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GENERALIZED SOLUTIONS FOR TIME ¢-FRACTIONAL WAVE
EQUATION

A. BENMERROUS'*, L. S. CHADLI', M. ELOMARI*, §

ABSTRACT. This paper focuses on the fractional wave problem with the use of a new frac-
tional derivative in Colombeau algebra. Using Banach’s fixed point theorem and Laplace
transforms, we give and prove the integral solution of the problem. In Colombeau’s al-
gebra, the existence and uniqueness of the solution are demonstrated using the Gronwall
lemma.
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1. INTRODUCTION

The fractional wave equation is a mathematical model that describes the propagation
of waves in a medium with a fractional derivative. It is a generalization of the classical
wave equation, which assumes that the medium is described by a second-order derivative.
The fractional wave equation has applications in various fields, including acoustics, elec-
tromagnetics, and seismology. It can also be used to model the behavior of viscoelastic
materials, such as polymers, which exhibit fractional-order behavior.

The solution to the fractional wave equation involves the use of fractional calculus, which
is a branch of mathematics that deals with derivatives and integrals of non-integer order.
The solution can be obtained using various techniques, including numerical methods and
Fourier analysis.

Overall, the fractional wave equation provides a more accurate description of wave
propagation in complex media and has important applications in many fields of science
and engineering.

In recent years many researchers have centered on the study of phenomena whose model-
ing is given by nonlinear differential equations with a singularity, to do this, it is necessary
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to define the multiplication of two distributions in a manner that is consistent with the
standard multiplication, this naturally led us to study the problem within Colombeaus al-
gebra. This algebra which is commutative, associative, differential in which we can imbed
the space of distributions so that the product of the infinitely differentiable functions and
the regular derivative are satisfied [10].

The introduction of Caputo derivative into algebra of generalized functions was mo-
tivated by the opportunity of solving nonlinear issues with singularities and derivatives
of any real order. In order to offer a sense of our situation, we use a special space of
Colombeau algebra type which is a commutative, associative differential algebra where
we’re able to inject D’ (space of distributions) so that the smooth function product as well
as the normal distribution derivative have been preserved [20, 24].

In this paper we introduce a new method for solving the fractional wave problem with
initial data are singular (singular distribution) as we can see in the following

2

ch/;'r(ya t) + CQJLzﬂw(y? t) - mx(ya t) = 07 te [07 T] (1)
2(y,0) = ao(y)

Where ag, ¢, m are singular generalized functions and Dfp is ¥ —Caputo derivative of order

a, o €]1;2].

The study is structured as follows: in section 2 we mention some concepts of Colombeau’s
algebra, in section 3 we will give and demonstrate the existence of ¥—Caputo derivative
in Colombeau algebra G, in section 4 we gave and demonstrated the integral solution of
the issue, in section 5, we demonstrated the existence and uniqueness of the solution in
Colombeau algebra.

2. PRELIMINARIES

In this section we will introduce basic notations and definitions from Colombeau theory
(see also [20]).

Definition 1. [20] A (R") is a set of functions ¢ in C§° (R™) such that [5, ¢(t)dt = 1.
For g e N, Ay (R") = {¢ € Ay : [gn t'd(t)dt = 0,0 < |i| < q}, where t' = . in,
In [20] sets

Ay (R™) ={® (21, ..,25) = P (21) .. P (x0) : ¢ (z;) € Ag(R)},

are used because of applications to initial value problems. We shall follow the Colombeau
original definition.

Obviously, if ¢ € Ay, q € Ny, then for every € > 0, ¢ (x) = gingzﬁ (%) ,x € R™ belongs to
Agy. If ¢ € Ag, then its support number d(¢) is defined by

d(¢) = sup{|z| : ¢(z) # 0}.
E(Q) represents the set of
R:AyxQ—C,(®,2) = R(P,x),

which are in C*>°(2) for every fixed ¢. In the other words elements of £ are functions
R: Ay — C*. Note that for any f € C°, the mapping

(¢, x) — f(x),(d,2) € Ag x Q,
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defines an element in £(2) which does not depend on ¢. Conversely, if an element F' in
E(Q) does not depend on ® € Ay, we have:

F(®,2)=F(V,z), x€Q, for every &, ¥ € Ay,
then it defines a function f € C*°(9Q),
f(z) = F(®,z),z € Q, for every ¢ € Ap.
In this sense, we identify C'°°(2) with the corresponding subspace of £(£2).

Definition 2. [25] A component R € £(Q) is moderate if VL CC 2, « € N, N € N such
that for every ® € Ay , In > 0 and C > 0 such that:

|0°R (®e,z) || < Ce ™ re€L,0<e<n.
The ensemble of all mild components is expressed as Err(Q2).

Definition 3. [25] An element R € & (C) is moderate if AN € Ny such that for every
¢ € Ay, In >0, C > 0 such that:

IR (¢:) || < Ce™,0<e<n.
The ensemble of mild components is expressed by Eopr(C) (resp. Eopr(R) ).

Definition 4. [25] A component R € Ep;(Q) is named null if for every L CC Q and every
a € Ny, IN € Ny and {aq} € I' such that for every ¢ > N and every ¢ € Ay, 3n > 0 and
C > 0 such that:

10%R (¢, x)|| < Ce®a™N xeL0<e<n.
The ensemble of null components is expressed by N (Q).
Definition 5. [25] The spaces of generalized functions G(S2) expressed by
G(Q) = Em(Q)/N(Q)

The following description describes what the term ”association” means in Colombeau
algebra.

Definition 6. [25] Let f,g € G(R).
We said that f,g are associated if ¥V h(pe, ) and m(pe, x) and arbitrary & € D(R) there is
an €N such that Vo(x) € Ay (R), we have:

(®)
lim /R (e, 2) — m(ge o) |E(x)dz = 0

e—0t

and we denoted by f =~ g.

3. Y—FRACTIONAL DERIVATIVE IN COLOMBEAU ALGEBRA
Let (fe(t)), be a representative of a Colombeau generalized function f(t) € G(R™) and
let ¢ € C*(R™) be an increasing function with ¢’(t) #0 for all t € R™.

The 1-Caputo fractional derivative of (fc(t)),, is defined by

1 t n—a—1 n} /
DE f.(t) = T(n—a) fo (Y(t) —(s)) fe ' (s)Y'(s)ds, a€]n—1,n],
dﬂf (t) { fgn) (t) = fe[n] (t) = (w’l(t)%)nf;(t)’ a=n,
neNee (0,1)

Lemma 1. Let (fc(t))e be a representative of f(t) € G(RT). Then, for every a > 0,
supsco,r] | Dy fe(t) | has a moderate bound.

(2)
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Proof. Fix € € (0,1).
Let o €]n — 1, n],

Then,
supgefo,r) | DE(t) 1< pimay SWreior) Jo | (0(8) = ()"~ £ () (5) | ds
= e s | () | sup | OO

I'(n —a) s€[0,T] t€[0,7T] n—ao

1 T?’L—Ot
< sup | fI'(s) .
F(”—Q)”—ase[o,ﬂ‘ ()|

Since f(t) € G([0,+00)), as a result supsc(o 7] | fe[n](s) | has a moderate bound.

Thus, M € N, such that

sup | Dy fe(t) [= O (e™), =0
te[0,7)

Then, sup,cpo, | Dy, fe(t) | has a moderate bound, Va > 0.
U

Lemma 2. Let (fie(t)),, (f2e(t)), be two distinct representatives of f(t) € G(RT). Then,
for every a > 0, supycjo 1) | Dy f1e(t) — Dy fae(t) | is negligible.

Proof. Fix e € (0,1).

Let a €ln — 1,n],

Then,

sup. | DY fuet) = DY oe(t) | < e sup | fi2s) — f(s) |

t€[0,T] L(n—a)n—a s€[0,T]

Since (fic(t))e and (fae(t)), represent the same Colombeau generalized function f(t), so

SUPscfo7] | fl[z](s) - fQ[Z](s) | is negligible, then for all pe N

sup | Dy, fie(t) — Dy fac(t) = O (afp) , €¢—0
te[0,7

Therefore, sup,c(o,7) | Dy, f1e(t) — Dy fac(t) | is negligible. O

We may now initiate the i-Caputo fractional derivative of a Colombeau generalized
function on R™ after establishing the first two lemmas.

Definition 7. Let f(t) € G(RT) be a Colombeau function on RY.
The 1— Caputo fractional derivative of f(t), utilizing the notation Dfﬁf(t) = [(Dfﬁfe(t)) },
a > 0, is the element of G(R™) satisfying (2).

Remark 1. For o €]n — 1,n).
The first derivative of (d/dt)Dy fe(t) is (d/dt) Dy, fe(t) =

/1= ) [fy (s ) ds + Gyt 0| and it is not de-

fined in zero, unless fe[m] (0) =0.

Theorem 1. Let f(t) € G be a Colombeau function. The 1¥— Caputo fractional derivative
Dgf(t) 18 a Colombeau generalized function, if fen}(O) = fe[nﬂ}(()) = fe[n+2} (0)=---=0.
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Proof. Let o €]n — 1,n].
In Lemma 1, we proved that sup,cjo 1 | Dy fe(t) | has a moderate limit for indefinite
Colombeau generalized function. To get a moderate limit for the initial derivative (d/d

t)Dy fe(t) we utilize the expression acquired in Remark 1 and for fe[n] (0) = 0, we obtain

(a0 = /=) [ (e ) ) s

Now, in the same way as in Lemma 1 we acquires a moderate limit for sup,cp ) ]
(d/dt) D3 f.(2) |

Using the conditions, higher-order derivatives can be estimated similarly. fe[n](O) =
F o) = £ o) = - =0

Finally, if fe[n](O) = 0, therefore, it follows that for each o > 0, all derivatives of Dy fe(t)
have moderate representations. O

Definition 8. Let (f(t)). be a representative of f(t) € G(RT).
The regularized »— Caputo fractional derivative of (fc(t)),, is given by

€’

i DEfo(t) @E) t), a€n—1,n

DS f(t) = ( ¥ 3
OZY 500 = 90 = (A s, a=n )

neN,ee (0,1).

where Dy, fe(t) is provided by (2).
The convolution in (3) is (sz}fe(t) * goe) )= [~ Dy fe(t)pe(t — s)ds.

4. THE INTEGRAL SOLUTION OF THE FRACTIONAL WAVE EQUATION

Definition 9. Define the Mittag-Leffler function by:

+oo s
Feol®) = 2 b+ )

Definition 10. Describe the Laplace transform of a function g by

+oo
Llo@)s) = [ e gla)da.
0
Proposition 1. Let f and g two functions, we have

L((f*9)(@)) (s) = L(f(x)) ()L (9(2)) (5)-

Definition 11. (1) The Gamma function is given by
+o0
I'(z) = / t"le7tdt, Vo >0
0
(2) The B function is described by

1
Ve,y >0, B(zr,y)= / t* 11 — t)vLdt.
0

Proposition 2. (1) Vz,y € R% x R, B(x,y) = FF(E"EF%)
(2) Forallx >0, T'(z+1) =al(x).
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Definition 12. The Wright type function is represented by

S (=2)"

$al®) = Z n'F( an+1— )

a(n+1))sin(r(n + 1)a)
n!

n=0
fora € (0,1) and x € C.

Proposition 3. The Wright function ¢, is a complete function with the following char-
acteristics:

(i) Jo° 6a(0)07d0 = £ forr > —1;

(it) ¢a(0) >0 for @ >0 and [;° ¢a(0)d0 =1

(iii) [)° dpa(0)e *%d9 = Eq(—2), z€C;

(iv) o [° 0¢a(0)e *d0 = Eqo(—2), z€C.

Definition 13. We proceed with the observed one-sided steady probability density in

o0

1 I'lak+1
pa(0) = — Z(—1)“eak1(o‘k'+) sin(kma), 6 € (0,00)
k=1 ’
And we have,
/0 e Mpo(0)d = e, where o € (0,1). (4)

Lemma 3. Let f: C(J,X) — C(J, X) be continuous.

The issue (1) is equal to the mild equation

1 [t 1 ,
x(t) = zo + o) /o W) = ¢(5))1—a¢ (s)Ax(s)ds, teJ, (5)
With:
x: D(A) — D(A) offered that the integral in 5 exists, and A = c? d—g —m.

We will need the following lemma.

Lemma 4. For alla €ln—1,n] n €N and s > 0, and let ¢ € C"(R") be an increasing
function with ¢'(t) #0  for allt € RT. We have,

P i (S

2) (s* — A)~ 1y ((fo fo apa(O (1)~ ¢(8))a 1 <(¢(T)g;75(5))a)
z(s)¢'(s)dbds) ) (s )
With,

X(s) = [5° e N0 (5)¢/ (s)ds and A = 2Ly —m.

Proof. 1) For s > 0,

s (g0 — A)7h = g1 I e T(1)dT = « fooo(sf)a_le_(5£)aT (t) dt
Where {T}i>0 is Co— semigroup defined by

Az = lim;__ o+ W and (X1 — A)~ e = [[° exp(—A)T(t)xdt
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Putting t= ¢(t) — #(0), we have

= a 57 s 7N (0(t) — 9(0))7 e COOTIONT S T ((g(t) — (0))*) ' ()t
= Jo7 =5 (e GO T ((4(t) — ¢(0)) dt.
Using (4), we get
= 52 J5% 0pa(0)e=> OO T ((g(t) — $(0))*) v/ (t)d0d
= Ji% e @000 (o< g ()T ((COZAD) ag) o (1)t

= £(Jy* palb)T (LOZAD) ag) (s)
2) For s > 0,

(s*— A1 X(s) = /0 h e (1) X (s)dr

:a/ o Lem (T (7 X (s)dr
0
Where {T}i>0 is Co— semigroup defined by

Ap— lim L®z—2

t—0+t x
(NI — Al = /OO exp(—At)T(t)xdt
0
Putting t= ¢(t) — #(0), we have
:/Ooa( b(7) — 6(0))2~ Le~ (@D =0(O)°
0
(1) = ¢(0))%) &' (7) X (s)dr

/ / _ §(0))*Lem (=60

= $(0))%) x e~ ACO=ONg(r)y!(r)¢f (r)drdr,

and

Using (4), we get

=J Jo Jo @ = 6(0))* 1 pa(8)e =@M =AOIT ((¢(7) — (0))*)
x e 5@ =) gy ) ( )¢ (7)dOdrdr

)afl

= [ [ [ aems0 )+¢(r)—2¢(0))%
x T (5O ) 0 (r) g (r)o/ (v) dbdrdr

o0 o0 o0 —S T)— — a—1 _ a
= [0S fyT aes0m) 20) p,, (6) LH=20) T<(¢(t)ef(0)) )

z (671 (o(7) — o(t) + ¢(0)))
¢ (7) (t)dOdrdt

Pa(0)




570 TWMS J. APP. ENG. MATH. V.16, N.5, 2026

= 7 Jo S5 e s(6(1)=0(0) p,, (9) (¢(t)_$§0)) ((¢(t)9a( ) )
(

z (671 (d(7) — o(t) + ¢(0))) &' (7)
¢/ (t)dOdtdr

T T)—p(r))>1 T)—(r))™
= [0 s @ —6(0) (fo 2 apa(6) (¢(7) ;’15 Nt <(¢< )95( ) )
x(r)¢'(r)dfdr) x ¢'(7)dr

(fo 2 apa(0 ¢(T ())“ ‘7 <(¢(T)go<f>(7’))“)
(r ) '(r)ddr) ) (s)

Proposition 4. If

holds, then we have

w(t) = E(t)wo + a fy E(t)($(t) — 1(s))* a(s)d (s)ds.

With,
=[5 da(0)T ((¥(t) — (0))*0) db

Proof. Since z(t) = xo + ﬁ fg
we obtain

Wiﬁ’(s)/lx(s)ds, using the Laplace transform,

E(m(t))(s) (a:o + F(la) 0 ( e aqp (T)Aa:(T)dT) (s)
= L(zo)(s) + [, F(la /0 1/1 (T)Ax(T)dT)(s)
_— ! t z(7)dT) (s
* Ly J, GEmyeY A

We can deduce
L(z(t))(s) = 5271 (s* — A) g + (s — A) 7T X(s).
Now, use the lemma 4, then

L((t))(s) = (fompa )T (LAOZEO) dg) () +

£((J5 J5= apalt) D)™ ((LZu" )
2(s) (s >d0ds>)< )

We can now invert the Laplace transform to obtain the result
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Vaz € X, characterize operators Sy (¢, s) and Ty (1, s) by

S350 = [ 0a(O)T (016) ~ (s))70) ot
And
T3tz =a [ 00,0 (6(0) - v()"0) ad

0
for0<s<t<T. O

Lemma 5. Sg and T$ provide the following characteristics :

(i) The operators S;z(t,s) and T$(t, s) are strongly continuous for all t > s > 0, that
18, for every x € X and 0 < s <ty <ty <T we have

| Sy (t2,8)x — Sy (1, 8) x| = 0 and | Ty (t2, 8) x — T (t1,8) x| — 0

as t1 — to.

(ii) For any fixed t > s > 0, S;Z(t, s) and Tq‘j‘(t, s) are bounded linear operators with

|S5(t. )@ < Mlal) and [T3¢.9)@)| < 77 25 lell = el

forallz e X.

Proof. Similar demonstration existe in [?] O

5. EXISTENCE AND UNIQUENESS OF THE SOLUTION IN COLOMBEAU ALGEBRA

In this section consider the following fractional wave problem:
{ Dix(y,t) + Ax(y,t) =0, te[0,T]
(yv O) - aO(y)

with ag(y) € D' (R") and A=c? @ —m.

Now we will transform the problem in the Colombeau algebra (see section 2).

(6)

Dijze(y,t) + Acxe(y,t) =0 yeR", t>0
(Y, 0) = aO,e(@/)

with ap(y) is the regularizetion of ap(y), and A = [(A;)] = [(cgj—;z — m,] is the infini-

tesimal generator of {T,(t)} Co — semigroup.

Theorem 2. If the generalized operators Sfp‘ and Ty verify the Lemma (5). Then the
problem (6) has a unique solution in G (R™ x RT).

Proof. Existence
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The integral solution of the problem (6) is Given through the previous section:

/qﬁm (1) = 12(0))°6) 6
ta / / Ge.a(0) (02 () — ()T ((15e(t) — 12(0))°0)

ze(8)Y(s)dbds.
= 53(t, 8)zeo + / (belt) — $e())* I T (1, 8)e(5) Wl ds

Which 1mphes that

Jae (s, (4. 0)aen | + fi || (6e(0) = 0e()* T (1 s)are()0L(s) | ds
§M|\$s,0||+f0 V() = () ]Tw,gt,s)we())wa()
Then

e (t, )| < M [zl + %/(%() e(5))0 7 lae(s, )l i (s)ds

By the Granwall’s inequality

(b, Il o gamy < M llacoll x exp < ((t) wo»a) |

M
I'a+1)
Since . € G (RT), ag. € G (R") there exist K € N such that

sup ||z (t, )| o (@ny = O (67%), €—=0
te[0,77]

So
r € G(RT x R™)

Uniqueness

Let’s say there are two solutions x1 ¢(t,.), x2,(t,.) to the problem (6), consequently :

Djae(y:t) + Acxr,e(y, 1) — Dywae(y,t) — Aewae(y,t) =0
yeR" t>0
T1,e(y,0) — 22,6(y,0) = Noe(y)

Then:

yeR", t>0 (7)
21,e(y,0) — 22.(y,0) = No(y)

With (N()’E)E € N(R+)
The mtegral solutlon of the equation (7) is:
fo ¢€a T ((e(t ) 1:(0))*0) NO,e(y)d9

"'O‘fo fo Pea(0 ) () Ve(8))* 1T ((¥e(t) — 10<(0))*0)
X (x1,6(8) — 22,.(5)) YL(s )deds

= S;z(t S)NO e(y) + f(] 7[)5 ws(s))a_lT:;(t’ 5) X (1;1,5(8) - 11'2,5(8)) 1/}2615

{ Dy, (1,(y, 1) — 22,e(y, 1)) + Ae (@1,e(y, 1) — 22,e(y, 1)) =0
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Then
12t ) = @t ) ooy < || 5505, 00 No o)
+ Jy | @) = e ITO‘( ><x15<>—azzgs>>wg<s>Hd8
< M Noe Ol + fy e(8) = ()2 T3 (15) (21,0(5) — . (5))
XL (s)ds
< M [Noe ()l + 22 i (6e(8) = 9o(5)* ™ @1(5) — w2, ()] x PL(s)ds
So

1,6t ) = @20 (8, )l oo gny < M [INoe ()l + gy Jo (We(t) = we(s)*7
X [[(@1e(s, ) = 2.e(s, )l Ye(s)ds

Using the Granwall’s inequalit

l@1(t: ) = @2 (8 M oo amy < M N0 x exp (s (0(T) = -(0))°)
Since
Y. € G(RT), (Noe)e € N(RT), then for every ¢ € N such that:

sup [[z1,e(t,.) = 22,e(t, )l e = O(e?) €0
te[0,7]

So,

Tle ™ T2e-

6. CONCLUSION

In this work, we have investigated the ¢-Caputo fractional wave equation within the
framework of Colombeau generalized function algebras, offering a rigorous approach to
handle singular initial data and distributional coefficients. By constructing a new form of
fractional derivative adapted to generalized functions, we successfully established the exis-
tence and uniqueness of solutions through fixed-point arguments and fractional semigroup
theory. Furthermore, we derived the integral representation of the solution and analyzed
its properties using Laplace transforms and the Mittag-Leffler function.

This study contributes to the broader understanding of fractional wave phenomena in
complex media where traditional distribution theory fails due to the presence of singular-
ities. The generalized setting allows for a consistent multiplication of distributions and
provides a natural setting to model real-world systems exhibiting memory and hereditary
effects.

Future research could extend this approach to nonlinear problems, multidimensional
domains, or systems involving coupled fractional differential equations. Moreover, numer-
ical simulations and applied case studies would help to better understand the physical
implications and validate the theoretical results presented here.
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