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A CHARACTERIZATION OF E-COMPLETENESS IN VECTOR
METRIC SPACES WITH AN APPLICATION IN FIXED POINT
THEORY

SUSHANTA KUMAR MOHANTA"*, SHUBHA DAS?, §

ABSTRACT. The main purpose of this article is to introduce the notion of d,-point in a
vector metric space which is a generalization of the notion of d-point in metric spaces and
extend Weston’s characterization of metric completeness to vector metric spaces in terms
of d,-point. In fact, we have utilized the concepts of lower semicontinuity and uniform
continuity in this new framework to establish the main result. Finally, we established
relations among minimal points, d,-points and fixed points in this new setting. As an
application of this study, we obtained the analogue of Banach Contraction Principle in
vector metric spaces.
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1. INTRODUCTION

Metric completeness is closely related to metric fixed point theory. Several authors
successfully characterized metric completeness in terms of fixed point theory (see [11, 12,
13, 14, 16, 18, 19]). There are a lot of generalizations of the concept of metric spaces such
as b-metric space, introduced by Bakhtin [3], partial metric space by Matthews [9], and
dislocated metric space by Hitzler et al. [8]. Recently, Xu et al. [21] introduced a kind
of new convergence for sequences and a new kind of completeness in cone b-metric spaces
over Banach algebras and established a common fixed point theorem for such spaces. After
wards, Y. Han and others [7], introduced several b-generalized contractive mappings in cone
b-metric spaces over Banach algebras and obtained some important fixed point theorems
for asymptotically regular mappings by weakening the completeness of the spaces. In
2009, Cevic et al. [5] introduced the concept of vector metric spaces as a generalization
of metric spaces, where the metric is Riesz space valued and studied some properties
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of such spaces. In [17], the authors discussed Reich-Perov-type contractive mappings
using a novel concept in vector valued metric spaces and gave sufficient conditions for
the existence of fixed points for such contractive mappings. Very recently, Cevik et al.
[6] proved some coupled fixed point theorems for the functions having mixed monotone
properties on ordered vector metric spaces. In 1977, J. D. Weston [20] had characterized
metric completeness by means of d-point for lower semicontinuous functions. In this study,
our main purpose is to introduce the concept of d,-point in vector metric spaces and extend
Weston’s characterization [20] in such spaces in terms of d,-point. Finally, we apply this
new characterization to obtain some important fixed point results in E-complete vector
metric spaces.

2. SOME BAsic CONCEPTS

In this section, we recall some basic facts about Riesz spaces mostly of which can be
found in [2, 5].

A partially ordered set (X, <) is called a lattice if each pair of elements z, y € X has a
supremum and an infimum.
A real vector space E with an order relation < on E that is compatible with the algebraic
structure of F in the sense that satisfies properties:

(1) x Ry implies x + z <y + z for each z € E, z, y € E;

(2) x <y implies tx <ty for eacht >0, z, y € F
is called an ordered vector space.
An ordered vector space that is also a lattice is called a Riesz space or vector lattice.
Throughout this paper, we take 6 as the zero vector of the vector space E. We shall write
x <y (equivalently, y = z) if £ <y and = # y. Let E be a Riesz space with the positive
cone By = {x € E:0 < x}. If (a,) is a decreasing sequence in E such that infa, = a,
we write a, | a. Similarly, if (a,) is an increasing sequence in F such that sup a,, = a, we
write a, T a.

Some basic properties of decreasing sequences can be stated as follows:

(i) ap L aand by, | b= ap+b, | a+b;

(7i) an § a = Aayp | Aa for A > 0 and Aa,, T Aa for A < 0;

(tit) ap L aand b, | b= a, Vb, | aVband a, Ab, | a Ab, where a Vb = sup{a, b}
and a A b = inf{a, b}.

The Riesz space FE is said to be Archimedean if %a 4 6 holds for every a € E5.

A Riesz space F is called order complete or Dedekind complete if every nonempty sub-
set of E which is bounded from above (below) has a supremum (infimum). Any order
complete Riesz space is Archimedean but the converse is not true, in general.

A sequence (b,) in E is called order convergent or o-convergent to b if there exists a
sequence (a,,) in E satisfying a, | # and | b, — b |< a,, for all n, and written b, > b
or o — limb, = b, where | a |= sup{a, —a} for any a € E. Moreover, (b,) is called
order-Cauchy or o-Cauchy if there exists a sequence (a,) in E such that a, | € and
| b, — bp4p | = @y, holds for all n and p. E is called o-complete if every o-Cauchy sequence
is o-convergent. For other notations and facts about Riesz spaces, we refer to [1].

Lemma 2.1. [2] If E is a Riesz space and a < ka where a € Eyand k € [0,1), then a = 6.
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Definition 2.1. A Riesz space E is called reqular if every decreasing sequence in E which
s bounded from below is o-convergent.

Remark 2.1. If E is Dedekind complete and totally ordered, then as a consequence it
follows that E is reqular.

Definition 2.2. [5] Let X be a nonempty set and E be a Riesz space. The function
dy : X x X — FE is said to be a vector metric (or E-metric) if it satisfies the following
properties:

(v1) dy(z,y) =0 if and only if x = y;

(v2) dy(x,y) X dy(x,2) +dy(y, 2) for all z, y, z € X.
The triple (X, dy, E) is said to be a vector metric space.

It is easy to observe that vector metric spaces generalize metric spaces.

In a vector metric space (X, d,, E), the following assertions hold:
(i) 0 X dy(z,y) for all z, y € X;

(#) dy(z,y) = dy(y,z) for all z, y € X;

(7i1) | dy(z,2) — dy(y, 2) |2 dy(z,y) for all z, y, z € X;

() | dy(z, 2) — dyp(y,w) |2 dy(x,y) + dy(z,w) for all z, y, z, w € X.
Example 2.1. [5] A Riesz space E is a vector metric space with d,, : E x E — E defined
by

dv(x)y) :| r—y | .

This vector metric is said to be absolute valued metric on E.

Example 2.2. [5] It is well known that R? is a Riesz space with coordinate wise ordering
defined by

(w1,91) = (w2,92) if and only if 11 < w2 and y1 < yo
for (z1,11), (z2,92) € R2.

Again, R? is a Riesz space with lexicographical ordering defined by

(x1,y1) = (w2,92) if and only if x1 < x2 or x1 = T2, y1 < Yo.

It is worth noting that R? is Archimedean with coordinate wise ordering but not with lexi-
cographical ordering.

Then, d, : R? x R? — R? defined by

do((z1,91), (v2,92)) = (e [ 21 — 22 |, B | y1 — 92 )
18 a vector metric, where a, B are positive real numbers.

Example 2.3. [5] Let d, : R x R — R? be defined by
dv(xay):(a|$_y|7/6|$_y|)

where a, B > 0 and o+ 8 > 0. Then d, is a vector metric with coordinate wise or
lexicographical ordering.

Example 2.4. Let Cla,b] be the space of all real valued continuous functions defined on
[a,b]. For f, g € Cla,b], we define f < g if and only if f(x) < g(x) for all x € [a,b].
Then Cla,b] is a Riesz space. For a fized f € Cla,b], where f(x) > 0 for all z, we define
dy : R xR — Cla,b] by

dy(z,y)=|z—y| f.
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Then d, s a vector metric.

Definition 2.3. [5] Let (X, d,, E) be a vector metric space and let (x,,) be a sequence in
X. Then

(i) (zy) vectorial converges or E-converges to a point x € X, written x, LGN x, if
there is a sequence (an,) in E satisfying a, | 0 and dy(x,,x) X ay, for all n.
(13) (zn) is called vectorially Cauchy or E-Cauchy, if there is a sequence (ay) in E
such that ay, | 0 and dy(xn, Tpip) < ayn holds for all n and p.
(7i1) (X, dy, E) is said to be E-complete if each E-Cauchy sequence in X E-converges
to a point in X.

(iv) A subsetY in (X, dy, F) is said to be E-closed whenever (z,) CY and x, DBy o
imply x € Y.
Remark 2.2. [t is easy to observe that there is a relationship between E-convergence on
X with the o-convergence on E. In fact, x, M x if and only if d(zp, x) 2%0.
Remark 2.3. If E = R, then the notion of E-convergence coincides with the notion

of metric convergence. Similarly, the concept of E-Cauchy sequence coincides with the
concept of metric Cauchy sequence.

Remark 2.4. If X = E and d, is the absolute valued vector metric on X, then the concept
of vectorially convergence coincides with the concept of order convergence.

Lemma 2.2. [5] Let (X,d,, E) be a vector metric space and let x, TN Then, we

have the following properties:

(i) The limit x is unique.
(i) Every subsequence of (x,) E-converges to x.

(#i2) If also yp LN y, then dy(zn, yn) = dy(z,7).
Definition 2.4. Let E be Dedekind complete and let (X, d,, E) be a vector metric space.

A function ¢ : X — E which is bounded from below is called a lower semicontinuous
function on X whenever

20 28 & — o) < lim inf @(z,) = sup inf @(@n).
n—o00 n>1 m2n

Definition 2.5. Let (X,d,, E) be a vector metric space and f : X — E. Then, the
function f is called uniformly continuous on X if for any € = 6 there is a ¢ € E with ¢ >~ 0
such that

dy(2,y) < c=| f(z) = fy) [< e

3. MAIN RESULTS

We begin with a definition.

Definition 3.1. Let (X,d,, E) be a vector metric space and h : X — E. A point xg € X
is called a d,-point for h if for every other point x € X with h(zg) — h(z) > 0,

h(zo) — h(z) < dy(z0, ).
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Example 3.1. Let E =R? X =[0,00) and d, : X x X — E be defined by

do(z,y) =([z—y | |z—yl).
Then (X, dy, E) is a vector metric space with coordinate wise ordering.
We define h: X — E by
r
h(z) = (—5, —5) for allx € X.
Then,
r T x
h(0) — h(z) = (0,0) — (‘57—§> = (57 5) =< dy(0, )
for every x € X with x # 0. Also, h(0) — h(x) > 0. Thus, 0 is a d,-point for h.

Theorem 3.1. Let E be a Riesz space which is Dedekind complete and totally ordered. Let
(X, dy, E) be an E-complete vector metric space. Then any lower semicontinuous function
h: X — E has a dy-point. If (X,d,, E) is not E-complete but E is o-complete and FE4
is closed w.r.t. absolute valued vector metric on E, then there is a uniformly continuous
function g : X — E which is bounded below but has no d,-point.

Proof. For any point 21 € X, we construct a sequence () in the following way:
For each n € N, let

a(zy) = inf{h(z) : h(zy,) — h(z) = dy(zp,x) = 0} =inf A,
where A = {h(zx) : h(zy,) — h(z) = dy(zpn, x) > 0}.

Since h is bounded below and E is Dedekind complete, it follows that «(zy,) exists.

Let z,41 be a point in X such that

h(zn) — h(xnt1) = dp(Tn, Tpy1) = 0 (1)
and
hn 1) < alan) + 7. 2)

where cg = 0 is a fixed element of E.

In fact, if a(z,) + @ =< h(z) for all h(z) € A, and this is possible since E is totally
ordered, then a(z,)+ % becomes a lower bound of A satisfying a(x,) < a(xy)+ <> which
contradicts the fact that a(x,) = inf A. The preceding discussion ensures the existence of
Tny1 € X satisfying conditions (1) and (2).

It is worthy to note that in above construction, we have considered none of x, as a
dy-point for h. Because, if x,, is a d, point for h, then we have nothing to prove.

Condition (1) guarantees that the sequence (h(x,)) is nonincreasing in E. As h is
bounded below, it follows that the sequence (h(z,)) is also bounded below. Since E is
Dedekind complete and totally ordered, it is also regular. So, we obtain that the sequence
(h(xy)) is o-convergent and hence it is o-Cauchy. So, there exists a sequence (ay) in E
such that a,, | 6 and | h(xy,) — h(zp1p) |2 ap holds for all n and p.
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For m > n, we have
h(zn) — h(zm) = h(xn) = h(@p41) + Man+1) — h(zn42)
+- 4 h(@m—1) — h(xm)
d (xny xn—i—l) dv(l‘n—‘rlu xn-{—?) + -+ dv(xm—ly xm)
dv(xn,$m)- (3)

Y 1Y

Hence,
dy(Tp, Tm) = W) — h(zm) 3| h(zn) — h(zm) | -
Taking p = m — n, we get
dv(xnaxn—&—p) j| h(-xn) - h(xn—s—p) ’j ap, ¥ 1, .
This proves that the sequence (z,,) is E-Cauchy in X. The E-completeness of X implies

. e . dv,E
that the sequence (x,) is E-convergent to some point in X, say g, that is, x, —— xo.
From (3), it follows that

h(zm) = h(zy) — dy(Tn, Tm) (4)
for all m > n. In view of condition (4), Lemma 2.2 and lower semicontinuity of the
function h, one can compute that

h(zg) = lim inf A(zy,)

m— 00

< hm inf [h(zy) — dy(2p, Tm)]

= h(fl;n) — dy(Tn, T0)
for all n > 1. Thus,

h(xzpn) — h(zo) *= dy(zp, x0) (5)
for all n > 1.
If ¢ is not a d,-point for h, then for some z(# z9) € X,
h(zo) — h(z) = dy(zo,x) > 0. (6)
Using (5) and (2), we obtain
h(z) < h(xpi1) + h(x) — h(xo) < a(x,) + %0 + h(x) — h(xo). (7)

Since ¢g > 0 and h(xo) — h(x) = 0, we claim that there exists n € N such that
%" < h(zo) — h(z).

In fact, if h(zg) — h(x) X 2 for all n € N, then h(zg) — h(z) becomes a lower bound the
sequence (2). Therefore, h(zo) — h(x) < inf %. Since FE is Dedekind complete, it is also

Archimedean and so € | §. Thus, we obtain that h(zg) — h(x) =< 6, a contradiction and
our claim is justified.

Our preceding discussion implies that oz(xn)+c—0+h(x)—h(xo) < a(zy). Thus, condition
n
(7) assures that h(z) < a(z,).
From conditions (5) and (6), we obtain that
h(zyn) — h(z) = h(x,) — h(xo) + h(xg) — h(z)
dy(zp, x0) + dy(z0, )

-
- 0
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which implies that h(z,) = h(z). So, x, # x and therefore d,(z,,x) > 6.
Moreover,
h(.’I)n) — h(l’) t dv(l’n, .’I/'()) + dv(x(),fl?) i d’u(wn,l') b 9
The definition of a(x,,) ensures that h(z) = «a(z,) which contradicts the fact that h(z) <
a(zy). Thus, xg is a d,-point for h.

For the last part, we suppose that (X,d,, F) is not E-complete but E is o-complete.
Then there exists an E-Cauchy sequence (x,) in X which is not E-convergent. We now
compute that for any x € X, the sequence (2d,(z, xy)) is o-Cauchy in E.

For x € X, we have
dv(ﬂfv xn) = dU(IE, xm) + dv(xma J:n)
which implies that

dy(x,2p) — dy(x, T) = dyp(Tm, Tp). (8)
Interchanging n and m, we obtain
dy(z, ) — dy(x, 20) = dyp(Tm, Tn). 9)
Conditions (8) and (9) together imply that
| dyp(z, 2p) — dy(z, 20 | X dy(Tm, xy,) for all m, n € N. (10)

Suppose that m > n and we put p = m — n. Then condition (10) reduces to
| dy(z, 20) — dy(@, Tpp) |2 dy(@p, Tpgp) for all n, p. (11)

As (xy,) is E-Cauchy, it follows from (11) that the sequence (2d,(z,zy)) is o-Cauchy
in E and hence it is o-convergent, E being o-complete. Let g(x) € E be its limit. Since
2d,(z,zy,) € E4 and E being closed w.r.t. absolute valued vector metric on E, it follows
that g(x) € E4. Clearly, g(z) = 6. In fact, if g(x) = 6, then there is a sequence (ay,) in F
satisfying a,, | 0 and | 2d,(z,,x) — 0 |< a, for all n. This gives that,

2dy(2p, x) 2| 2dy(zp, x) |2 ay, for all n.
Thus, the sequence (z,,) becomes E-convergent which contradicts our assumed hypothesis.
Therefore, we obtained that the function g is bounded below.

If 9 € X, then g(z¢) = o — lim2d,(zp,zy). Also, g(x) = o — lim2d,(x,x,). Then,
there are sequences (ay,), (b,) in E satisfying a,, | 0, by, | 0 such that

| 2dy(2n, x0) — g(20) |2 apn and | 2dy(zy, x) — g(x) | =X by, for all n. (12)
Now,
| 2dy(zn, T0) — 2dy(Tn, ) — (9(x0) — 9(z)) | = | 2du(zn, x0) — g(20) |
+ | 2dy (2, 2) — g() |
=< (an +by) for all n,
where (ay, + by,) | 0. This proves that

g(xo) — g(x) = 0 — lim[2dy (zp, 20) — 2dy(2p, )] = 2dy(x0, ). (13)
Interchanging xg and x, we obtain
9(z) — g(zo) = 2d(zo, z). (14)

Conditions (13) and (14) together imply that
| 9(z0) = g(x) |2 2d(wo, ).
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Let € = 0 be given. We choose ¢ = § = . Then,
| g(xo) — g(z) |< € whenever d(zg,x) < c.

This proves that g is uniformly continuous.

By an argument similar to that used above, we can compute that
g(xo) + g(x) = 0 — lim[2dy (xp, 20) + 2dy(2p, )] = 2dy(x0, ).
This gives that
Slo(eo) + 9(a)] = dufio, @)

Now,
gleo) ~g@) = 3 lotwo) + g(e)] + 5 lo(eo) — 39(a)]
= d(e0,2) + 5 lg(eo) — 39(a)]. (15)

If g(zg) — g(x) = 6, then g(z) < g(xo). Again, g(z) > 6. So, it must be the case that
0 < g(xo).

It now follows from condition (12) that
| 2dy(xp, ) — g(x) |X by, for all n.
This ensures that
g(x) — 2dy(xn, z) =| 2dy(Tn, ) — g(x) |2 by, for all n.
This being true for any z € X, we have
9(xn4p) = by + 2dy(2r, Tntp) for all n and p. (16)

The sequence (z;,) being E-Cauchy, there is a sequence ({,) in E satisfying (, } 6 such
that

dy(Tn, Tnip) = ¢ for all n and p.

Therefore, we obtain from condition (16) that
39(zn4p) = 3(bn + 2¢,) = ¢, for all n and p, (17)
where ¢, = 3(b, + 2¢,) | 6.

We now claim that there exists an ng € N such that ¢,, < g(xo). If possible, suppose
that ¢, > g(zo) for all n. Then, infe, > g(xo) > 6, which contradicts the fact that
¢n 4 0. Thus, our claim is justified. Since the sequence (¢,,) is decreasing, it follows that
cn = g(xo) for all n > ng. In view of condition (17), we get

39(zn4p) < g(xo) for all n > ng and p.

Thus, g(z¢) — 3g(x) > 0 if x = xy4p(# z0) and n > ng. It now follows from condition
(15) that g(zo) — g(z) > d(zo,x) if = 2y4p and n > ng. So, zo is not a d,-point for
g. O

The following corollary is the main result of J. D. Weston [20].

Corollary 3.1. If the metric space (X,d) is complete then any lower semicontinuous
function X — R which is bounded below has a d-point. If (X,d) is not complete there is
a uniformly continuous function X — R which is bounded below but has no d-point.
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Proof. The result follows from Theorem 3.1 by taking F = R with usual metric. O

Remark 3.1. Theorem 3.1 is an extension of the main result of Weston [20] in metric
spaces to vector metric spaces.

The following two examples ensure the validity of our main Theorem 3.1.

Example 3.2. Let E = F.[0, 1] be the space of all real valued constant functions defined on
[0,1]. For f, g € F.[0,1], we define f < g if and only if f(x) < g(zx) for all z € [0,1]. Then
F.[0,1] is a Riesz space which is Dedekind complete and totally ordered. Let X = [0,1]
and choose a fivzed T € F.[0,1], where T(x) = k > 0 for all x € [0,1]. We define
dy : X x X — F.[0,1] by
dy(z,y) =|z—y|T foralzx,yeX.
Then (X,dy, E) is an E-complete vector metric space. Let h : X — E be defined by
h(z) = —£T for all x € X. Then, h(z) = —£T = —%T for all x € X which ensures that
h is bounded from below. Moreover, it is easy to verify that h is a lower semicontinuous
function. We now compute that
1
h(0) = h(z) = 2T = =d,(0,2) < dy(0, )
for every x € X with x # 0. Also, h(0) — h(z) > O, zero function in E for x # 0. Thus,
all the hypotheses of the first part of Theorem 3.1 holds good and we observe that 0 is a
dy-point for h.

Example 3.3. Let E = R with usual metric. Then R is Dedekind complete and totally
ordered with usual “ <7. Let X = (0,1) and d, : X x X — E be defined by
dy(z,y) =|x—y | forallzx,yeX.

Then (X,dy, E) is not an E-complete vector metric space. Let g : X — E be defined by
g(x) = 2z for all x € X. Clearly, g is uniformly continuous and bounded from below.
Thus, we have all the hypotheses of the last part of Theorem 3.1.

We now show that g has no d,-point. If possible, suppose that xg € X is a d,-point for
g. Then for any x € X, x # xy with g(zo) — g(x) > 0, we have
9(xo) — 9() < dy(z0,7).
This implies that,
2(xg—x) <|xop—x|. (18)
But, g(xo) — g(x) > 0= 9 > z. It now follows from (18) that 2(x¢ — z) <| xg — z |=
o — X = xg < x, a contradiction. This proves that g has no d,-point.

4. AN APPLICATION IN FIXED POINT THEORY

In this section we give an application of our main Theorem 3.1 in fixed point theory.
We assume that (X, d,, F) is a vector metric space, E is totally ordered and h : X — FE
is a function.

Remark 4.1. When d, and h are given, a relation “ <7 can be defined on X as follows:
x <Ly if and only if h(y) — h(x) = dy(x,y).
This relation orders X. In fact, “ <7 1is reflexive, antisymmetric and transitive.

Definition 4.1. A point z¢ in (X,d,, E) is said to be a minimal point w.r.t. < if and
only if x <K xg tmplies x = xg.
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Theorem 4.1. A point of X is a d,-point for h if and only if it is a minimal point w.r.t.
<.

Proof. Let z9 € X be a d,-point for h. Then, for every other point z(# zy) € X with
h(xo) — h(x) ~ 0,
h(zo) — h(z) < dy(zo, x). (19)
Now x < z¢ implies that h(xo) — h(z) > dy(x,x0). This gives that © = x¢. Because
if x # o, then h(zg) — h(z) = dy(z,z9) = 6. So it follows from condition (19) that
h(zo) — h(x) < dy(z, x0), which is a contradiction. Therefore, x( is a minimal point w.r.t.
<

Conversely, let xg be a minimal point w.r.t. <. Then x < xg implies that = = x.
That is, z < x¢ does not hold for any x € X with x # x9. As F is totally ordered, we
have h(xo) — h(x) < dy(z, o) for all x € X with x # (. This gives that x( is a d,-point
for h. [l

Theorem 4.2. If a function f: X — X is such that it may be possible to choose d,, and
h so that the relation < has the property that fx # x implies fr < x, then any d,-point
for h is a fixed point for f.
Proof. Let zp € X be a d,-point for h. Then, for every other point z(# zy) € X with
h(xo) — h(x) - 0.

h(zo) — h(z) < dy(x, x0). (20)

If fxg # xo, then by hypothesis fxg < x¢ which implies that
h(x()) — h(fx()) > dv(fwo,l'o) - 9,

which contradicts the condition (20). So, it must be the case that fxg = xo. This shows
that x¢ is a fixed point of f. O

We now apply Theorems 3.1 and 4.2 to prove analogue of Banach Contraction Principle
in vector metric spaces.

Theorem 4.3. Suppose that E is a Riesz space which is Dedekind complete and totally
ordered. Let (X,d,, E) be an E-complete vector metric space and let f : X — X be a
mapping satisfying the following condition:

dv(fz, fy) X ady(z,y) (21)
forallx, y € X, where 0 < a <1 is a constant. Then f has a unique fixed point in X.

Proof. Let h(z) = Bdy(fz,z), where 8 = =~ > 0 and = € X. It is obvious that h is

11—«
bounded from below. We first show that h : X — FE is a lower semicontinuous function.

Let yp, LB, y in (X, d,, F). We have to show that
h(y) = liniinfh(yn).

By using condition (21), we have

h<y) =p dv(fya Y) dv(fyv yn) +dy (yna y)]
do(fy, fyn) + do(fYns Yn) + dv(Yn, y)]
ady(Y, yn) + do(fYn, Yn) + do(Yn, v)]

Bla+1)do(y,yn) + h(yn)-

IAXTA A

Bl
Bl
Bl

This gives that,
h(y) < liminf h(y,).

n—oo
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Thus, h is a lower semicontinuous function on an FE-complete vector metric space
(X,dy, E). Therefore, Theorem 3.1 ensures the existence of a d,-point u(say) for h.

We now show that fx # x implies fr < x.

Let fz # x. By using condition (21), we obtain

h(z) — h(fz) = Bldy(fz,z) — dy(fx, fz)]
= Bldv(fz,2) — ady(fz, )]
= Bl —-a)dy(fz, )]
= dy(fz,x).

Thus f satisfies the condition that fx # x implies fz < z. By applying Theorem 4.2,
it follows that the d,-point u for h is a fixed point for f in X.

For uniqueness, let v € X be another fixed point of f. Then, by condition (21), we get
dy(u,v) = dy(fu, fv) < ady(u,v).
Since 0 < a < 1, it follows from Lemma 2.1 that d,(u,v) = 6 and hence u = v. O
The following example supports our Theorem 4.3.

Example 4.1. We consider E = F_.[0,1] as in Example 3.2. Then E is a Riesz space
which is Dedekind complete and totally ordered. Let X = [0,00) and choose a fixred T € F,
where T'(x) =k >0 for all x € [0,1]. We defined, : X x X — E by

dy(z,y)=|z—y | T for allz, y € X.

Then (X,dy, E) is an E-complete vector metric space. Let f : X — X be a mapping
defined by fx = xTH for all x € X. We now compute that

1 1
Aulfo,fy) =l fo— fy| T = 5 |a—y| T = Sdule,y) for all 2, y € X,

Thus, all the conditions of Theorem 4.3 holds true and we observe that 1 is the unique
fized point of f in X.

Remark 4.2. It is worthy to note that the well known Banach Contraction Principle [4]
in metric spaces can be obtained from Theorem 4.3 by taking E = R.

5. CONCLUSIONS

In this study, we characterized F-completeness in vector metric spaces in terms of d,-
point. As a consequence of this study, we have been able to establish an important fixed
point theorem in vector metric spaces. Our main result extends the result of Weston [20].
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