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INCORPORATING THE INFLUENCE OF HUNTING COOPERATION
AND COMPETITION INTO THE PREY-PREDATOR MODEL

HUDA SALAH KAREEM'", ASEEL AMER ABD?, §

ABSTRACT. This mathematical model consists of three nonlinear ordinary differential
equations between two prey (N1, N2) and only one predator (P). The two prey (N1, N2)
grow logistically under predator pressure, and the predator depends mainly on the first
prey (N1). According to function response Holling’s type II formula, indirect competition
exists between N1 and N; because the predator exerts strong pressure on first prey (Ni),
while second prey (N2) is affected more simply. Equilibrium points for the mathematical
model between predator and two prey, which stabilize over time, were calculated, and
the local stability around the equilibrium points of this proposed model was analyzed
using the Lyapunov function. Finally, numerical simulation was used to demonstrate the
results.

Keywords: two-prey one-predator model; Holling type II functional response ;stability
analysis.
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1. INTRODUCTION

Mathematics integrates these models as hypotheses. It helps us understand the behavior
of scientific systems, study population interactions that affect each other’s growth rates,
and develop the skills needed to prepare and manipulate mathematical models. The
research presents more than 100 real-world examples [3, 6, 14]. From these mathematical
examples, students learn how to formulate, analyze, and estimate models [2, 11, 12]. This
section is based on ordinary differential equations accompanied by examples from biology,
environment, medicine, and other sciences. In wildlife ecology, the interface between theory
and experimentation is still weak, so we specifically look to define a two-prey, one-predator
model, where the interaction between species is analyzed in two or three dimensions, and
the prey will grow exponentially in the absence of the predator, assuming no threat to the
prey other than the multiple predator [1, 5, 10].
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Mathematical models are essential tools for studying ecological relationships among
organisms, helping us understand how populations change over time under the influence of
reproduction, competition, and predation in an ecosystem. The predator-prey relationship
is a dynamic one, in which predators influence the numbers and diversity of their prey
[9, 13]. Among these models, the model that describes an ecosystem consisting of a
single predator feeding on two prey, with the prey evolving to resist predation, stands out.
This relationship achieves balance in the ecosystem by controlling animal populations,
maintaining the natural growth of the prey, and mitigating predation pressure from the
predator [7, 4, 8, 15].

This paper provides an illustrative example of the nature of the mathematical model.
We assume the first prey (rabbits), the second prey (mice), and the predator (foxes). The
first and second preys grow logistically through reproduction, but the number of rabbits
decreases with increasing density (internal competition), while the number of mice is
affected by the number of foxes. As the predator’s number increases, its number decreases
(below saturation), while the fox consumes part of the rabbit via a function Holling’s
type II (Predation decreases when full) the number of foxes increases as long as there is
sufficient food from rabbits and decreases if prey decreases or natural death increases.

2. MODEL FORMULATION

In this research, a mathematical model consisting of three-dimensional differential equa-
tions is formulated. This model is designed to consist of a first prey (N;1) and a second
prey (N2) representing the population size at that time, and a single predator (P) rep-
resenting the population size at that time. This model depicts the relationship between
the predator and the two prey, a function that takes into account predator saturation
when the prey population increases, based on the function Holling’s type II. That is, the
predator’s ability to attack its prey does not increase without limits, but rather reaches
its maximum due to the time required to process the prey. Accordingly, the dynamics of
this model can be interpreted as shown.

dNy Ny P(B+~P)
W_Nl <T1 (l—k;l) 1+a(B+vP)N; _a1N2>’
% = No <7‘2 (1 — ]]:;2> —a2N1>7 (1)
d—P—P eP(B+P)
dt 1+a(B+~yP)Ny 2

The variables and parameters of the above system (1) can be described in the following
table:

Theorem 2.1. All the solutions of system (1) which initiate in R:i are uniformly bounded.

Proof. Let (Ny(t), Nao(t), P(t)) be any solution of the system (1) with a non-negative initial
condition (N1(0), N2(0), P(0)). Now consider a function: M (t) = Ni(t) + Na(t) + P(t).
We get:

P(+4~P)
1+a(B+~vP)Ny

dM N -
— <rNi (11— s +roNg [ 1 — 2 —dP— NNy (Ckl + 042)—(1—6)
dt k1 ks

According to the biological facts, 0 < e < 1, we get:
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TABLE 1. System parameters shown in (1)

Parameters | Description

r; >0, 1 =1,2 | The logistic growth rate of first and second prey, respec-
tively.

ki >0, ¢ =1,2 | The carrying capacity of the first and second prey, respec-
tively.

a; >0, i =1,2 | Predation rate of the predator on both the first and second
prey, respectively.

B8>0 Baseline attack rate, which represents the basic ability of a
predator to catch prey.
a>0 Represents predator saturation rate and the extent to which
prey handing effects predator saturation.
dip >0 Natural mortality rate of a predator.
v>0 Represents the effect of predator density on catch rate.
e>0 The conversion rates of food to a predator.
dM r N? roNZ
% < 2riN7 — lk L + 2roNo — 22 _ (dP+ r1 N1 +T2N2).
1
When we solve this differential inequality using the comparison theorem, we get:
dM N? N3
— < 2T1N1 - i +27“2N2 — 2% — (d—i-Ozl —I-OéQ)M.
dt kl k2
dM

— < max(Ni(t)) + max(Na(t)) — hM,

M
dd—t + hM < 2ky + 2ky, where h =min{d,aj,as}.

dM
o +hM <L, where L = (2k;+ 2ks).

Using the comparison theorem to solve this differential equation for the initial value
M(0) = My, we obtain:

h h
Then
lim M(t) < £
t—00 ~— h
Thus, 0 < M (t) < %,Vt > 0. Hence the proof is completed. O

3. EXISTENCE OF EQUILIBRIUM POINTS

This section discusses system (1) and defines stability at each possible equilibrium point,
which can satisfy the conditions of its existence, as explained below.
(1) The trivial equilibrium point Uy = (0, 0,0), always exists.
(2) The first axial equilibrium point U; = (k1,0,0) always exists.
(3) The second axial equilibrium point Uy = (0, k2, 0) always exists.
(4) The equilibrium point Us = (]\71, No, 0) exists by solving the following set of equa-
tions:
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N
T — 7“1]€71 —aiNp
\ (2)
r2No
Ty — —azlNq
ko
From the first equation ofequation of (2) we have,
k1 — N
Ny = (k1 — N1)
aiky

From the second equation (2) we have,

N, = o (k2 — Na)
Oégkig

So, Us = (Nl, ng, 0) exists if the next conditions hold:

k‘l > Nl, k‘g > NQ. (3)
(1) L
(5) The equilibrium point Uy = (N1, 0, P) exists by solving the following set of equa-
tions:
N P P
k1 1+a(B+~yP)Ny
P P
1+a(B+p) M
From equation (5) we have:
d
- ()

T Niy(e—ad) oy’
Now by substituting (6) in (4) we get:
f(N1) = BiN{ + BoN} + B3N} + ByN1 + Bs =0,
Where:
Bi =~ari (e — ad)* (1 - B),
By = v?r1 (e — ad) [(e — ad) [(B + 1) ak; — 1] — ad]
B3 = (e — ad) [T1/€1’72€ — 3%y (e — ad) (ky — 1],
By = (e — ad) ydBky (2y — 1),
Bs = —d*vk; < 0.
So, Uy = (Nl, 0, P) exists if the following conditions hold:
e > ad,
d
N1y (e — ad) g 57
1 <min{(S+1)aky,2v,ki},
(e —ad)[(B+1)ak; — 1] > ad,
rik1y?e > By (e —ad) (ky — 1) .
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Finally, the positive equilibrium point Us = (Nl, No, P) exists by solving the following

set of equations:

Ny P(B+~P) B
m(l_l€1>_1—|—a(6—|—’yP)N1_a1N2_O’ (7)
T <1 - NQ> —asN1 =0, (8)
ko
eP(B+P) dy =0, ()

14+a(f+~P) N

From equation (7) we have:

(ki —N)(A+a(B+vP)N1) — kP (B++P)
= arky (14 a (3 +7P) M) | .

From equation (9) we have:

d
(e —ad) (B +~P)’

Now by substituting (11) and (10) in (8) we get:

Ny =

f(P)=WViP*+ VP> + V3P 4V, =0,

Where:
Vi = kikoy? (e (2adB — e) + a*d*B) |

Vo =vk1ks [,6’2 (ad (3¢ — 2ad) — 2¢?) + a1y (ad2 (3e — 2ad) +
2ad (e — ad) — e2d)] + ~2 [r1raky (e® (e — ad)) + eadﬁQ] ,

Vs = riroy [k1 8 (ad (3e — 2ad) — 2¢®) — ed| + B°kiks [ad (e — ad) — €?]

V4 :klklﬂ [Tgﬂ (ad (ad + 6) + a2d2"}/ + o (62 + CLd) d+ d2a1a2 (6 - QCLd))]
+ 71728 [k1 (ad (14 ady) — de + ky (e + a*d?))]

So, Us = (Nl,NQ,P) exists if, in addition to condition (3), the following conditions
hold:
r1 (k1 — N1i) (1 +a(B+vP)N1) > ki P (B+~P),
2ad a’d*p

M 2 —_—
e > ax{ad, adf, 3 ’(2adﬂ—e)}’

22 2
ad>MaX{ € c’d ed },

(3e — 2ad)’ 2 (e — ad)’ (1 + ad)

k183 (ad (3e — 2ad) — 2¢*) > ed,
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4. LOCAL STABILITY ANALYSIS

This section discusses the local stability of system (1) through the calculation of the
Jacobian matrix J(Ni, No, P) of the system (1). as follows: J = [n;]

3x3"7
Where:
27”1N1 P(ﬁ —l—’yp)
ni=ry— — o1 Ny — 55
k1 (14+a(B+~P)Ny)
nip = —a1Vy,
— [B+alNy (B2 + 72 P?) + 2Py (1 + BNy)]
niz = )
(1+a(B+~P)Ny)?
no1 = —aaNg,
219 N
N9y = T9 — T; 2 _ Ny,
2
n23 = 07
eP (8 +~P)
ngy = 2
(14+a(B+~yP)Ny)
nzg = 0,
e[B+alNy (B% +~2P?) + 2P (1 + BNy)] p
ngz = —d.

(1+a(B+vP)N)°
4.1. Local stability of Ujy. The Jacobian matrix at Uy = (0,0, 0) is given by:

rr 0 O
Jo=J(Uo)= 1|0 m 0],
0 0 d

The characteristic equation of Jy is then given by:

(ri =A)(ra = A)(d—A) =0,
which gives:

AM=7r1>0, X=719>0, A3=d>0,

Hence Uy is unstable.

4.2. Local stability of U;. The Jacobian matrix at Uy = (k1,0,0) is given by:

gy Rilsrame]
1 1~1 (l+aﬁk1)2
Ji=10 r9 0 ,

kle[ﬁ+ak1ﬁ2]

0 0 (1+aBk1)?

—d

The eigenvalues of J; are:

ke ak, 5
(=11 = A)(r2 = A1) ( 1(1[i:5k11>§ - Al) N

which gives
. kle [ﬁ + aklﬁQ] B
(1+ apk)?

Ain, = -1r1 <0, Ay, =12>0, A\ip

)



676 TWMS J. APP. ENG. MATH. V.16, N.5, 2026

Hence Uj is a saddle point (unstable).

4.3. Local stability of U;. The Jacobian matrix at
U2 = (07 k?a O)
is given by:
r — Oé1k?2 0 0

Jo = J(UQ) == —aoky —T2 0 y
0 0 —d

Then the eigenvalues of Jy are:
(Tl — 051]62 — )\2)(—7’2 — /\0)(—d — )\0) = 0,
which gives: Aoy, =711 — a1ke, dan, = —12 <0, Aap = —d <0
Therefore, Us will be locally asymptotically stable if the following condition is met:
r1 < aiks.
4.4. Local stability of Uz. The Jacobian matrix of Us = (1\71, N, 0) is given by
J3 = J(Us) = [vijl3,3

Where
2r N .
Vi1 =711 — r;: L — a1 Ny,
1
v12 = —a1 Ny,
N [5 + CLN252]
V13 = RNV
(1 + CLBN1>
o1 = —ap Ny,
2y N ~
Vg =T9 — If: 2 _ oy,
2
V23 = 07
v31 = Oa
V32 = 07
N1€ |:ﬂ + QN262:|
V33 = — <2
<1 —I—a,8N1>

The characteristic equation of Js is then given by:

2r1 N ~ 2rs . ~
)\2+/\<T1— Tlill—OqNQ—F?“z— T222—a2N1>+

2r, N- - 25 N: - o
(7“1 — Tl:: Lo 041N2> <7’2 — Tz 2 —042]\71) — apoaNo Ny
1 2
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So, either

which gives:

or
2N ~ 2N. ~
A+ A (7"1 (1_k1) —a1Ng + 12 (1—I€Q> —042N1> +
1 2

2 N - 2y N: = NPy
<r1 - T; ! —oqu) <r2— T; 2 —0<2N1> — 102NNy =0,

which gives:

2N - IN. ~
A3n, + N3N, =11 (1 — l<:11> — a1 Ny + 12 (1 — k;) — aaV1.

2N - 2N. - S
)\3N1 . )\3]\[2 = (’I“l (1 — ]{511> —OélN2> (T‘Q (1 — ]{,‘22> —OéQN1> — OélagNgNl.

Therefore, Us will be locally asymptotically stable if the following conditions are met.

Nie [6 + aﬁgﬁz}

—— > d,
(1—|—a,8N1>
2N
1< 2L
k1
2N,
1 _“
ko

2N ~ 2N. _ o
<7’1 (1 — ]fl1> — 041N2> (7’2 <1 — k;) — a2N1> > ay1agNoNy. (12)

Otherwise it is a saddle point.

4.5. Local stability of U;. The Jacobian matrix at Uy = (N1, 0, P) is given by:

Ji = J(Us) = [8ijl353 5
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Where:
dopp=mr|1- - 7
k1 (1+a(B+~P)N)
5 — [B+alNy (82 ++2P2) + 2Py (1 + BNy)]
13 = ;
(1+a(B+~P)Ny)?
012 = —a1 Ny,
921 =0,
do2 = 12 — g No,
d23 =0,
eP (3 +~P)
031 = 29
(1+a(B+~vP)N)
Sun € [B+ aNy (82 + 2 P?) + 2Py (1+ SNy)] p
33 = —d.
(L+a(8+7P)N1)°
The characteristic equation of Jy is then given by:
[\ + B\ + Bad + Bs] =0, (12)

By = — (811 + 822 + s33) > 0,
By = (s22) (s11 + s33) — (s13) (s31) + (s11)(s33) > 0,
By = (s22) [(513) (s31) + (s11) (833)] > 0,

According to the Routh-Hurwitz criterion, equation (12) has roots with negative real
parts, if B; > 0, i = 1,2,3 and A = B1Bs — B3 > 0. Clearly, B; > 0 if the following
conditions hold:

2N,
1< 22
k1

ry < aaNo,
e[B+alNy (8% +~%P?) + 2Py (1 + 8N,)]
(1+a(8++P)Ny)”
Straightforward computation shows that: A = (Q1B1 — Q2), where:

<d,

Q1= — {533 (822 + s11) + 3 (s11) (522) (533) + 83 (511 + 533)
+ 8%1 (s22 + s33) — s31513 (S11 + S22 + 833)]

and

Qa = (s32) [s31513 + 571533 — (s11) (s33) (s31)(s13)] ,
Hence, A will be positive if in addition to conditions [2.m-2.0] the following condition
holds:

Q1B1 > sz

So, Uy is locally stable. It’s unstable otherwise.
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4.6. Local stability of Us. The Jacobian matrix at Us = (Nl, Ny, P) is given by:
Js = J(Us) = [Yijl3x3

27”1N1 - P (/B_F’YP)
Y =r— — —a1Ny — ~ 3"
1 <1+a<ﬁ+7P) Nl)
Y12 = —041N1,
- [6 +alNy (ﬁQ + fy?fﬂ) + 2P~ (1 + ﬂNl)}
Y13 = RN )
(1 +a (5 —|—fyP> N1>
Y21 = —042N2,
219 N .
Yoo = To — z 2 _ Ny,
2
y23 = 0,
eP <ﬁ + ’yP)
Y31 = ~ . <2’
(1 ta <ﬁ+7P> Nl)
y32 = 0,
e [B + alN <B2 + 721'32) + 2P~ (1 + BPl)]
Y33 = ~ . 2 - a,
(1 +a (ﬁ +7P> N1>

The characteristic equation of Js is then given by:
|:/\3 + ClAQ + 02/\ + 03] =0, (13)

C1 = — (y11 + y22 + y33) > 0,
Cy = (y11) (Y22 + ys3) + (y22) (ys3) — (y13) (ys1) — (y21)(y12) > O,
Cs = (y22) (y13) (ys1) + (y21) (y12) (y33) > O,

According to the Routh-Hurwitz criterion, equation (13) has roots with negative real
parts, if C; > 0, i = 1,2,3 and A = C1Cy — C3 > 0. Clearly, C; > 0 if the following
conditions hold:

1 < 2N,
ki’
2N,
1< 222
< Ty
e [ﬁ +alN, (B2 + 721'32) + 2P~ (1 + ﬁ]\'ﬁ)]
N - \2
(1 +a (B + 7P) Nl)
)

(y22) (y13) (y31) > (y21) (¥12) (¥33) 5

<d, (14)
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Straightforward computation shows that: A = (Al Cs — Ag), where:
A = - [?Jﬁ (y33 + y22) + 3 (y11) (y22) (y33) + ¥3a (y11 + v33)

+ Y33 (11 + y22) — (y11 + vo2 + y33) (Y21y12 + y31y13)]

Ay = y31y33050 + 2Y21Y12Y31 V1392233 + Y31 YiaYas,

Hence, A will be positive if in addition to conditions [12-14] the following conditions
hold:

Y21Y12 > Y31Y13,
2.2 2 2 .2 2
Y51Y13Y22 T Y21Y12Y53 > 2Y21Y12Y31Y13Y22Y33,
Alcg > Ag,
So, Us is locally stable. It’s unstable otherwise.

5. GLOBAL STABILITY ANALYSIS

This section examines the global stability of the equilibrium points of the system (1)
using the Lyapunov function as shown below.

Theorem 5.1. The point Us is a globally stable equilibrium point approximately within
the range in ]Ri and that satisfies the next conditions:

k = \2 -
7’141 < % (Ng —Ng) + N1No (011 +042)+042N1N2. (15)
2
Proof. Consider the following function:
= = N
Ty (N1, N2, P) = Ny + <N2 — Ny — Nglnﬁ2> + P
2

Clearly T : Ri — RisaT; € C! since the function is a positive determinant, its derivative
T with respect to time ¢, using the equations in the system, gives the following form

dTl__[rz MPB+yP) .
dt ko 14+a(B8+vp) N1

N
7’1N1 <1 — kjl> .
1

Now since the function f (N1) = r1 Ny (1 — %) in the second term represents a logistic

_\2 _
(Nz —N2> + N1 N, (a1+0é2)+0é2N1N2} - e)+

function with respect to Ni and hence it is bounded above by the constant ”fl, then
according to the biological facts, (1 > e).

Hence,
dT; r = \2 _ mk
<2 (Nz - N2) + NN (a1 4 as) + as N1 Ny | + =
dt ko 4
So, % < 0 according to condition (15). Hence Us is globally asymptotically stable. [

Theorem 5.2. The point Us is a globally stable equilibrium point approximately within
the range in Ri and that satisfies the next conditions:

N;>N;, i=1,2 (16)
fh > RQ, (17)
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Where:

2
B, MNP(B+P)
L+a(B+vp) N

Proof. Consider the following function:

-~ - N - - N
Ty (N1, N, P) = (Nl—Nl—N11n~1> + (NQ—NQ—N21n3> + P
N1 N2

Clearly T5 : Ri — RisaTy € C! since the function is a positive determinant, its derivative
T5 with respect to time ¢, using the equations in the system, gives the following form

(Nl —N1>2 + (Nl - Kﬁ) (NQ - N2) (a1 + a2) + % (Nz — JV2>2] —

NP (8 +~P)
1+a(B+yp) N1

a _ |
dt ky

NP (8 +~P)
1+a(B+~p) N

(1—e)+

So, according to the biological facts in theorem (1), always (1 > e).

dTy ~ ~
— < —R1 + Rs.
7 < 1+ fo

So, dd% < 0 according to conditions (16-17). Hence Us is globally asymptotically stable.
O

Theorem 5.3. The point Uy is a globally stable equilibrium point approximately within
the range in ]R:jr and that satisfies the next conditions:

Ri > Ry, (18)
Where:

eN P (B8 +~P) eN1P (3 +~P)

R =— [Tl (N1 — ]\71)2 + + (a1 + a2) N1 Na + 041N2N1] ;

k1 1+a(B++P)N1  1+a(B+~P)N
= Nlp(ﬂ—l-’yp) Nlp(ﬁ—i-’yp) T’ng
T 14a(B+1P) M 1+a(5+7P)J(\fl) 4
1

Proof. Consider the following function:

_ _ N - __ P
Tg(Nl,NQ,P): (NI_NI_NIIHJVI> + Ny + (P—P—Plnp> .
1
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Clearly T5 : Ri — Ris a T3 € C! since the function is a positive determinant, its derivative
T5 with respect to time ¢, using the equations in the system, gives the following form:

dT; gl _ .2 €N1P (5 + ’YP) 6]\71]3 (5 + ’}/P)
—=—|—=(N1—-MN) + =
dt k1 1+a(B+v)N1  1+a(B+7p) N
_ N1 P (B +~P)
NoN- N1 N- -
+ a1 Nao Ny + (a1 + ag) N1 No +1+a(5+fyp)N1
NP (B +~P) N1 P (3 +~P)

1+a(B+p) M _(1_6)1+a(5+7p)N1

NP (8 +~P) No
_(1_6)1+a(ﬁ—|—7p)N1 + 79Ny <1—).

Now since the function f (Ny) = roNo (1 — %) in the second term represents a logistic

function with respect to Ny and hence it is bounded above by the constant ’"2f2, then
according to the biological facts, (1 > e).

Hence,

dT. _ N, P P NP P
s |1 (v, = fy)2 g LB EOR) NP (540 F)
dt k1 l+a(B+v) N1 1+a(B+p) N

_ N1P (B +~P)

NoN- NN _

+ a1 Ny 1+(a1+a2) 1o +1+a(ﬁ—|—’yp)]\f1

NP (B +~P) NP (B +~P)

14 a(B8+~p) N _(1_6)1+a(6+7p)l\71
—(1—6) Nlp(/B-l-"}/P) Tgkg
l+a(B+yp) N1 4

Then % = —Ry + Ry. So, % < 0 according to condition (18). Hence Uy is globally

asymptotically stable. O

Theorem 5.4. The point Us is a globally stable equilibrium point approximately within
the range in Ri and that satisfies the next conditions:

N, >N;, i=1,2 (19)

Ry > Ry, (20)
Where:

Ry = — [;1 (Nl - N1>2 + <N1 - Nl) (Nz - N2> (o1 + az)

<N2 o )2 . eN\P(B+~yP)  eNiP(8+~+P)

)
+—= :
1+a(B+~yP)Ny 1+ a(f +~vP)N;

ko

_ NP (B+P) NP (B +~P)
2T 1t aB+AP)N;,  1H+a(B+AP) N
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Proof. Consider the following function:
Ty (N1, Ny, P) = <N1 - M —Nlln.1> + <N2 — Ny —Ngln.2> + (P—P—Pln.> .
M Ny P
Clearly Ty : Ri — RisaTy € C! since the function is a positive determinant, its derivative
Ty with respect to time t, using the equations in the system, gives the following form:
dT}

1
dt

k1

2 N NP (8 ++P) NP (8 ++P)
+k:2(N2 NQ)] (1 6)<1+a(ﬁ+7p)]\71+1+G(B+VP)N1>
NP (B +~+P) N NP (B +~P)

L+a(B+yp) N1 1+a(B+p) Ny

eNiP(B+~9P)  eN\P(B+P)

Cl4aB+wp) N T+a(B+p) N

So, according to the biological facts in theorem (1), always (1 > e).

(Nl - N1)2 + <N1 - Nl) (N2 - Nz) (a1 + az)

dT, 1\ 2 . . N2
S| (M= W)+ (Vr = N) (N = N3 (on + a2) + 2 (N2 — 1)
dt kl k2
l1+a(B+p) N1 1+a(B+p) M
NP (B+7P) n NP (B+~P)
l+a(B+yw) N1 1+a(B+p) N
Then iT
Y : .
— = —R1 + Rs.
at 1+ 2
So, % < 0 according to conditions (19-20). Hence Us is globally asymptotically stable.

O

6. NUMERICAL SIMULATIONS

In this section, a numerical simulation of the overall dynamic behavior of the proposed
model (1) is presented using MATLAB to verify the validity of the analytical results.
Numerical simulation can be performed using a different set of tools. This provides us with
a comprehensive explanation of the effect of changing the values of the system parameters.

r =03, k1 =06, =01, v=0.025 a=0.5, oy = 0.7,
ro = 0.3, kg = 0.6, g = 0.7, € = 0.4, dQ = 0.01.
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FIGURE 1. Graphical representation of the dynamics of the three types
according to the data provided in Equation (1.7), where the system ap-
proaches a positive equilibrium point
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FIGURE 2. Graphical representation of the coefficient values mentioned in
Equation (1.6) for the coefficient k2. As the values of the coefficient change
in the range k3 > 0.01, the system approaches the equilibrium point Uy, as
shown in Fig. (a). As the range increases 0.12 < ko < 0.25, the solution
approaches the equilibrium point approximately Us, as shown in Fig. (b).
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FiGure 3. Graphical representation of the coefficient values mentioned
in Equation (1.6) for the coefficient k2. We observe that the system
approaches the equilibrium point Us when the values of the coefficient
change in the range 0.07 < ag < 0.18, as shown in Fig. (a). As the so-
lution approaches the equilibrium point Us when the range increases to
0.18 < ay < 0.25, as shown in Fig. (b). However, for 0.25 < as < 2, the
solution approaches the positive equilibrium point Us, as shown in Fig. (c).
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FIGURE 4. Graphical representation of the dynamics shows that the system
is approaching the equilibrium point Us, which represents the death of the
first prey and the predator.

7. CONCLUSIONS AND DISCUSSIONS

This study is based on a mathematical model consisting of three nonlinear ordinary
differential equations that describe the relationship between the two prey (N7, N2) and
only one predator (P). The two prey (Ny, N2) grow logistically under predator pressure,
and the predator depends mainly on the first prey (N7). According to Holling’s type II
functional response formula, indirect competition exists between (/N1) and (N3) because
the predator exerts strong pressure on first prey (Np), while second prey (N3) is affected
more simply.

Equilibrium points for the mathematical model between predator and two prey, which
stabilize over time, were calculated, and the local stability around the equilibrium points
of this proposed model was analyzed using the Lyapunov function. Finally, it was solved
numerically using the set of default parameter values given.

Therefore, for system (1), we obtain the following results, which can be summarized as
follows: There is no periodic dynamics for system (1); some parameters play an important
role in the dynamics of the system (1), while for other parameters the solution approaches
a positive equilibrium point.
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