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HIGHER-ORDER ACCURATE COMPACT SCHEMES AND ANALYSIS
FOR THE TIME-FRACTIONAL BLACK-SCHOLES MODEL

M. FAYIS P.!, F. H. M. P. MEETHAL', S. K. NADUPURI"*, §

ABSTRACT. This work is focused on the construction of numerical schemes with higher-
order accuracy in space and time to solve the time-fractional Black-Scholes model that
governs the price of European options. We develop three numerical schemes utilizing the
fourth-order Padé approximation, a fourth-order Taylor’s compact difference scheme and
a fourth-order compact exponential scheme for spatial discretization. We employ L1-2-3
approximation of order 4 — a, 0 < o < 1, to discretize the time-fractional derivative.
In addition, the solvability, convergence, and stability of these numerical schemes are
established. Numerical experiments are conducted to demonstrate the accuracy of the
proposed schemes and validate the theoretical findings. The new proposed schemes offer
higher and better accuracy.

Keywords: Time-fractional Black-Scholes model, Padé approximation, Taylor’s compact
difference, compact exponential, solvability, stability, convergence.
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1. INTRODUCTION

Options are highly liquid financial instruments that are often traded in the market.
Options pricing has gained significant attention and can be traced back to the Black-
Scholes (B-S) model, which was introduced in 1973 by Black and Scholes [2] and Merton
[14]. The application of fractional derivatives and integrals is witnessing considerable
expansion due to their ability to effectively integrate historical data, attributable to their
nonlocal properties [11]. Furthermore, there is a growing emergence of distributed order
fractional equations [16], in which the fractional order is a continuous spectrum. Fractional
calculus has provided a powerful tool for modeling anomalous behaviors in various fields of
science and engineering, such as material science, biology, physics, control science, finance
and fluid mechanics [8]. Some of the numerical methods used to solve fractional differential
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equations include finite difference methods, finite element methods, finite volume methods,
spectral methods and collocation methods [5, 17, 21].

Identifying the fractal nature of a stochastic process has led to the integration of frac-
tional calculus into stochastic models and financial theory. Wyss [25] used a time-fractional
B-S model to determine the price of a European call option. Liang et al. formulated a sin-
gle parameter and a biparameter fractional Black-Scholes-Merton differential equation in
[12], assuming that a fractional It6 process may describe the movement of the stock price.
For the time-fractional Black-Scholes (TFBS) model, Zhang et al. [26] constructed a nu-
merical scheme with order of accuracy 2—« in time and second-order spatial accuracy, and
analyzed stability and convergence. Later, De Staelen and Hendy [6] constructed a higher-
order difference method with fourth-order spatial accuracy and proved the stability and
convergence. Tian et al. [24] presented three different compact finite difference schemes
for the TFBS model governing European option pricing, in which the spatial convergence
accuracy of these three algorithms is fourth-order, and the temporal accuracy orders are
2 — a, 2 and 3 — « respectively. In [7], Huang et al. used a compact exponential scheme
for space and the L1 formula for discretizing the time-fractional derivative. Roul [18] pre-
sented a collocation method based on the quintic B-spline basis function with convergence
order 2 — « in time and fourth-order in space. An et al. [1] presented a space-time spectral
method and analyzed the stability and convergence of the numerical method. Song and
Lyu [19] investigated a fast and high-order numerical method for the TFBS equation, with
a weak initial singularity of the solution. Cai and Wang [3] proposed a novel methodology
utilizing a tailored finite point method for spatial discretization and L1-discretization for
the time-fractional derivative. Taghipour and Aminikhah [20] proposed an efficient spec-
tral collocation method. Kaur and Natesan [9] proposed a numerical method based on the
cubic spline method. Zhang and Zheng [27] proposed the finite element method to solve
the variable order TFBS model. Kazmi [10] developed an efficient numerical method with
second-order temporal and spatial accuracy.

The time-fractional Black-Scholes model [4], is given by

9°U(S,7) | 1 5 ,0°U(S,7) ou(s,T) -
e T30 T T8 g ~rUET) =0, (57) €(0,00) x [0,T),
U(SaT) = Z(S)’

U<O7T) :p(T)7 Sh—{r;o U(Sa T) = Q(T>7
(1)

where « € (0,1). When a = 1 the model (1) reduces to the classical B-S model. Here,
U(S,7) denotes the price of an option with S being the price of the asset and 7 the current
time, r > 0 the risk-free interest rate, ¢ > 0 the volatility of the underlying asset and
T > 0 the expiration time.

In this work, we develop three new compact numerical schemes to solve the time frac-
tional Black-Scholes (TFBS) model. The spatial derivatives are approximated using the
fourth-order Padé approximation, a fourth-order Taylor compact difference scheme and
a fourth-order compact exponential scheme. We improve the accuracy by adopting the
L1-2-3 discretization of order 4 — «, to approximate the time-fractional derivative. The
solvability of these numerical schemes is established. The stability and convergence anal-
ysis of the proposed schemes is proved using Fourier analysis. Numerical experiments are
conducted, and the results are compared with some existing methods in the literature.

The paper is organized as follows. Section 1 presents a detailed literature survey on
numerical schemes to solve the TFBS model. In Section 2, an equivalent model of the
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TFBS is formulated. Three numerical schemes are constructed in Section 3 and their
solvability is analyzed. The stability and convergence analysis is presented in Section 4.
The numerical results are demonstrated in Section 5. Finally, Section 6 concludes the
study by summarizing the key findings.

2. TIME FRACTIONAL BLACK-SCHOLES MODEL

Using the transformations [24],
S=e",7=T—t, V(z,t)=U (", T — ),

the model (1) can be written as

C DOV (2, 1) — %JQVm(x,t) _ <7‘ _ %a2 Vi, t) +rV (2, £) = 0,

(z,t) € (—o0,00) x (0,T], (2)

V(z,0) = z(z),
lim V(z,t) =p(t), lim V(x,t) =q(t).

T——00 T—00

0U(S,7)
ore

C na _ 1 tav(ajvg) e

In model (1), is transformed to the following Caputo form [26]:

To solve the above model numerically, we need to truncate the unbounded domain (—oo, 00)
x (0, T] into a finite interval (bg, by,) % (0,T] and add a source term f(x,t) to the right-hand
side of the equation without loss of generality. The model (2) can be formulated in the
following form [18]:

1 1
FDEV(.0) ~ 50Varlt) (= 30 ) Vilint) 41V (5,0) = (),

by <x <by, 0<t<T, (3)
V(z,0) = z(z), bg < x < by,
V(bg,t) = p(t), V(bu,t) =q(t), 0<t<T.

3. CONSTRUCTION OF NUMERICAL SCHEMES

In this section, three numerical schemes with fourth-order accuracy in space and time
accuracy of order 4 — a are developed to solve the TFBS model. In the beginning, we
give notations and some preliminaries. Let ¢, = nAr, n = 0,1,2,...,N; x; = by +
th, i = 0,1,2,..., M represent the uniform time and spatial meshes, respectively. Here,

AT = N and h = — ]\_4 4 denote the time and spatial grid sizes, respectively. The

following notations are introduced:

|4 i ;tn -V 11— atn
5.V (1) = (Tit1 )2h (i1 ),
Vv ($Z’+1, tn) -2V (ZE@', tn) +V (xi,l, tn)
h?2 ’

1
AV (xi, tn) = I [V (a:i_l, tn) + 10V (IL’Z', tn) +V («Ti+17 tn)] .

53‘/ (mi, tn) =
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Let f € C*[0,t]. For any a (0 < o < 1), L1-2-3 approximation [15] of §Dg f(t
defined as

N Ar—a k—1
BES(0)|,_, = T —ay (266 = 20 Ofyma —98)) =2 |

t=t
k j=1

where, for k = 1,7§ = 1; for k = 2,75 = af + b,y = af — b§;

for k = 3,
a* + b + B, [ =0,
= ai + b = b, =281, =1,
ap = by + Bk, =2,
and for k > 4,
ai* + b + By, =0,
aF b — b+ 5 <28, =1
Wo=9 o HO =0+ B 20 + By, 1< E—3,
at + 07 = by =26 + By, l=Fk=2,
at = by + By, l=k—1,
where

af =(1+ )= 1> 0,
b = [+ 1) =P /2 —a) = [(+ D)7 +117°] /2, 1 >0,

o 1 11—« 11—« 1 2—« 1
Bl_—<6((l+1) + 21 )+2—al e oG _a)

643

) ‘t:tk 18

(4)

- (I + 1>~ 13—a)> ,1>0.

Lemma 3.1. [15] For any a and 7§ (0 < j <k —1, k > 4) defined in (4), we have

1 1 1 11

O =3+ 0T e-ae_ © <1’ 6>’
(i) 76 > s
(i) 2 > 0,5 # 1,
(

(

V) ¥ 298 > > s > Ve 2 Vit
V) 6 > 5,

k—1
(vi) Y g =k
j=0
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Theorem 3.1. [15] Let f € C*[0,t] and R(f (ty)) = §DLf(t) ‘t " DY f (t),), for
a (0 < a<1). Then, we have

R @ < g —ay o, 1@ A7,

to<t<ty

«

1
B )< 5 {utgg;gl 0] (ta — 1) A

1 a 1,1 max | £® ()] Ar3—o
+[12+3(1—a)(2—a) (2*3—(})}%&@ O] ar }

o —a—1 // 3
< - - _
RO @) < g {120 - 00" o |70 ar
1. a1 (3) 4
+g (e —t2)" max |f (t)‘ At

N 1 N 1 o — 10 + 27
— — max
2 12 [ (a—i) ) tost<t

2
3.1. L1-2-3-Padé Scheme. Multiplying (3) with —, we get
o

f(4)(t)} AT4_O‘} , for k> 3.

7gD?V($7t) - sz(xat) + <1 - Zg) V;E(.%,t) + gv(xat) = %f(l’,t) (5)

2
Let 1— —T = f. Using the exponential transformation V (z,t) = 287y (x,t), given in [13],
o?

the equation (5) is transformed to

o o2 0%u 1 o2\ ?
o Difula. ) == 8552 ”[202(“2) o

2 1 2\ 2
For convenience, let % = s and 252 r— % 4+ r = w. Now, it is easy to see that
s >0, w > 0. Therefore, the model (3) can be represented as follows:
0?u(zx,t)
Ox?

with the initial and boundary conditions:
u(z,0) = z(z) 67%5‘%, by < x < by,
u(ba,t) = p(t) e~ 2, u(by,t) = g(t)e 2, 0 << T,

u(x,t) = f(x,t) e 2hT,

S Dfu(z,t) — s + wu(x,t) = g(z,t), bg <x <by, 0<t<T, (6)

where g(z,t) = f(z,t) e 27,
Considering (6) at the grid point (z;,ty), we have

0%u (x4, ty,)
Ox?
Applying L1-2-3 approximation (4), g Dy (xz, t,) is approximated as

C'Dt (zi tn) — +wu (i ty) =g (ziyty), 1<i<M—-1; 1<n<N. (7)

AV —
6 D (i, tn) = T2—a) (70 u (@i, ) — Z Tnkm1 — Vi) U (i, ) — Yy u (xi,tO)) :
k=1

(8)
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Using the Padé scheme, the second-order spatial derivative is approximated as

O%u(wi,tn) 62

= U
Ox? I+ 252

(wi,tn) + O (R) . (9)

h2
Let A=T7+ 55”2” Substituting (8) and (9) into (7), we obtain

(2~ k=1
= 50%u (i, tn) — wAu (x4, tn) + Ag (24, ) + 77, 1 <i< M —1; 1 <n < N.

—a n—1
A {FATOO [’Yg‘u (@i tn) = Y (Vo por = V0k) w (@, k) — oy (2, to)] } (10)

There exists a positive constant C such that
P < Cy (AT +RY), 1<i<M—-1; 3<n<N.

Denoting @' as the approximate solution of u (x;,t,), omitting the term 7} and rearranging
the terms in (10), the L1-2-3-Padé scheme for (6) with initial and boundary conditions is

obtained as follows:

H s wY . 10p 2s 10w\ . i s wy
(108 = g+ 33) 0 + <1273+h2+12 i+ ({396 — 52 + 73)

I ok N H N N N
=1 Z (k-1 — k] (uifl + 104 + Uz‘+1) + E’Yfffl (a9_y + 104 + a7, ;)
k=1
1
+33 (981 +10g7 + g7 1), i=1,2,...,M—1; n=1,2,...,N,
0 = z(z) e 2P i =1,2,... M —1,
ap = p(ty) e 2% % = q(t,) e 2P n=0,1,...,N,
(11)
b AT
where p =
F=Tre—w
Theorem 3.2. The L1-2-3-Padé scheme (11) has a unique solution.
Proof. The difference scheme (11) can be written in a more concise form
Au" = b,
where the right-hand side vector b depends on the solution @™~ !, 4" 2,...,4% and the

tri-diagonal matrix A = (a;;), where

10p 25 10w , .

\am:ﬁ%+ﬁ+ﬁvz:1,2,...,M—1and

2 o 25 2w 2 o 28 2w .

Tye -4 —or -2 - ifi=23,... M2
> ayl = RO TR TR TR T T T ’
— H S w H S wo...

i ﬁ’)’g—ﬁ—i-ﬁor—ﬁ’yg‘%—ﬁ—ﬁle—l,M—l.
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Since p,s,w and ~§ are nonnegative, and |a;| > Z la;j|, the tri-diagonal coefficient
J#i

matrix A = (a;;) is strictly diagonally dominant. Thus, A is non-singular. Hence, there

exists a unique solution. ]

3.2. L1-2-3-Taylor’s compact scheme (L1-2-3-TCS). Consider

0%V (z,t) oV (x,t)
T a2 o ox
V(z,0) = z(z), bg < x < by,

V(bg,t) = p(t), V(by,t) =q(t), 0<t <T,

= CDOV (,8) + V(2. t) — fla,t), (,1) € (bayby) x (0,7,

(12)

1
Wherea:§02>0, b=r—a, c=7r>0.

Using Taylor’s expansion, a fourth order semi-discrete compact scheme for (12), see [6],
can be obtained as

2

212
n?
(a + hb) 62V (x4, tn) + DOV (24, t,) =

b
2 e .
12 <5 g (xu ) a(sxg ('fcu tn))

+g(xz-7tn) +0 (b,

(13)

with g(z,t,) = § DRV (x4, tn)+cV (i, tn)— f (24, tn). The Caputo time-fractional derivative
in g(z;,t,) is approximated by using the L1-2-3 discretization (4). Using (4) in (13) and
rearranging the terms, we obtain

h2b?
(a + ) 62V (x4, tn) + DO,V (4, t,)

12a
“Te—a) WV (@i tn) — Z Tkt = Tn-k) V (@istk) = vn_1V (i, t0) | + ¢V (i, tn)
k=1
h2 AT = o o
f (:EZ?tn) 52 > [1—\(2 (le?tn) - Z (’yn—k—l - Vn—k) 14 (xi’ tk)
k=1
— eV (wi,to)) +cVi(xi,tn) — f (xi,tn)] +R!, 1<i<M-1;1<n<N.

(14)

There exists a positive constant Cy such that

IR < Oy (AT* 4 %), 1<i<M—1;3<n<N. (15)
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In (14), denoting v'=V (z;,ty), omitting the term R} and after rearranging the terms,
the L1-2-3-TCS for the problem (12) is obtained as:

s +c b bh 10
[Nl — 012 ot %(u’y{f +o)| vy + | —2u1 — E(/Wf)l +c)| v

wyg+c b bh o n
+ [Ml P o (2Tl SO | KV

12 2h  24a

=—fi'—= D (fly —2f + i) — 2a (fla = f)

n—1
k 0
— <Z (7371@71 — Yo k) v+ 75—1%) (16)
k=
" n—1
k ko, K
- [ (k1 — k) (Uifl - 2v; + Uz‘+1) + 1 (U?fl — 200 + U?ﬂ)]

(’Yrozéfkfl - 'Ygfk) (vz]‘c—&-l - Uf—l) + Yn-1 (U?+1 - U?—l)] )
i=1,2,....,M-1; n=1,2,...,N,

V) = z(zy), i=1,2,...,M —1,

vy =p(tn), vl =q(ty), n=0,1,2,...,N,

Ar™@ 1 b2h?
Whereu:mand,ul:ﬁ CH_E .

Let v" = [v{‘,vg, e ,U%fl]T. Then, we write (16) as a system of algebraic equations
pye +c b bh

o _ (0%
12 " 2n Tt C)}’

Av™ = b, where A = tridiag(L, D,U), with L = [,ul

g te b bh

10
D = —2 _— o = _ — Q¢ .
o 12(/% + 0)} and U [m 5 T on " 24a (Hg + C)]

Theorem 3.3. The L1-2-3-TCS (16) has a unique solution.

Proof. Since A is a Toeplitz matrix, its eigenvalues are given by

10 g + ¢\ b bh 2
J— _2 _ « 2 _ 0 _ _ «
i = (a5 + ) + \/ <u1 o > (2h 51 (116 +c)) cos 37,

i=1,2,...,M—1.

2 2
& +c b bh
<u1 _ e ) - < (g + c>) <0,

For the case

12 2h  24a

the eigenvalues of A can be written as \; = a + bi in which a # 0.

For the case
2 2
_mgteNT (b b

I el

5 > 0, we have

if
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10 §+c
Ai < —%u—12W%?+@+2<Mr—Wﬁ2)=~%w€+¢)<&
and if p; — wo T ¢ < 0, we have
10 uYg +c 8
i < =21 — — (uy® Y T st 4 o < 0.
i < =2m = 5 (g + ) <u1 B ot 5 (e +c)

Since p1, p, c and v are positive constants, in each case the eigenvalues of A are non-
zero, and consequently, the coefficient matrix A is invertible. Therefore, the solution of
L1-2-3-TCS (16) exists and is unique. O

3.3. L1-2-3-Compact exponential scheme (L1-2-3-CES). First, we consider the steady
state equation

b—:U + a5 = F(z), (17)

where F'(z) is a suitable smooth function. A fourth-order compact exponential scheme for
(17), see [23], can be obtained as

(=802 +b6,) Vi = (1 4 B16, + 5202) F; + O (h?), (18)
where
B—thcoth< bh> pr = 5752 (CLZ:LB)‘F(S‘

Substituting F(z) = § DRV (x,t) +cV (z,t) — f(:n, t) in (18) and rearranging the terms, the
compact exponential semi-discrete approximation for the TFBS problem (12) is developed
as

(52_51) DV +ev — )7+ <1—2ﬁ2> ((DpvV +cv —f);

h?  2h h?
52 51 C nao n
+<m+ml@Dghmv—ﬂH1 (19)

_ _ﬁ_i n 25 n _ﬁ b n 4
_<lﬂ an ) Vi Vi (T gy ) Vi O ().

Using (4) in (19), and rearranging the terms, the scheme for (12) is developed as

b 2 2
o (B o)+ (g v [<ms+c> (1-22)- %] w
a B2 B g b B B
+ [(M’)’o +¢) <h;+ 22) + <hg - 2h>] 1 = MZ V1~ V) th - 2;) v
2% B, . [(B 8 2
I

B2 B Bo Br\ 262\ pn (P2 B n
+<h§+2}IL>V’+1] [(,;—22)fi_1+<1—2>f ( 2+2}1L> z+1]—|—R

1<i<M-1; 1<n<N.
(20)

There exists a positive constant C'5 such that

[RE[<Cy(ar* ™4 n), 1<i<M-1;3<n <N, (21)
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n (20), denoting v} as the approximation of V;", omitting the term R? and after rearrang-
ing the terms, the L1-2-3-CES for the problem (12) with initial and boundary conditions
is derived as follows:

b 2 2
o (o) + (g {oms v (1-52) - o] o
b
+ [(m?+6) <§§+§2> + (é—Qh)] vP = MZ Vo ko1 = Yak) [(fg—i) vy
2 2
() ()i (-2 (21

fa B Bo B1Y\ s 202\ yn (P2 B pn
() (- ) () (e )]

1<i<M-1; 1<n <N,
(22)

v = z(z;), i=1,2,...,M — 1,
vy =p(tn), Vi =qtn), n=0,1,2,... N,

AT™¢
Where m = m

Theorem 3.4. The L1-2-3-CES (22) has a unique solution.
Proof. The scheme (22) can be expressed in the matrix form as
Av" =
where the right-hand side b depends on v~ 1, v"2 ... 4" and A = tridiag(L, D,U), with

L= [(;wg‘%-c) (fg_zﬁ;L)—i_(hﬁ?—i_Qbh)]’ D = [(,twg‘—i-c) <1_2hﬂ22>_i§] and

o-[peeaffo8) (3-3)]

Note that
3 b a bh bh\  bh a bh bh
242 coth L2 A0 otn (=2 ) 21,
RTon T R "9 ) T 2a) T n22a \° %

bh
If we let z = —, then
2a

bh bh Tz
< th< 5 >il>:2ze:2ez¢zl z <0, z€ (—o0,+00).

2 a e~? —e* —e2z —
Hence
g b g b 23
h? + 2h + h? 2h 2

Using [23, Lemma 3], we get

<1_2h/322> '1_2}152%52 B

N B2 P

+h2 2|
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Therefore, we obtain

b b
101 = w0 (g - 5 )+ (g + )|+ [ +0 (T 52) + (4= 37 )|

NN RN 5 o). |8 b
<ue+o |G-+ m+a) (a5
2 2
<g+o(1-22) - % = ol

This implies that the matrix A is strictly diagonally dominant. Therefore, A is non-
singular. Hence, there exists a unique solution. ]

4. STABILITY AND CONVERGENCE ANALYSIS

In this section, we present a comprehensive stability and convergence analysis of the
designed schemes L1-2-3-CES and L1-2-3-TCS.

Lemma 4.1. Gronwall’s lemma (Discrete version): Let o be a nonnegative constant, and
let (uy) and (wy,) be nonnegative sequences, then the following holds,

n—1 n—1
ifup, < a+ Zukwk, Vn, then u, < aexp (Z wk> , Vn.
k=0 k=0

4.1. Stability analysis of L1-2-3-CES. In this section, we establish the stability prop-
erty of the L1-2-3-CES scheme (20) using Fourier analysis. Firstly, we denote

b

1= o0 (-5 (o)) =m0 (1-58) -
b

o e R R )

oe () e 04)

Let ' be an approximate solution of (20) and define
pir=uv; =0, 0<i<M; 0<n<N.

2

Then, the error equation of (20) is

7 T n
T1pi—1 T 720 + T304

n—1

= 1> (s = i) (s + s20f - sapkin ) + iy (s1ply + 5200 + s3pla)
k=1

(23)

and pg = plt; = 0.

Now we define the grid function

P ' 0, bdgxgbd+%orbu—%<x§bu,
which can be expanded as a Fourier series
00 1 L
p(zx) = Z dp(l)exp(i2wlz/L); n=1,2,...,N; dy(l) = L/ p"(z) exp(—i2nlz/L)dx,
0

l=—00
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where L = b, — bg and i = —1. Let p" = (p?,pg, . 7p11}/[71) € CM~1, with the following

norm
M—1 1/2 I 1/2
Hp"H2=<Zh!p?\2> :[/ \p”(x)\zdx] .
=1

The application of the Parseval identity leads to [|p"[|5 = S;1°° |dn(1)]*. We suppose

2l
that the solution of (23) has the form p' = d,, exp(ioih), o = I Substituting p into
(23), we obtain

-1
wl(s1+ s3)cosoh + sy —i(s1 — s3) sinoh] <
i - S — ) di e do ) -
" ( (r1+r3)cosch +ry —i(ry —r3)sinoh Pt k-1 = Tnk) dk + V1o

(24)

Lemma 4.2. The following estimate holds

‘,u [(s1 + s3) cosoh + so —i(s; — s3)sinoh]

<1. 2
(ri +r3)cosoch +ry—i(ry —r3)sinoch ‘ - (25)

Proof. We have

‘u [(s1+ s3) cosah + s9 —i(s1 — s3)sinoh]

<1
(ri+r3)cosch+ry —i(r; —r3)sinch ‘ -

< | [(s1 4 s3)cosoh + sg —i(s1 — s3)sinoh]| < |(r1 +73) cosoh + 19 —i(ry — r3) sinoh|

@’u {hﬁQcosah—l—l— 2”62—1-1<B1>sinahH

h? h
[(c+ )hﬁj%-hf} coscoh + (¢ + puyg) <1—2hﬁ22>—i§

+i [(c—i—,two) (%) Z] sinoh

2
(1 252 (1 — cos O'h)) + iisin2 O'h]

epu? 7z

< {(c-i—lﬂo) (1 - %(1 — co ah)> + z—g(cosah— 1)]2
n

[(c+mo) (Bhl) - erm%h
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2
& (2 + 2ep7§) (1 - %(1 — cos oh)) + hﬁ(cos oh—1)2
2 2
+2(c+ pg) (1 — %(1 — Cosah)> h—g(cosah — 1)+ (+ 2c'u70) 51 sin? oh
o (BL) b v 26> (0

—2(c+ 1) (h Esm 2oh+ — 2 sin?oh +p? (1 - —(1 —coscoh) ((70)2 — 1)

26% 2 a2
+ 2 sin Uh((’yo) —1) >0

(26)
Since ¢ > 0, u > 0, and 7§ > 1, we have
2 2 2
(02 + 2cp§) <1 — %(1 — cos 0h)> >0, (c + 2cp7§) i—l sinoh > 0,

2B—%sin20h (( O‘)2—1> >0 1—2—52(1—cosah) 2(( O‘)2—1> >0
H h2 Yo = a:u 12 70 = Y

Therefore, if we can prove

2(c+ wgy) <1 — F(l - cosah)> ﬁ(cosah —1) = 2(c+ ) <h 7 sin oh >0,

or equivalently

8(c+ ug) . 20h[ 5(1_462 1n207h

S h2 D)

h
2 5 > + (—bB1) cos? 02} >0, (27)

h h
then (26) holds. Next, if sin? % = 0, then (27) holds. When sin? % # 0, we have

-8 (1 — % sin? 02h> = a(—z) coth(—=z) [ <;26;L22( + zcoth(—=z)) + §> sin? 0'2}1}
= a(—z2) coth(—2) [1 + 1)42%( 14 (—2) coth(—z)) sin® %h - gsin2 UQ}L} ,

and

h h h
(—=bB1) cos? % = a(1 + z coth(—2)) cos? % = a cos? % — a(—z) coth(—2z) cos? U—,

b
where z = —. Now, we have
2a

- (1 _ 46 sin? Uh) + (=bp1) cos? %h

h? 2
4a qo0h 1  ,oh 5 0h
= —az coth(—2z) [62h2( 1+ (—z) coth(—=z)) sin o + 3sin” 5 + a cos -

Using [23, Lemma 1], we get
1 —ycothy <0, y € (—o0,+00).
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Therefore
4a? 1 h h
a(—z) coth(—z) ch;ﬁ(_l + (—2) coth(—z)) sin2 %h + 5 sin’ "7 + a cos? % > 0.
Then (27) holds, that is, (26) holds, which completes the proof. O

Lemma 4.3. Suppose that dy, is the solution of (24), then there exists a positive constant
K such that

ldn| < K |do|, n=1,2,...,N.
Proof. Using (25) in (24), we obtain

(n
< |(V—k1 = Vi) | 1kl + |1 dol -
=1

1

|dn| <

(]

(Vo k1 —Vok) di + ’Yﬁ-ﬂo)
1

—
Il

3
|

By using Lemma 3.1, we obtain

n—1

11
|dn| < Z (k1 — o) | 1di] + 5 |do] -
P

Based on Lemma 4.1, we have

n—1
11
[dn] < - Ido| exp (Z |Y—k—1 — %‘f_k!) :

k=1
Utilizing the triangle inequality and the properties (ii), (iii), (iv) and (v) in Lemma 3.1,
we obtain

11
dal < 0 (598) 1do| < K |do],
and the proof is completed. O

Theorem 4.1. The proposed scheme L1-2-3-CES (20) is unconditionally stable.

Proof. Based on Lemma 4.3 and Parseval equality, we obtain

M—1 M-—1 M-1
ni2 _ ni2 __ ioih 2 _ 2
E h h E d h E d
lp H2 = lp7|” = n€ = |d
=1 =1 =1

M—-1 M—-1
< K21 Z do|? = K2R Z ‘doelazh
i=1 =1

2 2
= K2{0°f;.

This completes the proof. O

4.2. Stability analysis of L1-2-3-TCS. In this section, we prove the stability property
of the L1-2-3-TCS scheme (16) using Fourier analysis. Let 0} be an approximate solution
of (16) and define

=yl — " 0<i<M; 0<n<N.

i =
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Then, the error equation of (16) is

pyg +c b bh o n
g + 57 — 5 )| €'

= (Z (kr = e) b+ vffle?> (28)

n _  n __
and €f = €7y, = 0.

Now we define the grid function

€"(x) =

e, m—-b<w<w+},
0, bg<z<bg+Lorb,—2<z<y,,

which can be expanded as a Fourier series

. 1 L
Z d (1) exp(i2nlz/L); n=1,2,...,N; dn(l) = L/ €"(x) exp(—i2nlz/L)dx
l=—c0 0
where, L = b, — by and i = —1. Let €" = (e’f,eg, .. .,6?4_1) € CM~1 with the following

norm
1/2

_ [/OL |e"(x)]2d:n]l/2.

+oo
Then, the application of the Parseval identity leads to [|¢"[|3 = Z

M-1
le"lly = (Z h|6?|2>
=1

N}
dn(l)‘ . We suppose

l=—00
A 27l
the solution of (28) has the form € = d,, exp(ioih), o = % Substituting € into (28),
we arrive at
i —p + & sin? oh _ blg‘;i sin(oh)
" §te) i i :
(—4M1 + %) sin? %h + (% - %(M’Y@ +¢)) sin(oh) — (uyg + ) (29)
n—1
X <Z (V-1 = Vk) di + 73—1610) :
k=1
Lemma 4.4. The following estimate holds
— Bgin2 eh _ bhui oo
p+ 5 sin® Gt — T4= sin(oh) <1 (30)

S+ . 20 .
(—gor + 9829 sin? 2 4 (% — 2 (g + ¢)) sin(oh) — (w3 + )
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b2
when pp > —.
a

Proof. Since 7§ > 1 and 0 < o < 1, it follows that ;> 0. By choosing h sufficiently small
2

b
such that pu; > —, the inequality in (30) holds if and only if
a

h  bhui & h
‘—M + %sin2 % — IQZI sin(ah)‘ < ‘ <—4M1 + ,wy03—|—c> sin? %

b bhi, | , .
# (5 a8+ ) sino) = (a5 + ).

Since ¢ > 0, > 0 and 7§ > 1, we have
b2h2 2

(~n+ gs)Q (8 1) =0, 5k (sinoh) ((56)° 1) 20, (—c+ gs)2 > 0,

b2h2 a g b2h2 2
% (sinoh)? > 0, (—mg + m?? ) (—c—|— cf) >0, W:? (sinoh)? > 0,

h
where S = sin? (U2> Thus, we have to prove

(—4m.S)? — 81 S (—mé“ - M;)YOS> — 818 (—c + gs)

b2 b2 b2 9 (31)
+ (—12&/178“ - @c-i- h2) sin“(ch) > 0.
Since
b? 5 2b> 20° b? 20° 2b2
v @ h) = 2 aSQ_i aS d — — 2 _ =7 2 =
T2 H70 sin (ch) 6a H0 6o 05 an 155 csin (ch) 5a cS o’ S,
the inequality (31) holds if and only if
2b* 2b*
4 2 « _ H _ E v ag2 <Y a
(4p1S)” + 8u1vg S (u 3S> + (8119) (c 35) + <6a A0S = k0 5)
2b* 2b* 2
+ (6@052 — 6aCS> + ﬁ Sin2(0'h) Z O,

or equivalently,

2 8 ol 8 ol 2 2 o1 20 o 8 8 2
(4puaS)" + { 6 mS = g mS” ) + { gmidmS — eS| + | gemS — geu s

202 L. 30 2 20> 202 5 30 v,
+ 67/1/)/05 + E,U/}/O MlS + <6ﬂlcS — 6(ICS> + 67(105 + FulcS + ﬁ sin (O’h) > 0.
(32)
Since
8 8 8 oh (8 8 8 oh
(3W€u15 - 3W€u152> = gWS‘MSCOSQ 5 (3cu15 — 3cu152) = gcmScos2 5
and

2 202 2 b? 2 202 2 b?
— S S — —pygS ) = —pu§'S - — - - — = - - — .
<6;wo H1 6a Yo ) G;WO <,u1 a ) , <6mcS 6a cS> 605 <u1 a >

All terms of (32) are positive, so (30) holds, which completes the proof. O
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Lemma 4.5. Suppose that dy, is the solution of (29), then there exists a positive constant
K such that

~

dn

SR‘CZO

;n=1,2...,N.
Proof. Using (30) in (29), we obtain

< | (k1 = k)| ’CZI@‘ + |y ‘a?o‘ .
k=1

1

|dn| <

(]

(k1 — Yk dy, + 73—1CZO>
1

S
—
Il

Using Lemma 3.1, we obtain

do| -

n—1
R A 11
|dn| < Z (s — 75| ‘dk’ +5
e

Based on Lemma 4.1, we have

. 111 -
d,| < —|d
< 5 |do

n—1
exXp (Z "Yﬁikq - ’Yﬁk‘) )

k=1
Utilizing the triangle inequality and the properties (ii), (iii), (iv) and (v) in Lemma 3.1,
we obtain

N 11 « Al A
d,| < %;exp(573)‘d0’f§l(’do)

and the proof is completed. ]
Theorem 4.2. The L1-2-3-TCS (16) is stable.

Proof. Based on Lemma 4.5 and Parseval equality, we obtain

~ 12
dn

M-1 M-1
el =3 nlerP =0 > [de™
=1 =1

9 M-—1
—h Z
i=1

oML e ML s
KN Jdo| = K20 Y |doe ™| = B2 |13
i=1 =1

So, the L1-2-3-TCS (16) is stable. O

4.3. Convergence analysis of L1-2-3-CES. In this section, the convergence analysis of
the L1-2-3-CES numerical technique is studied using the Fourier analysis approach. Let
el =V —ul, 1<i<M-—1,1<n<N. Subtracting (22) from (20), we obtain

n—1
riej_y +roel +rael ) = ,uz (Vo_r—1 — Yok (slef,l + soelf + 336f+1) + R, (33)
k=1

where
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Define the following grid functions:

e"(z) = e, xi—%<x§xi+%, 1<i<M-—-1,
0, bg<a<bg+Zorb,—%<az<hb,,

and
Aa) = RY, wj—l<ao<a+l 1<i<M-1,
0, byi<a<bg+Lorb,—L%<az<b,

with
n n on n T N PN T N T
€ :(617623---761\4—1) , R :< 1 2,---7RM—1) :

Thus e"(z) and R"(x) have the following Fourier series expansions

C(x)= Y @ R @) = Y G
l=—00 l=—00
where
1t - 1 (L .
L="0b,—bg, nu(l)= / en(x)e—lez/de, G(l) = / Rn($)€—2ﬂ'll$/de'
L Jo L J

Using the Parseval equality and the definition of L? norm, we get

M-1 L o)
le"lz = hle?IQZ/O e (@)*de =Y (D), (34)
i=1

l=—00
/
0

|7

9 M-—1
-5 h‘R?
2 °
=1

Using (21) and (35), we obtain

R dr= 3 160 (3)
l=—o0

|

, < VMICs (AT 4 1') = GV (Ar' ) < C (A" +01) . (36)
We assume that the solutions of (33) are

¢ = et R = ¢, eloih (37)
where o = 27l/L.

Substituting (37) in (33), we have

i (ks = ) [(51 4 83) cosoh + sp — i (51— s3) sinah]m + G (38)
(ri+rs3)cosch+ry —i(ry —r3)sinch ’

n

Lemma 4.6. For 0 < At < 1, we have

|(r1 + 73) cosoh +ro —i(r1 — r3)sinoh| >

W=
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A —Q
Proof. Since 0 < a<1land 0 < A7 <1, we have 0 <T'(2 —a) < 1. Sou:ﬁ>1
-«
and v > 1. Thus, we can write
| (r1 +73) cosoh + 1y —i(r; — r3)sinohl|?
w2, 28 26, _ 267

2
+ [(c—i—,u,fyo) <6h1) - Z] sin? oh

2
Z[(C—FMVo)(l—Zl}L%inz(ﬁl) B 2"h]

That is

1
|(r1 +r3) cosoh + 19 —i(ry —r3)sinoh| > 3
Hence, the proof is complete. O
Lemma 4.7. Let 1, be the solution of (38). Then, there is a positive constant K, such
that

|| < K |(3]; n=3,4,...,N.

Proof. Using Lemma 4.2 and Lemma 4.6 in (38), we have

il <3108kt = 5k) | el + 31Cal - (39)
k=1

The series on the right-hand side of (35) is convergent. Hence there exists a positive
constant K, so that

ICa| < K |G3]; n=3,4...,N.
Let K/ = max{K3, Ky,..., Ky}, so we have

IGol < K'|¢3]5 n=3,4,...,N. (40)
From (39) and (40), we have
n—1
70l <Y vk = 5] Ikl + 3K |G -
k=1

Based on Lemma 4.1, we have

n—1
0] < 3K"|(5] exp (Z Vnke1 — %‘ka> ,

k=1
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Utilizing the triangle inequality and the properties (ii), (iii), (iv) and (v) in Lemma 3.1,
we obtain

7| < 3K |Cslexp (595) < K |G-
This completes the proof of the lemma. O

Theorem 4.3. The L1-2-3-CES (22) is convergent in the L? norm, and the order of
convergence is O (AT470‘ + h4).

Proof. Applying Lemma 4.7, and using (34) and (36), we have
M—1
2 2
le"ll3 =D kel
i=1
M-1 s M-1 M-1
=0 e =Yl < K2R (G
i=1 i=1 i=1

M-l
— K2 Z ‘Cgelmh
i=1

This completes the proof.

~o 12
= K? HR3H2 < K2C (Ar' + ht)?,

4.4. Convergence analysis of L1-2-3-TCS. Let € = V" — o', 1 <i:< M -1, 1<
n < N. Subtracting (16) from (14), we obtain

uys + ¢ b bh . 10 o R
[Ml— ! —*‘Fi(ﬂ% +eo)| ety + | —2u — 5 (ug )| é

12 2h 12
_mote bbb o ]
+ [Ml o T 5 24(1(#70 + )| €1
n—1 n—1 (41)
=—HK [Z Vn—k—1 — Vn—k Ak] [Z Yn—k—1— Tn— k) ( f 1—2éf+éf+1>]
k= k=1
b,uh n—1
21a [ (Vn—k-1 = k) (éfﬂ - éf—1> + R,

k=1
withé) =0, i=1,2,...,M —1; é§ =0, é%, =0, n=0,1,2,...,N.
Denote

&= (en,eg,....e% )", R*=(RyLRE,...,Riy_)".
Thus, é"(x) and R"(z) have the following Fourier series expansions
(o @] o0
én(.’E) — Z ﬁn(l)e2ﬂi1x/L’ Rn(:c) — Z én(l)eQWilm/L7
l=—00 l=—00
where
1 [t . X 1 [ :
L=bu=bs in@) = [ @ s &) =7 [ R @)
0 0

Using the Parseval equality and the definition of L? norm, we get

M—-1 L o)
ler2 =3 hlenf? = /0 @)= Y O,
=1

l=—o00



660 TWMS J. APP. ENG. MATH. V.16, N.5, 2026

e}

M-1 L
IR"lz =) h|R}T? :/0 R (@) de =)
i=1

l=—0

Cn(D)

:

Also, (15) gives
IR < Cy (AT +h%), 1<i<M-1;3<n<N.
We assume that the solutions of (41) have the expressions
éf’ _ ﬁneiaih7 Rzn _ éneiaih’ (42)
where o = 27/ L.
Substituting (42) in (41) gives
(< tysin® g — B sin(on) ) (51 (e — ¥oe) )

77” = e . .
(—4u1 + ‘”OT“) sin? G + (8 — 2L (ur§ + ¢)) sin(oh) — (11§ + )

A (43)
n &n
(—par + B ) sin? 4 (3 — i (g + <)) sin(oh) — (43§ + o)
Lemma 4.8. The following relation holds
a . ! : <3.
‘ <—4u1 + WOTJFC> sin? % + (% - %(M’Y@‘ + ¢)) sin(oh) — (1§ + c)‘
Proof. Since pu, v& > 1 for At € (0,1) and ¢ > 0, we obtain
2 ? g +c\?
1< 215 +¢)? =9 <3(u76“ + 0)) =9 <m€ te- =—
« h 2
<9 <W€ b it Lo 0)
3 2
h ¢ h\?
<9 4ulsin2g—+;w§‘+cf Msinza—
2 3 2
b (g b 2
(W sin(oh) — % sin(ah)) ]
Also, we know
& h bi  bhi
‘ <—4,u1 + MVO;_C> sin? % + <hl — ﬁ(u’y@‘ + c)> sin(oh) — (U5 + ¢)
wys+c\ . 5 0h bi bhi .
= <4M1 - 03> sin? 5 (h - @(M%‘)x +¢) | sin(oh) + (g +¢)| .-
Hence, the proof is complete. O

Lemma 4.9. Let 1, be the solution of (43), then there is a positive constant K, such that
il < K |G

Proof. This lemma can be proved with a similar procedure as used in Lemma 4.7. U

, n=3,4,...,N.
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Theorem 4.4. The L1-2-3-TCS (16) is convergent in the L?> norm, and the order of
convergence is O (AT4*0‘ + h4).

Proof. This theorem can be proved with arguments similar to those used in Theorem 4.3

and is omitted here.
O

5. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments using the proposed schemes to verify
the theoretical order of accuracy in both space and time and compare the results with the
results in [6, 24]. The error is defined by E(h, A7) =  max |V (@i, tn) — UZN| , where

<i<M -

V (z,tn) and v)¥ are the exact and approximate solutions at the grid point (x;,¢x). The

tational order of in ti d leulated using log, —U2 A7)

computational order of convergence in time and space are calculated using logy ——————
E(h,A

and log, E(i(z/’Q,AT% respectively.

Example 5.1. Consider

+7rVi(x,t) = f(x,t),
O<zr<l, 0<t<,

CDa t) — — 7
o DiVi(@,t) 2 Ox? "7 oz

V(z,0) =sintz+1, 0 <z <1,
L VO, ) =+1, V(1,t) =t3+1, 0 <t <1,

with 7 = 0.06 and o = 0.2, where

6t3fa

2 2
m(sin mr+ 1) — (t3 +1) [02 (—7r2 sinmx) + <1" — U2> T COS TTT

f(:L‘,t) =

— r(sinz + 1)} .

The exact solution of the problem is V(z,t) = (¢* 4 1) (sinwz + 1).

Table 1 represents the numerical errors and temporal convergence order of L1-2-3-Padé
scheme, and the errors are compared with the errors of Padé scheme of Algorithm 1 in [24],
with a fixed spatial step size h = 1/5000 and for different A7 corresponding to parameter
a = 0.2,0.5 and 0.8, while Table 2 represents the same for L1-2-3-TCS, L1-2-3-CES and
the results are compared with the scheme in [6]. The results reveal that the newly designed
algorithms have achieved the temporal convergence order 4 — a and improved the results
in [24, 6].
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Algorithm 1[24]

L1-2-3-Padé Scheme

a | At | E(h,AT)

order

E(h,AT)

order

0.2 1/10
1/20
1/40
1/80

1.0741e-02
3.4206e-03
1.0646¢e-03
3.2601e-04

1.6508
1.6840
1.7073

4.828268e-05
3.247737e-06
2.251528e-07
1.596850e-08

3.8940
3.8505
3.8176

0.5 5.0472e-02
1.8850e-02
6.9137e-03

2.5057e-03

1/10
1/20
1/40
1/80

1.4209
1.4470
1.4642

4.962600e-04
4.175109e-05
3.601869¢-06
3.144930e-07

3.5712
3.5350
3.5176

0.8 1/10
1/20
1/40

1/80

1.5235e-01
6.7532e-02
2.9750e-02
1.3047e-02

1.1737
1.1827
1.1892

3.013250e-03
3.194413e-04
3.432275e-05
3.711773e-06

3.3277
3.2183
3.2090

TABLE 1. Numerical errors and temporal convergence orders of L1-2-3-
Padé Scheme for Example 5.1 with different a, when h=1/5000.

Scheme [6]

L1-2-3-TCS

L1-2-3-CES

a | AT

E(h,AT) | order

E(h,AT)

order

E(h,AT)

order

1/10
1/20
1/40
1/80

1.07408e-02
3.42060e-03
1.06458e-03
3.26014e-04

1.6507
1.6839
1.7072

4.82827e-05
3.24742e-06
2.25211e-07
1.56612e-08

3.8938
3.8499
3.8460

4.82827e-05
3.24797e-06
2.25211e-07
1.56603¢-08

3.8938
3.8501
3.8460

1/10
1/20
1/40
1/80

5.04722e-02
1.88500e-02
6.91373e-03
2.50572e-03

1.4209
1.4470
1.4642

4.96259e-04
4.17508e-05
3.60158e-06
3.14559e-07

3.5712
3.5351
3.5172

4.96260e-04
4.17509e-05
3.60158e-06
3.14383e-07

3.5712
3.5351
3.5180

1/10
1/20
1/40
1/80

1.52348e-01
6.75320e-02
2.97499e-02
1.30474e-02

1.1737
1.1826
1.1891

3.01325e-03
3.19441e-04
3.43224e-05
3.71153e-06

3.2376
3.2183
3.2090

3.01325e-03
3.19551e-04
3.43225e-05
3.71133e-06

3.2377
3.2183
3.2091

TABLE 2. Numerical errors and temporal convergence orders of L1-2-3-
TCS and L1-2-3-CES schemes for Example 5.1 with different a, when
h=1/5000.

The numerical errors and spatial convergence orders of L1-2-3-Padé Scheme, L1-2-3-
TCS and L1-2-3-CES with different values of « are given in Table 3 . For a fixed temporal
1/10000, the results show that L1-2-3-Padé Scheme, L1-2-3-TCS and

step size AT =

L1-2-3-CES are convergent with the fourth order accuracy in the spatial direction.
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L1-2-3-Padé Scheme

L1-2-3-TCS

L1-2-3-CES

« h

E(h,AT)

order

E(h,AT)

order

E(h,AT)

order

0.2] 1/4
1/8
1/16
1/32

4.67455e-04
2.83500e-05
1.78505e-06
1.12068e-07

4.0434
3.9893
3.9935

6.23083e-04
3.87131e-05
2.42019e-06
1.51716e-07

4.0085
3.9996
3.9957

5.80789e-03
3.61005e-05
2.25773e-06
1.42726e-07

4.0079
3.9990
3.9835

05 1/4
1/8
1/16

1/32

4.38362e-04
2.65725e-05
1.67871e-06
1.05204e-07

4.0442
3.9845
3.9960

5.84684e-04
3.62620e-05
2.26654e-06
1.42549e-07

4.0111
3.9998
3.9909

5.45802e-04
3.38614e-05
2.11882e-06
1.34282e-07

4.0106
3.9983
3.9799

08 1/4
1/8
1/16

1/32

4.08798e-04
2.47725e-05
1.57185e-06
9.82824e-06

4.0446
3.9782
3.9993

5.45843e-04
3.37933e-05
2.11183e-06
1.33410e-07

4.0137
4.0002
3.9846

5.10640e-04
3.16214e-05
1.99570e-06
1.25929e-07

4.0133
3.9859
3.9862

TABLE 3.

©

Exact Solution
N
o

T

Numerical errors and spatial convergence orders of L1-2-3-Padé
Scheme, L1-2-3-TCS and L1-2-3-CES for Example 5.1 with A7 =1/10000.

(a) Exact Solution

(c) L1-2-3-TCS approximate solution

(d) L1-2-3-CES approximate solution

FIGURE 1. Space-time graph of the exact and numerical solution for Ex-
ample 5.1 with a = 0.2 and M = N = 200.
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Figure 1 illustrates the space-time graph of the exact and numerical solution for Example
5.1 with « = 0.2 and M = N = 200. From the figures, it is evident that the computed
solutions using the proposed schemes are in good agreement with the exact solution.

Example 5.2. Consider

( o a2 0%V (xz,t) o2\ OV (z,t)
th V(ﬂ?,t) - ?W - (T - 2> T +TV($,t) = f(l',t),
O<z<1l 0<t<I,

V(z,0)=¢€" 0<x <1,

V(,t)=t34+1, V(I,t)=e(®+1), 0<t <1,

with » = 0.06 and ¢ = 0.1, where

The exact solution of the problem is V (z,t) = e* (¢ +1).

The numerical errors and temporal convergence orders corresponding to the proposed
schemes are presented in Table 4 for Example 5.2. The computations were carried out
using a fixed spatial step size of h = 1/300 and for three values of the fractional order
parameter, o = 0.2, 0.5 and 0.8. The numerical results confirm that all three methods
successfully achieve the expected temporal convergence order of order 4 —a, demonstrating
the accuracy and robustness of the proposed time discretization strategies. In addition,
Table 5 presents the spatial convergence orders for the proposed three numerical schemes
applied to Example 5.2, using a fixed number of time steps N = 400 and varying spatial
resolutions, for a« = 0.2, 0.5 and 0.8. The tabulated results clearly indicate that all the pro-
posed schemes achieve fourth-order accuracy in space, thereby validating the effectiveness
of the spatial discretization techniques employed in this study.

L1-2-3-Padé Scheme L1-2-3-TCS L1-2-3-CES

a | At | E(h,AT) | order | E(h,At) | order | E(h,AT) | order
0.2 | 1/16 | 8.9927e-06 - 8.9933e-06 - 8.9933e-06 -
1/32 | 6.2148e-07 | 3.8550 | 6.2215e-07 | 3.8535 | 6.2215e-07 | 3.8535
1/64 | 4.3130e-08 | 3.8489 | 4.3796e-08 | 3.8284 | 4.3796e-08 | 3.8284
1/128 | 3.1652e-09 | 3.8146 | 3.1076e-09 | 3.8169 | 3.1076e-09 | 3.8169
0.5 | 1/16 | 1.1028e-04 - 1.1028e-04 - 1.1028e-04 -
1/32 | 9.4962e-06 | 3.5377 | 9.4968e-06 | 3.5376 | 9.4968e-06 | 3.5376
1/64 | 8.2801e-07 | 3.5196 | 8.2861e-07 | 3.5187 | 8.2861e-07 | 3.5187
1/128 | 7.2157e-08 | 3.5204 | 7.2754e-08 | 3.5096 | 7.2754e-08 | 3.5096
0.8 | 1/16 | 7.7885e-04 - 7.7885e-04 - 7.7885e-04 -

1/32 | 8.3626e-05 | 3.2193 | 8.3627e-05 | 3.2193 | 8.3627e-05 | 3.2193
1/64 | 9.0402e-06 | 3.2095 | 9.0408e-06 | 3.2094 | 9.0408e-06 | 3.2094
1/128 | 9.8006e-07 | 3.2054 | 9.8060e-07 | 3.2047 | 9.8060e-07 | 3.2047

TABLE 4. Numerical errors and temporal convergence orders of L1-2-3-
Padé Scheme, L1-2-3-TCS and L1-2-3-CES for Example 5.2 with ~ =1/300.
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L1-2-3-Padé Scheme L1-2-3-TCS L1-2-3-CES
! h | E(h,At) | order | E(h,At) | order | E(h,At) | order
0.2 1/4 | 2.3622e-02 - 7.0302e-05 - 7.3997e-05 -

1/8 | 1.3534e-03 | 4.1255 | 4.2586e-06 | 4.0451 | 4.8396e-06 | 3.9345
1/16 | 8.5439¢-05 | 3.9855 | 2.6763e-07 | 3.9921 | 3.1100e-07 | 3.9599
1/32 | 5.3627e-06 | 3.9939 | 1.6731e-08 | 3.9997 | 1.9562¢-08 | 3.9908
05| 1/4 | 2.1771e-02 - 6.4592e-05 - 6.7993e-05 -
1/8 | 1.2325e-03 | 4.1427 | 3.8776e-06 | 4.0581 | 4.4068e-06 | 3.9476
1/16 | 7.7773e-05 | 3.9862 | 2.4240e-07 | 3.9997 | 2.8188e-07 | 3.9666
1/32 | 4.8865e-06 | 3.9924 | 1.4102e-08 | 4.1034 | 1.6682e-08 | 4.0787
0.8| 1/4 | 1.9778e-02 - 5.8385e-05 - 6.1469e-05 -
1/8 | 1.0987e-03 | 4.1700 | 3.4334e-06 | 4.0879 | 3.9053e-06 | 3.9763
1/16 | 6.9899¢-05 | 3.9744 | 1.9698e-07 | 4.1235 | 2.3247e-07 | 4.0703
1/32 | 4.3702e-06 | 3.9995 | 1.1209e-08 | 3.9655 | 1.0472e-08 | 4.4724

TABLE 5. Numerical errors and spatial convergence orders of L1-2-3-Padé
Scheme, L1-2-3-TCS and L1-2-3-CES for Example 5.2 with A7 =1/400.

Example 5.3. Consider the following time-fractional Black-Scholes equation governing
European put option

o
CR™ 0 +7rV(z,t) =0,
—46<z<46, 0<t <1,
V(z,0) = max {K —e”,0}, —4.6 <z < 4.6,

V(-4.6,t) = Ke ™, V(4.6,t) =0, 0<t<1.

20°V (x,1) <T 02> OV (1)

We present the numerical results for Example 5.3, using L1-2-3-Padé scheme, L1-2-3-
TCS and L1-2-3-CES, illustrating the pricing of European put options with M = 400
spatial grid points and N = 80 temporal grid points in Figures 2-5. Here K denotes
the strike price. Figure 2 demonstrates the influence of the fractional order o on the
option price for a = 0.2, 0.5 and 0.8, while keeping the other parameters fixed as K = 50,
o = 0.25 and r = 0.05. The results clearly indicate that the order of the time-fractional
derivative significantly affects the option pricing behavior, particularly near log K. The
corresponding zoomed image is presented near the domain [3.88, 3.96].

Figure 3 illustrates the impact of varying the risk-free interest rate r on the European
put option price, with the parameters K = 50, 0 = 0.25 and o = 0.2. For values of
r = 0.005, 0.05, 0.1 and 0.2, the numerical results show that an increase in the interest
rate leads to a decrease in the put option price.

Figure 4 presents the variation in option price with respect to the strike price K, for
fixed values of o = 0.25, » = 0.05 and a = 0.2. It can be observed that the option price
increases monotonically with the strike price. Figure 5 represents the behaviour of the
option price with respect to time for fixed values of K = 50, ¢ = 0.25, » = 0.05 and
a = 0.2. It is observed that as time increases, the option price also increases, which is
consistent with the expectation of the real market.
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L1-2-3 —Padé, a =0.2
O I1-23-TCS, a=0.2
40 - O L1-2-3—CES, a =02
L1-2-3 — Padé, a = 0.5
35 O L1-2-3—-TCS, a=05
o L1-23—CES, a=05
30+ L1-2-3 — Padé, a =0.8
. [1-2-3 — TCS, a = 0.8
. L1-2-3 — CE! =0.
Toost 3-CES, a=08
~ Zoomed View
20 r
[©)
15 (&
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5 .
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-4 -3 -2 -1 0 1 2 3
x

FI1GURE 2. European put option price for Example 5.3 with different values

of v at t =1.
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5 o5 L1-2-3 — Padé, r = 0.005

g O L1-2-3—TCS, r =0.005

¢ L1-2.3—CES, r = 0.005

20 L1-2-3 — Padé, r = 0.05

O [L1-23-TCS, r=0.05
151 © L1-2-3—CES, r = 0.05
L1-2-3 — Padé, r =0.1
10 I1-2-3 — TCS, r = 0.1
11-2-3 — CES, r = 0.1
[1-2-3 — Padé, r = 0.2
5| o L1-23-TCS, r=0.2
o L1-2-3—CES, r=0.2

-4 -3 -2 -1 0 1 2 3 4 5

F1GURE 3. European put option price for Example 5.3 with different values
of ratt =1.
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60
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40

L1-2-3 — Padé, K =40
30 O L1-2-3-TCS, K =40
[ L1-2-3 — CES, K =40
L1-2-3 — Padé, K =50
O L1-2-3-TCS, K =50
20| ¢ L1-23-CES, K=50
L1-2-3 — Padé, K =60
L1-2-3 - TCS, K =60
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[ L1-2-3 - CES, K =170
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-4 -3 -2 -1 0 1 2 3 4 5

V(z,t)

FI1GURE 4. European put option price for Example 5.3 with different values
of K att =1.
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F1GURE 5. European put option price for Example 5.3 at ¢ = 0.5 and 1.
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6. CONCLUSION

In this work, we derived three numerical methods to solve the time-fractional Black-
Scholes model, with fourth-order accuracy in space and 4 — « order in time, where 0 <
a < 1. The spatial discretization is conducted using the fourth-order Padé approximation,
a fourth-order Taylor compact scheme and a fourth-order compact exponential scheme,
combined with L1-2-3 discretization for approximating the time-fractional derivative. The
solvability of all three schemes is presented. In addition, through rigorous analysis, the
convergence and stability of L1-2-3-CES and L1-2-3-TCS schemes are proved. Finally,
numerical experiments are presented verifying the theoretical order of convergence in both
space and time, and the accuracy of the proposed schemes is demonstrated.

Acknowledgement. The authors express sincere gratitude to anonymous referees for
their valuable suggestions, which greatly helped to improve the quality of the manuscript.
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