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(¥, GF)-CONTRACTION MAPPINGS AND RELATED FIXED POINT
RESULTS IN PARTIAL MODULAR METRIC SPACES

S. NARZARY"2, L. HAZARIKA3, D. DAS™3*, §

ABSTRACT. In this paper, we focus on establishing the existence of fixed points results for
(¥, GF)-contraction mapping in partial modular metric spaces. In support of this result,
a suitable example is given. For the application, we demonstrate how these results can be
utilized to investigate the existence and uniqueness of solutions for a system of Volterra-
type integral equation. Moreover, we demonstrate the existence of solutions of fractional
differential equations in the framework of partial modular metric spaces.
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1. INTRODUCTION

Matthews [14] proposed the idea of partial metric space, which generalizes the metric
space by allowing a non-zero self-distance. Chistyakov [6] introduced modular metric space
(MMS). Researchers enrich fixed point theory in these spaces ( see [3, 4, 7, 11, 12],[15]-[19]).
There are numerous applications for partial metric space (PMS) and modular metric space
(MMS) in both pure and applied mathematics viz., the solution’s existence and uniqueness
for integral equations, for Riemann-Liouville fractional differential equations, for problems
in dynamical programming and so on. New researchers are drawn to this field because of
its remarkable applicability in a variety of fields.

Hosseinzadeh and Parvaneh [10] proposed the idea of partial modular metric spaces
(PMMSs) that generalize PMS, as well as established several fixed point theorems in
such new spaces. Recently, Das et al. [8] refined the idea of PMMS to remove the dis-
crepancy in non-zero self distances and triangular inequality in PMMS [10]. Also, include
some examples and a few fixed point results with applications. PMMS serves as a very
powerful and useful tool in the study of non-linear processes.
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Wardowski [22] introduced F-contraction to generalize Banach fixed point theorem. Later

n [23], Wardowski enlarges this F-contraction as (¢, F')-contraction in metric spaces.
Rossafi et al. [13] introduced the concept of (¢, MF)-contraction in C*-algebra valued
metric spaces.

Inspired by Wardowski in [23] and Rossafi et al. in [13], this paper introduces a new con-
traction mapping (¢, GF) in PMMS. A few common fixed point results utilizing (¢, GF)-
contraction are demonstrated in this space. Also, provided examples to validate the results.
The solution’s existence for a given system of Volterra integral equations and fractional
differential equations is discussed as an application.

The paper is divided into four sections. The first and second sections cover the introduc-
tion of PMMS, (v, GF)-contraction mapping, and existing fixed point results. The third
section contains some new generalized fixed point results and examples. The fourth sec-
tion discusses Volterra integral equations and fractional differential equations applications.
The final section contains the paper’s conclusion.

2. PRELIMINARIES:

In the present section, we review a few definitions and characteristics which are used in
our results. Hosseinzadeh and Parvaneh [10] introduced PMMS as follows:

Definition 2.1. [10] Let N # (. A function wP : (0,4+00) x N' x N — [0,400) specified
by wP (X, 01, 02) = Wi (01, 02), is said to be partial modular metric (PMM) on N if it meets
the conditions stated below:

(wh): wh(o1,02) = Wi (o1, 01) = Wi (02,02) & 01 =02 , YA > 0;
(wh): wh(o1,01) < wh(o1,02), Yo1,00 €N and VA > 0;
(Wh): wh(o1,02) = wh(02,01), Vo1, 00 € N and VA > 0;
(wh)

Al

wh (01,01)+wh (03,08)+wh (03,03)+wh (02,0
why (o1, 00) < wi(or, 03) +whi(es, 02) — slovor) ey (os 3)2 n(03,03) teo(02,02) |

Yo1,02 €N and YV, p > 0.

In recent times, Das et al. [8] refined the definition of PMMS [10], to remove the
discrepancy in the non-zero self-distance and triangularity conditions, as follows:

Definition 2.2. [8] Let N # (). A function wP : (0,400) x N'x N = [0,400) defined by
wP(A, 01,02) = wh (01, 02), is said to be PMM on N if it meets the following conditions:

(W)): wi(or,01) = wiler, 1) and wi(o1,01) = wi(e1,02) = wWi(o2,02) & 01 = 02 ,
VA, 1> 0;

(wh)): wi(@la@l) < wf(@l, 02), Vo1,02 € N and Y\ > 0;
(wP)): Wi (01, 00) = wh(02,01), Vor,00 €N and YA > 0;

(Ldf/)l wiJﬂu(Qla 92) < wi(gla Q3) + wﬂ(@fﬂv QQ) - wi(@& Q3) ) le? 02 € N and )\,,u > 0.

Obviously, if w¥(01,02) = 0, from (wf/) and (wg/), we get o1 = g9, but the converse
might not hold. If PMM w? on N has a finite value and it does not depend on the pa-
rameter A > 0 which is wf (01, 02) = wp(01, 02), YA, 1 > 0, then p(o1, 02) = wh (01, 02) is a
partial metric (PM) on .

Definition 2.3. [8] If along with the conditions (wf/), (wg/) and (wg/), a PMM w? on N
satisfies the following:
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(Wf—:/): wiw(m, 02) < /\ing(gla 02) + ﬁ“uwﬁ(&s, 02) — ,\iﬁwf(%, 03),

Vo1, 02,03 € N and VA, u > 0.
Then it is called conver.

Definition 2.4. [8] For a given oy € N,
Now(00) ={6 e N': lim wh(00,6) = K},
A—+4o00

for some kK > 0 and
Np(00) ={6 e N : IXN = A(0) > 0, wf(00,d) < o0}

Then two sets Nyv» and Ny are said to be partial modular spaces (PMS) centred at go.
Its clear that Now C Ny, Then, Ny = Nyr(00) and N* = N2y (00), if 00 € N is an

arbitrary.

Example 2.1. [8] Let N =R. We define
Wh(o,00)=elor—oa |+ o1+ 02l Yo1,00 € N and VA > 0.

Then w? is a PMM on N
Definition 2.5. [8] If wP denote a PMM on N # 0 and {ox} be a sequence in PMMS
Nyp, then
(i) {ox} converges to § € Now, if and onle if for every e >0, I ko € NU{0} such

that
| wh (0K, 0) — wh(6,0) [< e,
V k>ko andV X > 0. We then write limy_, 4o w5 (0K, ) = wh(8,6), VA > 0;
(i) {ox} is said to be Cauchy in Nyp if limy s yoo wf\(gk, om) = ¢, VA > 0, for some
¢ > 0. Then, limg wi(gk, ox) = limy, 5400 wi(gm,gm) = c¢. Hence, ¢ = 0 if
{ox} is a Cauchy sequence in Nos;
(i) Nyr is called complete if every Cauchy sequence converges to some 6 € Ny such
that

lim W (o, om) = wh(8,6), VA > 0.

k,m—+o0

Definition 2.6. [6] Let N # 0. A function w® : (0,4+00) X N' x N — [0, +00) defined by
w(A, 01, 02) = wi(01,02), is said to be MM on N if it meets the following conditions:

(wi): Wi(@hm) =0 01=02,YVA>0;
(w3): wi(o1,02) = wi(02,01), Yo, 00 € N and YA > 0;

(w3): wip (o1, 02) S wi(o1,03) +w)(03:02) , Yor,00 €N and A, pu > 0.
Moreover, For a given oy € N,

Nos(00) ={6 € N: lim w3(go,d) =0,
A——+o00
for some k > 0. Then the set N s is said to be modular spaces centred at og.
Lemma 2.1. [8] Let N» be a partial modular metric space. Define

w3 (01, 02) = 2u8 (01, 02) —wh (01, 01) — wh(02,02), A > 0.

Then Ns is a modular metric space.
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Lemma 2.2. [8] Let Ny» be a partial modular metric space. Then
(i) {zn} is a partial modular Cauchy sequence in Nr if and only if it is Cauchy in
the modular metric space N,s;
(ii) A partial modular metric space N is complete if and only if modular metric space
Nos is complete.

Definition 2.7. [23] A mapping T : N — N is referred to as (1, F)-contraction if there
exists functions F : (0,400) — R and ¢ : (0,4+00) — (0,+00) that satisfies the conditions

(F1) a1 > ag = F(aq) > F(ag) for all aq, 2 > 0.

(F2) for any sequence {a,} 125 C (0, +00), where oy, — 0, if and only if F(ay) — —o0.
(F3) liminf, ,,+ ¢(a) > 0 for all a > 0.

(F4) F(d(To1,To2)) + ¢(d(o1,02)) < F(d(o1,02)) Vo1, 02 € N such that Toy # T o2.

3. MAIN RESULTS

Inspired by Wardowski [22] and [23], we construct a (¢, GF)-contraction mapping as
follows:

Definition 3.1. Let S, T : Ny» — N be two self-mappings, and is referred to as (1, GF)-
contraction if there exists functions F : [0,+00) — [0,+00) and 9 : [0,+00) — [0, +00)
that satisfies the conditions:

(F1) F is continuous and nondecreasing, such that ag > as = F(a1) > F(az), for all
aq,ag > 0. Moreover, F(ay) =0 if and only if oy = 0.

(F2) ¢ is continuous, increasing and positive i.e., P(a1) > 0 for all a; € (0,00) with
¥(0) = 0.

(F3) for all 61,02 € Nyp, and A >0

WL(T61,865) > 0 = F(WL(Tb1,86)) + ¥(G(61,62)) < F(G(61,62)),
where, G(81,82) =max{wt (61, 62), wk (1, T61), wE (62, Sba), [wé&@l,862>;ng<527”1” .

Theorem 3.1. Let (N, w?) denote a complete PMMS and S,T : Nyw — Ny be the two
self-mappings which satisfies (¢, GF)-contraction mapping with TNy C SNyr. Then T
and S have a unique common fized point.

Proof. Let 6y € Ny» be a point. Let {Sd,+1} be a sequence specified by
T2, = 02y41 and Ségy41 = O2540, for every n = 0,1,2,... If 6, = dppq1 for all m =
0,1,2,..., then for m = 2j, we have
G(02), 02)41) = max{w? (825, d2)41), W, (025, Td2)), Wk (82)41, S2)11),
[whi (925 Sy41) + why (92541, T 02)] )
2
= max{wﬁ(égj, (52]), w’;(égj, 52]), wg(d.g], (52]_:,_2),

[why (025, 09512) + why (25, 0a;)]

5 }

= Wi (02;,02)42)-
Therefore,
]'—(Wg(7—52]>&523+1)) < (9(5217523+1)) - w(g(52j>523+1))
= F(wh(02), 02512)) < F(wh(02), 02512)) — Y (wh 02y, 02542)).-
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As 1 is positive, so, a contradiction arises. Therefore, wf(d2), 82)12) = 0. We get, 0, =
02,41 = 02y42. Similarly, we have do; = 9,41 = )42 = )43 = ..., and so on. Iy =
T o2, = S6g, i.e., d2, is a common fixed point.

Suppose, 6m # Om+1,Vm = 0,1,2,... Assume, wh(d9), d2,-1) > 0 we have

G(02y, 62)—1) = max{w? (825, d2)—1), W, (825, Tb2)), wh (62)—1, Sd2y—1),

[wg)\((SQJ, 8523_1) + ng((ng_l, 7-52])] }
2

= maX{w§(52]7 52371), WI;\((SZ]a 52g+1), w§(52371, 52]),

[why (025, 025) + why (8251, 02541)]

5 }
= max{w? (82;, d2)—1), Wk (82), 62541), wh (825—1, 02),

[Wh (825, d2;) + Wk (62)—1, 02)) + wh (825, 82541) — wh (02, d2;)]

5 }
= max{w? (82;, d2)—1), W} (02, 02,41) }-
Let G(62),02)—1) = w§(523,52j+1), then
F (WX (T 025, Sb2-1)) < F(G(d2, 025-1)) — (G (025, 62)-1))
= F(w (02511, 02))) < F(w (92, 02p41)) — (W] (d2;, 02p41))-

As 1) is positive, hence a contradiction arise.
S0, G(82), 02)—1) = wh(d2), d2,-1), and we get

F (WX (T 025, S025-1)) < F(G(02;, 02)-1)) — (G (62, 925-1))
= F(wh(02)11,025)) < F(wh (025, 025-1)) — ¥ (w] (025, 025-1))
).

< F(W (62, 62)-1) (1)
Similarly, we can also show that,
F (WA (T 02y, S02511)) < F(G(025, 92541)) — (G (025, 0241))
= F(wh(02)41, 02512)) < F(wh (02, 02541)) — ¥ (w] (025, 02541))
< F (w5 (025, 02541))- (2)

As, F is non decreasing so, from (1) and (2) we have, w! (8, dm+1) is monotonically

decreasing sequence to non-negative real numbers.

Let, 30 < 3, such that lirf wh (6ms Om+1) = B, VA > 0. Hence, from (1) and (2), we have
n—-—+0o0

lim F(wh (6m, Om1)) =0, VA >0, ie.,

n—+

lim w? (6m, Omy1) = 0, VA > 0. (3)

n—-+o0o

We will now demonstrate that {d,,} is a cauchy sequence in N,p. It is enough to show
that {Sd,,+1} is a cauchy sequence in Ns.

Now, 0 < Wk (G, 0m) < wh (0, mg1), VA > 0, we have

]Einoo W (8, 6m) = 0. (4)

Also, 0 < R (0mt1, Omt1) < W (Omg1, Om2) implies

lim wi(ém_,_l, 6m+1) == 0, VA > 0. (5)

J—>+oo
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If possible, let {0,,} be not a Cauchy in NV,s. Then there is € > 0 and subsequences {d,,,)}
and {d,(,} along with (k) > m(x) > k such that

wf\(ém(,i),éj(ﬁ)) >e, VA>0.
We choose j(k) for m(k), such that its the least integer along with j(k) > m(k) that
satisfies the above inequality. Hence

wi(&m(n), (53(,{),1) <e VA>0.
We have

wzs\(ém(n)’ 53(5)) < ws% (5m(m)a 5](/{)—1) + "‘)S% (5](/4)—17 5](/@))

<e+ UJS% (5j(n)—1a 6](/@)) (6)
Again, from Lemma 2.1;
WX (0)()=15 Oyr)) = 208 (050 =15 (1)) — WX ()()=15 Oy(s)—1) — WX (O
Using (3),(4) and (5), we have

1) 0y))- (7)

lim wi(éj(n),l, )

k—+o00 j(”)) =0 (8)
Using (6) and (8), we get
€< kkr—ir-loo wf\((sm(n)a 6](;{)) <e+0.
This implies
kginoo wi(ém(n)a 5](&)) =€ (9)
Similarly we prove that,
G @3 (Fmn)—150y(0)-1) = €
Thus

kEI—Poo w};\ (5m(n) -1 6](/@)—1)

- 2 kli\rfoopwg((sm(”)_l’ 5]("@)—1) - wi(éj(n)—la 5](m)—1) — wi(ém(ﬁ)—b 4 (f-c)—l)]
- 2 kgr—{loo wf‘(ém(’f)*b 5](&)71)
_ €
2
= b(say).

Similarly, we obtain
kglfoowi(ém(n)fh Oyr)-1) =5 =0 and kglfmwﬁ(5m(n) Oy(x)) =
Now from triangular inequality,

e}
wg((sm(/{)v 5](&)) < O.)I; (5m

<=1

(k)» 5m(/{)+1) + w% (5m(/i)+17 6m(n)+2) T tw

> F

(5](14)717 5](;{))
- [w ((5 (k)+1> 5m(n)+1) + w% (5m(n)+27 5m(n)+2) +.o+ w% (5

1(k)—1> 6](/{)—1)]'

>3

Using (3), (4) and (5) we have

Jim w8 (Om(e)s ) < 0= 0=0,
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which is a contradiction. Thus {J,,} is a Cauchy sequence in the complete modular space
Nys. By Lemma 2.2, {4,,} is Cauchy sequence in the complete PMMS (/\/’wp,wg). Hence
there exists some ¢ € N_» such that

i B0 = T W (Bn1) = w5(00) = 0, and
]Einoo wh (S2541,1) = ]Einoo wh (T 62;,1) = 0.
Now, let W (T, S802,42) > 0,
F (WX (T, 802541)) < F(G(1,02p41)) — (G (2, 02p41)), (10)
where

jiigrnoo Q(z, (5234_1) = jii?oo max{wi (Z, 52]4_1), wi (’L, TZ), w§ (52]+1, 8(5234_1),

[WIQD)\(Z, 552]“) + ng (523+17 T1)] }
2

= Wi (T,1)
As n — +o0, from (10), we get
F(wh(T2,1)) < F(wX(T,0) = (WX (T2,2)),

As 1 is positive, hence a contradiction. So, w (7%,1) = 0.

Similarly, we can demonstrate that w (Sz,1) = 0. Therefore, ¢ is a common fixed point of
T and S.

Uniqueness: Let there exists ¢* € 0,0 such that Sv* = Tv* =",

Fwi(1,2%)) < F(G(1,27)) — (G (2,27)),

where
G(2,0") = max{w} (s,0"), Wk (2, P1),wh (2", Q),
[Wg)\(z» QZ*) + ng (7’*7 PY’)]
5 }
= Wl (2,7%),
Flwn(z,17) < F(wi(3,07)) — (Wi (2,27)),
which is a contradiction, as 1 is positive. So, 1 = 1. O

If in the above theorem, S = T, then we have the following result:

Theorem 3.2. Let (Nyr,wh) be a complete PMMS and S : Nyg» — Now be self-mappings
satisfies (v, GF)-contraction mapping. Then S has a unique fixed point.

Example 3.1. Let (Np,wh) be a PMMS, where N = [0,1], and wf(01,00) = $|o1 —
92’ + max{gl, QQ}, VYA >0, 01,00 € pr.
Let T and S denote self-mappings on No» such that To1 = 4 and So1 = % .
Let F : [0,+00) — [0,+00) define by F(T) = T?; and v : [0,+00) — [0, +00) define by
W(T) =1

(I) Clearly, T (Nyr) C S(Nywp).
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(I) Moreover, w¥(T o1,S02)) > 0, and
01 02
F(WR(Te1,Se2)) = [ (Ter, Se2))* = [Wh (. I

472
s 2
< S [lor ~ 03] + max{or, 02}
= (o1, 02)P
< %[9(91792)]2
= [G(o1,02)” - %[9(91, 02))?

= F(G(01,02)) —¥(G(01,02))
= F(wX(To1,S802)) +¥(G(01,02)) < F(G(o1,02)),

ox (02, T 01)+wh, (01,8
where G(o1, 02) = max{w} (o1, 02), wh (o1, Tor) wh (02, Sn), 2T 1.5l y

So by theorem 3.1 T and S has a unique fized point {0}.

4. APPLICATION

Consider the set of Volterra type integral equations: ([8], [17])
0 g
z(s) = / Bi(s,v,z(v))dv + h(s),
0. (11)
z(s) = /0 Ba(s,v,z(v)) dv + h(s),

where ¢ € [0, p] =J CR; Bx: [0, 9] x [0,p] xR - R, k={1,2} and h: [0,p] = R
denote continuous functions.

(ii) Let C(J,R) denote the continuous functions space which is specified on J and
S, T :C(J,R) — C(J,R) be self-mappings specified by:

Tr(s) = /0< Bi(s,v,r(v))dv + h(s),
(12)

Sr(s) = /0< Ba(s,v,r(v)) dv + h(s),

for all v € C(J,R),< € J. Clearly r(s) is a solution of (i) if and only if it is a fixed
point of S and T .

(iii) Let Ny = C(J,R) denote the space of continuous functions which is specified
on J. Now, w? on N is specified by w¥ (o1, 02) = max.cp g [e=*o1(s) — 02(s)] +
max{|01(s)|,]02(s)|}], for all A > 0.

Theorem 4.1. Assume following hypotheses holds:
There is a continuous function ¢ : J x J — R such that for all ¢,v € J and r,z €
C(J,R).

(i)
| Bi(s,v,7(0)) = Ba(s, v, 2(v))| < ¢(s,0)[[r(v) = 2(v)] + X max{|r(v)], [z(v)]}
—V2e* max{|Tr(v)],|Sz(v)[}], where A > 0.
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ok
(i) fy lo(s,v)ldv < 5.
Then, the integral equation (12) has a unique common solution in C(J,R).

Proof: Now,
WR(T7r(s), 82(s)) = max [eA|Tr(s) = Sz(s)| + max{|Tr(s)], [Sz(<)[}]

s€[0,p]
— max e / 1Bi(s,v,7(0)) — Ba(s, v, 2(v))|dv + max{|Tr(s)], |S2(5)[}]
< max e [ 9 0lir) = 2(0)] + A max{ir )l (o))

— V2 max{|Tr(v)|, |Sz(v)[}dv + max{|T7(s)|, |Sz(s)|}]
< R (r(6).2(9).

Let ¢ : [0,400) — [0,4+00) define by ¢(P) = %2 and F : [0, +00) — [0,400) specified by
F=r2
Moreover, wf (7r,S8z)) > 0, and

F(wX(Tr, 82)) + (Wi (G(r, 2)) < F(w3(G(r, 2))),

where G(r, z) = max{wf(r, z),wi(r, ’Tr),wi(z Sz), [wg*(z’ﬂ);wg*(r’sz)] }.

So, by theorem (3.1) we have a unique common fixed point of 7 and S. Hence, the system
(12) of integral equations has unique solution in C(J,R).

Consider a fractional differential equation:(see

[1], 121, [5], 19])
D) +(,7r(s)) =0, ceJ=[0,1], 1 <a < 2, (13)
r(0) =0=r(1)
where D represents the Caputo fractional derivative of order «, r € C(J,R) = NM,», and
6 :J x R — R denote a continuous mapping.
Theorem 4.2. Let § : R x R — R be a given mapping and & : J x R — R denote a
continuous mapping. Assume the following hypotheses holds:

(i) there exists ro,r € C(J,R) such that §(ro(s),Sro(s)) > 0 for all ¢, € J, where
S:C(3,R) = C(J,R) is defined by

Sr(s) = F(lﬁ) /Og(§(1 - 5)(5_1) — (s — 6)(B_1))®(6,T(8))d6 (14)
1
4 F(gﬁ)/ (1= ) BD& (e, r(e))de.

(ii) for allr,z € C(J,R), A >0,
&(e,r(e)) — B(e, 2(¢))| < 16 +1) [I7(e) = 2(e)] + * max{|r(e)|, |2(e) [}
V2
—V2e* max{|Sr(e)|,|Sz(e)|}].
(iii) for allc € J and r,z € C(J,R); 0(r(s), 2(s)) > 0 yields 6(Sr(s),Sz(s)) > 0.

(iv) if {on : n € N} € C(J,R) is a sequence such that o, — © as n — +oo then
d(0n, 0941) > 0 yields §(op,x) >0V neN.
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Then the system (14) of fractional differential equations with boundary conditions has
solutions in C(J,R).

Proof. Here, r(s) € C(J,R) is a solution of equation (13), if and only if it is the solution
of the following integral equation

r :L ) — ) (¢ — )BT B (e, r(e))de
©) = 557 [, (0= = (s =) D)e(e.r(e))a
1
i 09N

So, a solution of this equation (13) is a fixed point of equation (14). Let r,z € C(J,R)
such that §(r(s), z(s)) > 0 for all ¢ € J. Now,

A(Sr(6).5(6)) = max {e—w&ﬂ(c) ~ S2()| + max{|Sr(s), |Sz<<>|}]
A

< |15
1
+e—*</ (1= ) BD[6(e, r(e)) — B(c, 2())|de

/Og(g(l =)V — (=) )6 (e, 1(e)) — B (e, 2(e))|de

NG
T max{|Sr()], \8z<c>\}]
rg+1), _

< max [m{e Ar(e) — 2(0)] + max{[r(©)], |2()]}

—V2max{|Sr(e)],|Sz(¢)|}}

1 ) ) . 7
" {F(ﬁ)/o e 1))d€+F(6)/§ (1= &) Vge}

+ max{|Sr(s)],|Sz(s)|}

1 -\
< ﬁgfg[gﬁ][e r(e) — z(e)| + max{[r(e)], |z(e)[}]
= —5(r(6). ().
Let ¢ : [0,400) — [0,400) define by ¢(P) = %2 and F : [0,400) — [0,+00) define by
F(P) = P2
Moreover, wf (Sr,Sz) > 0, and
F(wX(Sr,82)) + (Wi (G(r, 2)) < F(wi(G(r, 2)),

where G(r, z) = max{w}(r, z),w} (r,S7),wh (2, 8%), [ng(Z’ST);wgk(T’SZ)]}.

So, by theorem (3.2) we have a unique fixed point of S. O

5. CONCLUDING REMARKS:

Within this study, we show some common fixed-point theorems employing (v, GF)-
contraction condition to obtain possible generalized fixed point results. Due to the huge
potential for application in a various field of science and engineering, we discuss applica-
tions for fractional differential equations and Volterra integral equations. As PMMS is a
generalized metric space, studying fixed point results in such spaces generalizes existing
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results given in the literature. The structure of this kind of metric space may help in the
progress of PMS in different aspects based on modular.
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