~ sup ! (m() )
y€[0,7
<7 sup |4 f W) - L e
Yol T] l,e dy 2,

Since (fie(y))e and (f2c(y)), represent the same Colombeau generalized function f(y), so
SUDPyc[0,7] | %fl,g(y) - %f27e(y) | is negligible, then for all p € N
sup [[D' fic(y) = D facly) [= O (7)), €0
y€[0,7T

Therefore, sup,co 1] 1D f1.(y) — D@ for (3)| is negligible. O
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We may now initiate the generalized conformable fractional derivative of a Colombeau
generalized function on R™ after establishing the first two lemmas.

Definition 5. Let f(y) € G(R™) be a Colombeau function on RT.
The generalized conformable fractional derivative of f(y), using the notation D@ f(t) =
[(D(a)fe(t))e], a >0, is a component of G(R™) satisfying (3).
Remark 2. For a € (0,1] the first-order derivative of D(a)fe(y) 18
d d?
7D(0¢) . 1— ; —a 3
a fly) =1 —a)y~ f() dny(y)

and it fails to reach its limit.
Generally, the p-th order derivative jTZ;D(a)fe(y) it fails to reach its limit on RT.

Then if we wants D(® to be in G(R"), thus the fractional derivative must be regularized.

Definition 6. Let (f.), be a representative of a Colombesu generalized f € G(]0,00)). The

reqularized of new fractional derivative of (fe). ., i characterized by :

_ a)f*gp)(y) n—l<a<n
D(a)fe y _ ( € € 9 4
W=\ 196) = (i), a=n, @
neNee (0,1).
where (3) gives D) f () and the first section gives <p€(y).
The convolution in (4) is (D(a)fe( ) * @) () = [o° D' fe(y)pe(y — s)ds.

Lemma 3. Let (f(y)), be a representative of f(y) € Q(R*).

So, Vo > 0, k € {0,1,...}, sup,cjo.11 | (d* /dy*) D@ f.(y)|| has a moderate limit.

Proof. Let 0 < e < 1.

For a € N, D(®) fe(y) is the normal derivative of order « of f.(y) and the assertion follows

immediately .
In the event that n — 1 < o < n, We've got

sup D@ f(y)ll = sup || (D) foxi) )

y€[0,T] y€[0,T]

< sup | [ D f(s)pe(y — s)ds|
y€[0,7T 0

<Sup||D Je)Il sup || [ @c(y — s)ds|
rekK yel0, 7] JK

< Csup [|[DW f(y)]
yeK

With C is a strictly positive constant.
Using the Lemma 1, supye o1 | D (@) f.(y) | has a moderate bound, Vo > 0, as a result of
this, supycpo 77 | D@ f(y) | has a moderate bound, too.

U
Lemma 4. Let (fic(y)). and (f2(y)), be two different representatives of f(y) € G(R™).
Then, Va >0, k € {0,1,2,...},supycqo,r | (d%/dtr) (D(a)fle(t) - D(O‘)fgg(t)> | is negligi-
ble.
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Proof.
sup | < (D frely) = D fcly) ) | =
y€[0,7] Y
k
sup | (D' fie * @c ) (y) = (D' fac x o) () |
sup e (( )~ ) )
= sup 15 (09— D) 5 0) W
yeo,r] 4y
(P~ D) ) )
= sup D' fic — D'V foe *@e) Y
ye[0,T] ! ? dyk

k

<sup || (D fre = D for ) ()| sup || [~
sup | (D), 2)<>uyemn i

< Csup| (D(a)fle - D(a)fze) ()l
rekK

(y —r)dr]]

Using the Lemma 2, we have sup,¢ || (D fic — D@ fo.) (r)]| is negligible, so SUPyefo,7] |
% (D(a)fle(y)— D("‘)fge(y)) | is negligible. ]

The regularized generalized conformable fractional derivative D(@Ph4) ig now introduced
in the following manner.

Definition 7. Let f(t) € G(RT) be a Colombeau generalized function. The regularized
generalized conformable fractional derivative of f(t), writing D\ f(t) = [(D(o‘)fe(t)> },
a >0, is a component of G(R™) satisfy (4).

4. GENERALIZED CONFORMABLE COSINE FAMILY

Let (X, ||.||) denote a Banach space, and C(X) denote the space of all linear continuous
mappings.
Before we define the generalized conformable cosine family, we will state that an applica-
tion from § — G must be linear.

Definition 8. Let X be a locally convex space with a semi-norm familly (q;);c;-

We define Ey by the set of (ye). C X such that In € N and Vi € I C N, ¢; (y.) =
O€_>0 (Gin) .

And
N(X) by (ye). C X such that Vm e N andVie I CN, ¢ (ye) = Oco (7).

Then the Colombeau generalized function type by:
X = Eu(X)/N(X)
Initially, using a provided family (Ae)ee[o,l] of maps Ae : X — X we want to see if we
can define a map A: X — X , A. € L(X).

The next lemma expresses the basic requirement:
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Lemma 5. Let (A.), represent a family of maps Ac : X — X.

For each (z¢), € Em(X) and (ye), € N(X), suppose that:
1) (Aexe), € Enr(X)
2) (Ac (we + ye))e — (Aexe) € N(X)

So
A X —X
| oz =z — Az = [Acx]
18 clearly stated.

Proof. The first attribute reveals that the class [(Acze).] € X.
Let z¢ + y. should serve as another example of = [z], we have from the second property:

(Ae (ze + yé))e - (AexE)e € N(X)

and
[(Ac (zc + yE))e] = [(Aexs))e] in X
So A is well defined. O

We shall now introduce the idea of the generalized conformable cosine family(Convolution-
type cosine family).

Definition 9.

1
Eua (RT,C(X)) := {CE“ :RT = C(X),e€]0,1[/VT > 0,3a € R such that

1 ()
sup [|Ce (8] = O (&) , €= 0}
t€[0,T
N, (RT,C(X)) == {N;l“ :RT — C(X),e€]0,1[/VT > 0,Yb € R such that
(6)

1
sup HN;‘(t)H:(’)(eb) , e— 0}
te[0,7]

With the following characteristics:
1) 3s > 0 and Ja € R such that

sup || ——— || = Oc—0 (€*)
t<s
2) 3(H), in C(X) and € €]0, 1] such that
()
lim ——*e= He, eclX,
5—=0 S

For every b > 0,
|Hell = 0o (),

Proposition 1. N,(R*,C(X)) is an ideal of Erro(RY,C(X)) and Epo(RT,C(X)) is an
algebra with respect to composition.
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Proof. Let (C¢), € Enq ([0, +00[,C(X)) and (N), € Ny ([0, +oo[,C(X)).
We shall simply establish the second statement, specifically,

(CE (Sé) N, (sé))e, (N6 (si) C. (sé))e € N, ([0, +00[,C(X))

Where C. <5é) N, <5é> represents the composition.

By (1) and the definition of N, from the previous definition, we have:

(o) e (s ) ] < e (s )l (s )| = 0o ().
N (s7) e (s7) .

Furthermore, (1) and (2) provide

Ce (ri> N, (ré> L
sup < sup ||C (ra>
r<s r r<s

== Oe—)O (6(1) )

The same is also true for

sup
r<s

% ()

In some situations s > 0. We have,

1 1
N, (ra)rCE (ra) O (e,

sup
r>s

For some s > 0 and a € R. Let now € €]0, 1] be fixed. We have
1 1
CG(TQ)NG(Ta)m
r

— C(0)Hx

Ce(r Ha:— (0)H,

fox

According to (1) and (2), in addition to the continuity of r — CG(T‘E)(HG.T) at 0, the final
expression becomes zero as r — 0, we have:

HC +

HC 'r’a JHex — Ce(0)Hez| .

Wx - HECe(O)x‘ - ‘Nﬁ(:”‘)ce( b= N )
Nf(:;‘)cgm)x ~H.C.(0)
< Clr# )z = H(r)C(0)a]| +
H M) (€, 000) - B (C0))

Assertions (1) and (2) require that the final expression goes to zero since ¢ — 0. As a
result, the proposition is proven in both circumstances. O
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Definition 10. The Colombenu type algebra define by:
G(RT,C(X)) = Ema(RT,C(X))/Na(RT,C(X))
Now we will define the concept of generelized conformable cosine family.

Definition 11. C® = [(C?)] with Ce € Epno(RT,C(X)) say the generalized conformable
cosine family if:

1. C*(0) = Id
2. C ((r + 1)5) +C“ ((7“ - 1)§> =2C? (ré> ce (ré)
3. The mapping r — C%(r)x is a continuous mapping for each x € X.

If C%(r),r € R is a strongly continuous conformable cosine family in X, then: S%(r),r €
R is the one parameter family of operators in X defined by

S (r) = /O " o).

82ro¢ _,'_6727‘04

Exemple 1. Let A be a bounded linear operasor on X. Define C*(r) = &—5——. Then
T(r), >0 is a 5 semigroup. Indeed:

1. C*(0) = 1.

3. The conrinuiry is clear.

Proposition 2. The family {C*(r),r € R} is a srongly conformable cosine family if only
if {C(r) = C(r) (ri) ,t € R is a srongly conrinuous conformable cosine family.
Proof. 1. 1t is clear that C(0) = I.

2. For all s,t € R, we have

C(s+s)+C(s—s)=C%+s) (sé) +C(t—s) (sé)

1

= 20°(¢) (ﬁ) C(s) (sa)
=2C(s)C(s)

3.Further the continuity of » — C¢ (ré> y and the continuity of r — r® implies that

r — C(r)y is continuous.

It is sufficient to mention that for the necessary requirement C* = C“(r), if {C%(r),r € R}
is a strongly continuous conformable cosine family in X, then {S%(r),r € R} is the one
parameter family of operators in X defined by

Sry ={ICY (r)y, VreR,yeX.
O

Remark 3. As the previous proposision {S®(r),r € R} is a conformable sine family iff
{S(T) =S5 (ré> 7 E R} is conformable sine family.

Proposition 3. Let {C%(r),r € R} be a strongly continuous conformable cosine family
i X. The following statements are correct:

1. Cr)=C%—-r) VreR
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C(r),S%(r),C(s), and S*(s) commute for all r,s € R

*(r)y is continuous in r on R for each fived y € X

+8) + S%r —s) = 25%r)C(s) for allr,s € R

5 +5) = SYr)C(s) + S*(s)C*(r) for all ;s € R

6.5%(t) = —S*(—t) for allt € R

7. There exist constant M > 1 and w > 0 such that C®(r) < Me*" for all r € R and

M [e% [e%
1S (r1) — S (r2)]| < = (e —e*2)

Proof. The proposition 1-6 are consequence of the proposition 3.
For 7 , we have

. . t oo (s)
159 (1) — 5% (ra)|| = / )4
to S
hews® M
<M el_ ds = — [e** ]zl
ty ST ¢ w 2

O

Definition 12. The conformable infinitesimal generator of a strongly continuous con-
formable cosine families C*(r),r € R is the operator A : X — X defined by

Az = lim D™ C*(r)
r—0

D(A) = {y, r— D(Q)Ca(r)y, 18 continuous in T}

Lemma 6.
C(r)= lim C%(r) is a cosine family
a—2t
Proof. 1t suffice to note that C'* (ri) is a cosine families, r — ra is continuous. O

Proposition 4. Let C%(r),r € R, be a srongly continuous conformable cosine family in
X with conformable infinitesimal generator A. Then,

1. D(A) is dense in X and A is a closed operasor in X .

2. ifr € X andr,s €R, then z = ff ii(j;) xdu € D(A) and Az = C¥(s)x — C(r)x
3. ifr € X, then S%(t)x € X

4. if v € X, shen S%(t)z € D(A) and (D(O‘)CO‘) (t)r = AS*(t)x

5if x € D(A), then C*(t)x € D(A) and D\YC(t)x = AC*(t)x = C*(t)Ax

6. if x € D(A), then lim,_,o AS*(x)x =0

7if x € D(A), then S%(t)x € D(A) and D S*(t)x = AS*(t)x

8. if x € D(A), then S*(t)x € D(A) and AS*(t)x = S*(t)Ax

9. C*(r+s)—C% s —s) =2A5%t)S(s) for all s,t € R.

Proof. For 1 it just to use the previous definition 17 and proposition 3.
1 1
For 2 — 9 By change s by sa and ¢ by t= and use proposition 2.2 in [23]. O
5. GENERALIZED SOLUTION OF THE FRACTIONAL WAVE EQUATION

we consider the following problem :

{ D@ f(t,y)+ Af(t,y) =F(t, f(t,y)) yeR, t>0 )
£(0,9) =uoly), DF0,y) =vo(y)
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. 2
with A = _02;;727 U(](y), UO(y) €g (Rn) :
Now we will transform the problem (7) in the Colombeau algebra using the first section.

{ D@ f(t,y) + Acfe(t,y) = Fe(t, f(t,y) yeR, t>0 ®)
fe(0,9) = uge(z), D@ f(0,y) = vo,(y)

With A = —¢? d—Q and 1 < o < 2, uge(y),vo,e(y) are regularized of ag(z) and by(x) re-
spectively and by definition 18 A = [(A.)] is the infinitesimal generator of generalized
conformable cosine family C' = [(C¢)_].

The folowing definition is the definition of mild solution.

Definition 13. A funcrion fe :[0,00) = X is a mild soluion of (8) if
1. fe is continuous differential on [0, 00).

2. fe is continuously a-differeniable on (0,00).

3. fe(r) € D(A) forr > 0.

4. fe(s) = Co(s)uo.c + S (s)v e + [y Sl g

Definition 14. An element F € G [R"] is L* logarithmic type if it has a representative
(Fe), € Em [R"] such that

[Fell oo mny = O(log(€))  as €= 0

Theorem 2. Let VF, is L™ log-type and the conformable generalized sine family S, =
[(58),] is the associated of the conformable generalized cosine family C' = [(C¢),] verify
the properties of the previous section. Then the problem (8) has a unique solution in
g (Rt x R™).

Proof. Existence.

The integral solution of the problem 8 is:

Folt:9) = CE 0o, (0) + 52 Ouncy) + [ 5728200~ 9o, 1.6
Which implies that:
et Moy < IC2 N )l oy + 12 0. o
b [ ON (85 Dl ey

Then:

e, )l poe@ny < sup [[CE(T)|[ Nluo,e( )l poony + sup [ISE(T)] vo,e( )l oo (my
T7€[0,T] T7€[0,T]

+osup [S2()] / @2 |IF. (s, £u(5, )| o 5

T7€[0,T

The first approximation of Fy is

Fe (s, fe(s,.)) = Fe(s,0) + VEF, fe(s,.) + Ne(s)
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with N, € N (RY)

Then
e, )l poo@ny < sup [[CE(T)] Nuo,ell poomny + sup [ISE(T)I] vo,ell oo ey
T€[0,T] T€[0,T]
T+ osup (|52 / *=2||F.(s,0)||ds
T€[0,T]
+ sup HSS(T)HHVFeH/ s* 72| fe(s, )| poo mryds
T€[0,T]
T+ osup 1S2(r)] / "2, (s
T€[0,T]
We get
[fe(t N poony < sup [[CE ()] woell foo )
T7€[0,T
Ta—l
+ sup [ISg[|vo,ell poe (mny) + T sup 1S (T)[| sup |[Fe(T,0)||
7€[0,T) @ =1 refo,1) 7€[0,T]
t
4 sup [SEOIITED [ 572l )aenyds
7€[0,7] 0
a—1
+-—7 sw S ()| sup || Ne(7)||
« T€[0,T) 7€[0,T
So,
e, )l poony < sup [|Ce(T)] 1ol 100 ()
T€[0,T]
+ sup [[SE () [vo,ell oo ()
T€[0,T7]
a—1
+ sup |[|S&(7)|| sup ||Fe(7,0)]]
a—1 ¢cpom re[0,T]
1
+ sup [IS&(7)|| sup || Ne(7)|
a—1 ¢cpom r€[0,T]
¢
+ sup [[SE(7)| |VF€H/ s 72| fe(s, )l poo (mmyds
r€[0,7] 0

By the Granwall’s inequality:

(R™)

et o ey < ( sup G2 ()] [luo.c

T€[0,T]

+ sup [ISE(T)] f[vo,ell poo mny

7€[0,T]
a—1
+ sup ||S¢(7)|| sup ||Fe(7,0)]
a—1. ¢com €[0T

Ta—l
+o— sup [[SE(7)|| sup HﬁkH>
& — 1 r¢fo,17] T7€[0,T)

)

(T‘H IseI H)
X exp sup [|SE(D|IIVF ] -
@—1rep)
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Since C¢ € G (RT,C(X)), S € G([0,+0[,C(X)),uo,e € G (R"),vpe € G(R™) (Ne), €
N (RT) and VF, is L>®— logtype there exist M € N such that

suprefo.r] [ fe(t, Ml poemny = O (€M), €= 0
Then

fe € G([0, +00), R™).
Uniqueness.

Let’s say there are two solutions fi (¢,.), fa.c(t,.) to problem (8), consequently :

DO (ty) — Acfre(t,y) — Do (ty) + Acfac(t,y)
) —

_F (t fle( y; Fe (tafZ,e(tyy))

yER™, >0 )
fl,E(Ovy) - f2,€(ovy) = NO,E(?U) B
D@ f1 (0,y) — D f5,.(0,y) = No.(y)

Then:

Dt (frey) = foe(t,y) — Ac (fr,e(ty) + fare(t,y) = Fe (¢, fr,e(t, )
- F€ (ta f2,6(t7 y))
yeR", t>0 (10)
f1,6(0,9) = f2,(0,y) = Noe(y)
D' f1(0.) = D' f2,(0.) = Noe(y)
With (N()’E)E , (N(),E)e S N(RJr)
The integral solution of the equation (10) is

Jre(t,y) = fae(t,y) = CE(t)Noe(y) + SE (1) Noe(y)

+ / Sa_QSea(t) (Fe (s, fl,e(sa z)) — Fe (s, f2,6(5>$))) ds
0

Then; N
et ) = Lot Moo ey < NCE@N 1N, ey
+ 1521 |[No. ()|

t

+ [ SR ISEONIF (5 () = Fo 5 ol Dy
Which implies that:

Lo (R™)

1f1e(ts ) = fe(t, Dl pe@ny < sup (CE(T)I 1 Noe (Il oo ey

T€[0,T7]
+ su S&(r (.
sup 182 [Focl) ]
+ swp [IS2(7)]
T7€[0,T]

t
I (5 ) = P ol Dl

The initial estimate of F (s, f1,¢(s,.)) — Fe (s, fa,c(s,.)) is provided by

Fe (s f1e(s:0)) = Fe (s, f2.e(5,.)) = [VE|| (fre(s, ) —faels; ) + Ne(s),
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With (N,), € NV (R).
So

[f1e(ts ) = fae(t oy < sup [|CE(T)]] 1 No,e ()l oo )
T7€[0,T
a—1

+ sup IS¢ (7)]| HNO‘(')H
r€[0,T]

t
/O Sa_IHVFeHHfl,e(S, ) - f2,6(57 ')||L°°(R")d8

+ sup |[|S&(T
Le@®")  a—1 ’TE[OI,)T] 156l

a—1
+——— sup [|SZ(7)[| [ Ne(s)]|
o r€[0,T]
So,
et )= Foelt, Mpoe@ny < sup [CE ) [ Nose () poe ny
7€[0,T
~ a—1
+ sup ||SZ(T)]| |[Noe(- sup [|S(7)|| sup ||Ne(s
s ISHO[Foc) Ly + 5= sup 1SEO sup [N
+ sup [|CE(7)]
T€[0,T)

t
/0 30{72“VF5H Hfl,e(S, ) - f2,e(87 ‘)HLOO(Rn)dS

Using the Granwall’s inequality:

1f1e(t, ) = foelts Mzo@ny < ( sup [ICE (DI Noe()llzee + sup 1S Noe ()| zoc

7€[0,1] T€[0,7T
a—1

t—— sup |ISE()I| sup [Ne(s)])

«Q 7€[0,T] 7€[0,T]

Tafl
X exp ( —7 sup IISS‘(T)IIIIVFelI) :
«Q T7€[0,T]

Since:
Ce € GRT, L(X)), 5¢ € GRY, L(X)), (Noe)e,  (No,e)e € N(RT)(Ne)e
e N (R") and VF is L™ - logtype and for every ¢q € N such that:

sup || fre(t,.) = foe(t, ) = O (') €= 0
te[0,7)
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