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DISTANCE τ-POLYNOMIAL AND

EDGE DISTANCE τ-POLYNOMIAL OF GRAPHS

V. MATHAD1, M. PAVITHRA1∗, §

Abstract. The distance τ -polynomial D(G, x) of a graph G = (V,E) is defined as

D(G, x) =

(n2)∑
k=0

τkx
k, where τk is the number of vertices with τG(u) =

∑
x∈V (G)

dG(u, x) =

k, ∀u ∈ V (G). In this paper, we seek to find the distance τ -polynomial and similarly,
edge distance τ -polynomial of some graph families and graph operations.

Keywords: closeness centrality, edge closeness centrality, distance τ -polynomial, edge
distance τ -polynomial.
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1. Introduction

In graph theory, a graph polynomial is an invariant associated with a graph that is ex-
pressed as a polynomial. These types of invariants are studied within the field of algebraic
graph theory. Numerous polynomials are linked with graphs, such as domination polyno-
mial, Hosoya polynomial, clique polynomial, characteristic polynomial, chromatic polyno-
mial, matching polynomial and Tutte polynomial. These polynomials serve as valuable
tools in both algebraic graph theory and combinatorics, offering various methods for ana-
lyzing and classifying graphs based on their structural features. Ongoing research explores
their connections and applications in diverse areas, including optimization, chemistry, and
network theory. For more information on graph polynomials, one can refer additional
resources in the literature [2, 6, 10, 13, 19].

Let G be a nontrivial, connected, finite undirected graph with vertex set V (G) and
edge set E(G). Further, the number of vertices is order of G and edges is size of G. If
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u, v ∈ V (G) are adjacent then we denote it by u ∼ v[5], the degree of v is denoted by d(v)
or dG(v) and is defined as the number of edges incident with v, the distance between u
and v is denoted by d(u, v) or dG(u, v) and is defined as the length of the shortest path
connecting u and v in G[12]. If e(= uv) ∈ E(G), then d(e) or dG(e) denotes the degree
of e and d(e) = d(u) + d(v) − 2[14]. The vertices of the line graph L(G) are the edges
of G with two vertices of line graph adjacent whenever the corresponding edges of G are
adjacent[12]. The distance d(e, f) or dG(e, f) between two edges e and f is defined as
the distance between the corresponding vertices in the line graph of G. The complement
of G is a graph G, with vertex set same as of G and two vertices in G are adjacent if
and only if they are not adjacent in G and G is said to be self-complementary graph if
G is isomorphic to G[12]. Complement of line graph is the jump graph J(G) of G. The
helm graph Hn is the graph constructed by adjoining a pendant edge at each vertex of the
n-cycle in a wheel graph Wn+1[21]. A gear graph Gn is obtained from the wheel graph by
adding a vertex between every pair of adjacent vertices of the n-cycle[22]. A flower graph
Fn is obtained from a helm graph by joining each pendant vertex to the central vertex by
an edge[4]. The friendship graph Cn

3 is a collection of n triangles with a common vertex
[11]. A fan graph F1,n, n ≥ 2 is obtained by joining all vertices u1, u2, u3, ..., un of Pn to
a further vertex un+1 called center[18]. The Pln graph (n ≥ 3) is a graph obtained by
the join of Pn−2 and P2[20]. A barbell graph Bn is the graph obtained by adding an edge
between two copies of Kn, n ≥ 3[1]. A complete split graph CS(n, k) of order n+ k with
V (CS(n, k)) = A ∪ B, where A = {a1, a2, ..., an} induces a clique and B = {b1, b2, ..., bk}
induces a null graph such that every aibj is an edge, 1 ≤ i ≤ n, 1 ≤ j ≤ k[9]. The shadow
graph S(G) of G is the graph obtained by taking two copies of G, say G1 and G2, and
then joining each vertex v ∈ V (G1) to the neighbors of v′ ∈ V (G2), where v′ is the vertex
in V (G2) corresponding to v[3]. The total graph T (G) has a vertex set V (G)∪E(G), and
two vertices of T (G) are adjacent whenever they are neighbors in G [12]. The join of G1

and G2 is the graph G = G1 +G2 having the vertex set V (G) = V (G1)∪ V (G2) and edge
set E(G) = E(G1) ∪ E(G2) ∪ {uv | u ∈ V (G1), v ∈ V (G2)} [12]. The cartesian product
of G1 and G2 is G = G1 × G2, with the vertex set V (G) = V (G1) × V (G2), where two
distinct vertices (u, v) and (x, y) of G1 ×G2 are adjacent if either u = x and vy ∈ E(G2)
or v = y and ux ∈ E(G1) [12]. To determin e the value of τG(u) one can refer the following
definitions and theorems.

Definition 1.1. [9] Let G be a nontrivial connected graph of order n and u ∈ V (G), then

the closeness centrality of u is given by CG(u) =
n− 1

τG(u)
, where τG(u) =

∑
x∈V (G)

dG(u, x).

Definition 1.2. [16] For a connected graph G = (V,E) with m ≥ 2, the edge closeness

centrality of an edge e is given by ECG(e) =
m− 1

τG(e)
, where τG(e) =

∑
f∈E(G)

dG(e, f).

Theorem 1.1. [8] Let G1 + G2 be the join of two graphs G1 and G2, where V (G1) =
{u1, u2, . . . , um} and V (G2) = {v1, v2, . . . , vn} with both m,n ≥ 1. Then the closeness
centrality of vertices ui and vj in G1 +G2 are given by the following expressions:

CG(ui) =
m+ n− 1

2m+ n− 2− degG1(ui)
for 1 ≤ i ≤ m.

CG(vj) =
m+ n− 1

2n+m− 2− degG2(vj)
for 1 ≤ j ≤ n.

Theorem 1.2. [3] Let G be a nontrivial connected graph. For each p ∈ V (G1) and
p′ ∈ V (G2), τS(G)(p) = 2(τG1(p)) + 2 and τS(G)(p

′) = 2(τG2(p
′)) + 2.
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Theorem 1.3. [17] Let G be a nontrivial graph of order p and v ∈ V (G). Then τG(v) ≤
p(p− 1)

2
=

(
p
2

)
.

2. Distance τ-polynomial

Definition 2.1. The distance τ -polynomial D(G, x) of a graph G is defined as

D(G, x) =

(n2)∑
k=0

τkx
k,

where τk is the number of vertices with τG(u) =
∑

x∈V (G)

dG(u, x) = k,∀u ∈ V (G).

In the following proposition we provide the distance τ -polynomial of some standard
graphs.

Proposition 2.1. (1) For complete graph Kn,

D(Kn, x) = nxn−1.

(2) For cycle graph Cn,

D(Cn, x) =


nx

n2−1
4 , if n is odd;

nx
n2

4 , if n is even.

(3) For path graph Pn, n ≥ 2,

D(Pn, x) = 2x(
n
2) +

n−1∑
i=2

x(
i
2)+(

n+1−i
2 ).

(4) For wheel graph Wn+1, n ≥ 5,

D(Wn+1, x) = xn + nx2n−3.

(5) For complete bipartite graph Km,n, m,n ≥ 4,

D(Km,n, x) = mx2m+n−2 + nx2n+m−2.

Proof. The proof follows from Definition 2.1 and Table 1.
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Graph G τG(u), u ∈ V (G) τk

Complete graph (Kn) n− 1 n

Cycle (Cn)
n2−1
4 , if n is odd n

n2

4 , if n is even n

Path (Pn), n ≥ 2
(
n
2

)
, if ui is a pendant vertex 2(

i
2

)
+
(
n+1−i

2

)
, if ui is a nonpendant vertex n− 2

Wheel (Wn+1), n ≥ 5 n, if u is a universal vertex 1

2n− 3, if u is not a universal vertex n

Complete bipartite (Km,n),m, n ≥ 4 2m+ n− 2, if deg(u) = n m

2n+m− 2, if deg(u) = m n

Table 1

One can refer [9] for the τG(u).
□

In the following proposition we provide the distance τ -polynomial of some special
graphs.

Proposition 2.2. (1) For fan graph F1,n, n ≥ 3,

D(F1,n, x) = xn + 2x2n−2 + (n− 2)x2n−3.

(2) For complete split graph CS(n, k),

D(CS(n, k)), x) = nxn+k−1 + kxn+2(k−1).

(3) For helm graph Hn,

D(Hn, x) = nx7n−8 + nx5n−7 + x3n.

(4) For gear graph Gn,

D(Gn, x) = nx7n−10 + nx5n−5 + x3n.

(5) For flower graph Fn,

D(Fn, x) = nx4n−4 + nx4n−2 + x2n.

(6) For friendship graph Cn
3 ,

D(Cn
3 , x) = 2nx4n−2 + x2n.

(7) For Pln graph,

D(Pln, x) = 2xn−1 + 2x2n−5 + (n− 4)x2n−6.

Proof. The proof follows from Definition 2.1 and Table 2.
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Graph G τG(u), u ∈ V (G) τk

Fan graph (F1,n), n ≥ 3 n, if i = n+ 1 1

2(n− 1), if i = 1 or i = n; 2

2n− 3, if i = 2, 3, 4, . . . , n− 1, n ≥ 3 n− 2

Complete split graph (CS(n, k)) n+ k − 1, if deg(u) = n+ k − 1 n

n+ 2(k − 1), if deg(u) = n k

Helm graph (Hn) 7n− 8, if u is a pendant vertex n

5n− 7, if u is adjacent to central vertex n

3n, if u is a central vertex 1

Gear graph (Gn) 3n, if u is a central vertex 1

5n− 5, if u is adjacent to central vertex n

7n− 10, if u is not adjacent to central vertex n

Flower graph (Fn) 2n, if u is a universal vertex 1

4n− 2, if deg(u) = 2 n

4n− 4, if deg(u) = 4 n

Friendship graph (Cn
3 ) 2n, if u is a universal vertex 1

4n− 2, if u is not a universal vertex 2n

P ln graph n− 1 , if deg(u) = n− 1 2

2n− 5, if deg(u) = 3 2

2n− 6, if deg(u) = 4 n− 4

Table 2

One can refer [9, 16] for the τG(u).
□

Observation 2.1. (1) The constant term of D(G, x) is always zero.
(2) Sum of all the coefficients in D(G, x) = |V (G)|.
(3) The distance τ -polynomial of the peterson graph P is

D(P, x) = 10x15.
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3. Edge Distance τ-polynomial

Motivated by the definition of distance τ - polynomial of graphs. In this section, we
define edge distance τ -polynomial and computed for some standard graphs.

Definition 3.1. The edge distance τ -polynomial ED(G, x) of a graph G defined as ED(G, x) =∑
τjx

j, where τj is the number of edges with τG(e) =
∑

x∈E(G)

dG(e, x) = j, ∀e ∈ E(G).

In the following proposition we provide the edge distance τ -polynomial of some standard
graphs.

Proposition 3.1. (1) For star graph K1,n,

ED(K1,n, x) = nxn−1.

(2) For the path graph Pn, n ≥ 3,

ED(Pn, x) = 2x(
n−1
2 ) +

n−2∑
i=2

x(
i
2)+(

n−i
2 ).

(3) For cycle graph Cn,

ED(Cn, x) =


nx

n2−1
4 , if n is odd;

nx
n2

4 , if n is even.

(4) For wheel graph Wn+1, n ≥ 5,

ED(Wn+1, x) = nx3n−3 + nx5n−11.

Proof. The proof follows from Definition 2.1 and Table 3.

Graph G τG(e), e ∈ E(G) τj

Star (K1,n) n− 1 n

Path (Pn), n ≥ 3
(
n−1
2

)
, if ei is a pendant edge 2(

i
2

)
+
(
n−i
2

)
, if ei is a nonpendant edge. n− 3

Cycle (Cn)
n2 − 1

4
, if n is odd n

n2

4
, if n is even n

Wheel (Wn+1), n ≥ 5 3n− 3, if e is incident with universal vertex n

5n− 11, if e is not incident with universal vertex. n

Table 3

One can refer [16] for the τG(e).
□
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In the following proposition we provide the distance τ -polynomial of some special
graphs.

Proposition 3.2. (1) For friendship graph Cn
3 is

ED(Cn
3 , x) = 2nx4n−2 + nx7n−5.

(2) For helm graph Hn, n ≥ 5 is

ED(Hn, x) = nx8n−12 + nx8n−17 + nx5n−4.

(3) For gear graph Gn, n ≥ 5 is

ED(Gn, x) = 2nx8n−10 + nx5n−3.

(4) For fan graph F1,n, n ≥ 6 is

ED(F1,n, x) = 2x3n−4 + 2x5n−11 + (n− 2)x3n−5 + 2x5n−13 + (n− 5)x5n−14.

Proof. The proof follows from Definition 2.1 and Table 4.

Graph G τG(e), e ∈ E(G) τj

Friendship graph (Cn
3 ) 4n− 2, if e is incident with the universal vertex 2n

7n− 5, if e is not incident with the universal vertex. n

Helm graph (Hn), n ≥ 5 8n− 12, if e is pendant edge n

8n− 17, if e is on the cycle Cn n

5n− 4, if e is incident with the central vertex. n

Gear graph (Gn), n ≥ 5 5n− 3, if e is incident with the central vertex n

8n− 10, if e is not incident with the central vertex. 2n

Fan graph (F1,n), n ≥ 6 3n− 4, if e = uv, deg(u) = n and deg(v) = 2 2

3n− 5, if e = uv, deg(u) = n and deg(v) = 3 n− 2

5n− 11, if e ∈ E(Pn), e = uv, degF1,n(u) and degF1,n(v) 2

5n− 13, if e ∈ E(Pn), e is adjacent to an edge in F1,3 of degree 3 2

5n− 14, otherwise. n− 5

Table 4

One can refer [16] for the τG(e).
□

Observation 3.1. (1) The constant term of ED(G, x) is always zero.
(2) Sum of all the coefficients in ED(G, x) = |E(G)|.
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4. Distance τ-Polynomial of some Graph Operations

In this section, the distance τ -polynomial of total graphs of complete, star and cycle
graphs, jump graphs of path and cycle along with complement graphs of path, cycle, helm,
gear and barbell graphs are computed.

Theorem 4.1. The distance τ -polynomial of total graph of complete graph Kn, then

D(T (Kn), x) =

(
n(n+ 1)

2

)
xn

2−n.

Proof. The total graph of complete graph has
n(n+ 1)

2
vertices.

Let v ∈ V (G) then τT (G)(v) = (2n− 2)1 +

(
n(n+ 1)

2
− 2(n− 1)− 1

)
2 = n2 − n.

Let u ∈ E(G) then τT (G)(u) = (2)1+(2n−4)1+

(
n(n+ 1)

2
− 2− (2n− 4)− 1

)
2 = n2−n.

Then,

D(T (Kn), x) =

(
n(n+ 1)

2

)
xn

2−n.

□

Theorem 4.2. The distance τ -polynomial of total graph of star graph G = K1,n, then
D(T (K1,n), x) = nx4n−2 + nx3n−1 + x2n.

Proof. The total graph of star graph has 2n+1 vertices. Let u ∈ V (T (G)). If u corresponds
to the pendant vertex of G then τT (G)(u) = (1)1 + (1)1 + (n− 1)2 + (n− 1)2 = 4n− 2. If
u corresponds to the edge of G then τT (G)(u) = (n− 1)1 + (2)1 + (n− 1)2 = 3n− 1. If u
corresponds to the central vertex of G then τT (G)(u) = 2n.
Then,

D(T (K1,n), x) = nx4n−2 + nx3n−1 + x2n.

□

Theorem 4.3. The distance τ -polynomial of total graph of cycle graph G = Cn, then

D(T (Cn), x) = 2nx
n2+n

2 .

Proof. The total graph of cycle graph has 2n vertices, we consider the following cases,
Case 1. Let n be odd and u ∈ V (T (G)) which corresponds to a vertex of G, Then the
number of vertices with given distance from u is shown in Table 5.

dT (G)(u, v) = i No. of vertices of T (G) at a

distance i, 1 ≤ i ≤ n+ 1

2
from u

that coresspond to
Vertices of G Edges of G

1 2 2
2 2 2
3 2 2
4 2 2
... ... ...
... ... ...

n− 1

2
2 2

n+ 1

2
0 1
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Table 5

We get, τT (G)(u) = 4

(
1 + 2 + 3 + 4+, . . . ,+

n− 1

2

)
+

n+ 1

2
=

n2 + n

2
.

Similarly for u ∈ V (T (G)) corresponding to an edge of G, we get τT (G)(u) =
n2 + n

2
.

Case 2. Let n be even and u ∈ V (T (G)) which corresponds to a vertex of G, Then the
number of vertices with given distance from u is shown in Table 6.

dT (G)(u, v) = i No. of vertices of T (G) at a

distance i, 1 ≤ i ≤ n

2
from u

that coresspond to
Vertices of G Edges of G

1 2 2
2 2 2
3 2 2
4 2 2
... ... ...
... ... ...
n

2
1 2

Table 6

We get, τT (G)(u) = 4

(
1 + 2 + 3 + 4+, . . . ,+

n− 2

2

)
+ 3

(n
2

)
=

n2 + n

2
.

Similarly for u ∈ V (T (G)) corresponding to an edge of G, we get τT (G)(u) =
n2 + n

2
.

Therefore,

D(T (Cn), x) = 2nx
n2+n

2 .

□

Theorem 4.4. Let G = Pn, n ≥ 5, be a path graph. Then distance τ -polynomial of G is
D(G, x) = 2xn + (n− 2)xn+1.

Proof. Let G = Pn, n ≥ 5, be a path graph. If u ∈ G is a pendant vertex of G, then
τG(u) = (n − 2)1 + (1)2 = n. Similarly, if u ∈ G is a nonpendant vertex of G, then

τG(u) = (n− 3)1 + (2)2 = n+ 1. Therefore, D(G, x) = 2xn + (n− 2)xn+1. □

Theorem 4.5. Let G = Cn, n > 4, be a cycle graph. Then distance τ -polynomial of G is
D(G, x) = nxn+1.

Proof. Let G = Cn, n > 4 be a cycle graph of order n. If u ∈ V (G), then τG(u) =

(n− 3)1 + (2)2 = (n+ 1). Then, D(G, x) = nxn+1. □

Theorem 4.6. Let G = Hn, n ≥ 3, be the helm graph. Then distance τ -polynomial of G
is D(G, x) = x3n + nx2n+4 + nx2n+1.

Proof. The helm graph G = Hn, n ≥ 3 has 2n+1 vertices. Let u ∈ V (G), if u corresponds
to a pendant vertex of G then, τG(u) = (2n+1− 1− 1)1+ (1)2 = 2n+1. If u corresponds
to a vertex of G adjacent to the central vertex of G, then τG(u) = (2n+ 1− 5)1 + (4)2 =
2n+ 4. If u corresponds to the central vertex of G, then τG(u) = (n)1 + (n)2 = 3n. Then

D(G, x) = x3n + nx2n+4 + nx2n+1. □
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Theorem 4.7. Let G = Gn, n ≥ 3, be a gear graph. Then distance τ -polynomial of G is
D(G, x) = nx2n+3 + nx2n+2 + x3n.

Proof. The gear graph G = Gn, n ≥ 3 has 2n+1 vertices. If u is a central vertex of G then
τG(u) = (2n+1−1−n)2+n = 3n. If u is a vertex adjacent to the central vertex of G then,
τG(u) = (2n+1−3−1)1+(3)2 = 2n+ 3. If u is a vertex not adjacent to the central vertex,

then τG(u) = (2n+1−1−2)1+(2)2 = 2n+ 2. Then, D(G, x) = nx2n+3+nx2n+2+x3n. □

Theorem 4.8. Let G = Bn, n ≥ 3, be a barbell graph. Then distance τ -polynomial of G
is D(G, x) = 2x3n + (2n− 2)x3n−2.

Proof. The barbell graph G = Bn, n ≥ 3 has 2n vertices. If u is a vertex of degree n
then, τG(u) = (n − 1)2 + (n − 1)1 + (1)3 = 3n. If u is a vertex of degree n − 1 then,

τG(u) = (n− 1)2 + (n)1 = 3n− 2. Then, D(G, x) = 2x3n + (2n− 2)x3n−2. □

Theorem 4.9. Let G = J(Cn), n ≥ 5, be a jump graph of cycle graph. Then distance
τ -polynomial of G is D(J(Cn), x) = nxn+1.

Proof. If v ∈ V (J(Cn)) , then τJ(Cn)(v) = (n− 3)1+ (2)2 = (n+1). Then, D(J(Cn), x) =

nxn+1. □

Theorem 4.10. Let G = J(Pn), n ≥ 5, be a jump graph of path graph. Then distance
τ -polynomial of G is D(J(Pn), x) = 2xn−1 + (n− 3)xn.

Proof. If v ∈ V (J(Pn)) of degree n − 3, then τJ(Pn)(v) = (n − 3)1 + (1)2 = (n − 1). If
v ∈ V (J(Pn)) of degree n− 4, then τJ(Pn)(v) = (n− 4)1 + (2)2 = n. Then, D(J(Pn), x) =

2xn−1 + (n− 3)xn. □

Theorem 4.11. Let G1 and G2 be connected graphs of order p and n respectively with
xi ∈ V (G1), 1 ≤ i ≤ p and yj ∈ V (G2), 1 ≤ j ≤ n. Then

D(G1 +G2, x) =

p∑
i=1

x2p+n−2−dG1
(xi) +

n∑
j=1

x2n+p−2−dG2
(yj).

D(G1 ×G2, x) = pnx{nτG1
(xi)+pτG2

(yj)}.

Proof. By Theorem 1.1 and Definition 2.1 we get the desired result. □

Theorem 4.12. The distance τ -polynomial of shadow graph S(G) is given by

D(S(G), x) = 2nx{2τG(v)+2}.

Proof. By Theorem 1.2 and Definition 2.1 we get the desired result. □

5. Conclusion

In this paper, we have derived the distance τ polynomial and edge distance τ polyno-
mial for standard graphs, total graphs, jump graphs and complementary graphs of some
graphs. These findings can be extended to other graph operations and their correspond-
ing properties can be analyzed. Future research can focus on these challenges, leading to
further computations of results and properties.
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