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STABILITY ANALYSIS AND DATA SENSITIVITY OF FRACTIONAL

INTEGRO-DIFFERENTIAL EQUATIONS

PRABAKARAN RAGHAVENDRAN1,2,∗, §

Abstract. The paper focuses on analyzing the Ulam stability and data dependence
in fractional integro-differential equations with Caputo-type fractional derivatives. The
main aim of the work is to see under which circumstances the solutions remain stably
behaved with respect to small perturbations in the initial data and the parameters of
the system. Using a nonlinear integral inequality of the Henry-Gronwall kind, four types
of stabilities are studied and discussed. From there, several examples are shown that
illustrate the theory. Also, there are some graphs to show how the system solutions
behave and to depict the sensitive nature of the system concerning input data changes.
The results provide valuable insights into the stability aspects of fractional dynamic
systems and support existing research in fractional calculus and their applications.
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1. Introduction

The beginnings of fractional calculus can be traced back to the challenge of extending
the concept of the derivative to non-integer numerical approximations. L’Hôpital first
considered this problem on September 30th, 1695. According to the study of fractional
calculus has been extensively used in various fields of engineering and physics to model and
analyze problems such as electromagnetics, fluid mechanics, electrochemistry, viscoelas-
ticity, biological population modeling, nonlinear optics, nonlinear structures in plasmas,
and signal processing [9]. Its relevance lies in its ability to accurately model technical and
physical phenomena best characterized by fractional differential equations.

Fractional differential equations, referenced in [15], are highly effective instruments for
modeling a wide range of physical phenomena, including non-uniform seismic vibrations,
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fluid dynamics, traffic simulations, and nonlinear waves and oscillations in diverse plasma
physics contexts.

The realm of functional equations has also received attention, particularly regarding
stability characteristics such as Ulam-Hyers and Ulam-Hyers-Rassias dependencies. Works
by Abbas, Benchohra, Lagreg, Alsaedi, and Zhou (2017) [1], Abdo, Thabet, and Ahmad
(2020) [2], Benchohra and Lazreg (2017) [5], Salim, Benchohra, Karapinar, and Lazreg
(2020) [13], and Sousa and Oliveira (2018) [16] delve into stability and existence results
for various types of fractional differential equations.

Recent studies have examined the behavior of different systems utilizing fractional cal-
culus as a framework, employing operators such as the fractional Caputo-Hadamard and
the p-Laplacian operators. Kaushik et al. [10] investigated on existence of solution of the
general delay of fractional differential equation with p-Laplacian operator employing prin-
ciples of fixed point analysis. Later on, Gunasekar et al. [8] present the Laplace transform
technique to get solutions for fractional integral-differential equations that would be more
helpful in understanding a rather effective method dealing with these problems. Also,
another undefined author writing in 2022 also stressed another aspect of hybrid fractional
differential equations with the p-Laplacian operator, that is Hyers-Ulam stability.

The recent development in fractional differential equations concerns the existence, sta-
bility, and controllability of solutions under several nonlocal and generalized conditions.
Kumar [19] applied fixed point theory to study the existence of solutions for fractional
integro-differential systems with nonlocal conditions and, in so doing, laid the foundation
for more elaborate models of such systems. On such foundational work, Dhawan et al. [20]
studied the well-posedness and Ulam–Hyers stability of Hilfer-type fractional differential
equations of higher order, further establishing the robustness of solutions under nonlocal
boundary conditions. Beside this, the concept of controllability in fractional systems has
been enlarged by Shukla et al. [21] via investigating approximate controllability of stochas-
tic evolution inclusions involving Hilfer fractional derivatives, hence widening the scope of
fractional calculus for uncertain dynamic environments. Shah et al. [22] have studied the
dynamics of recycling materials in chemostat systems from a coupled dynamical systems
perspective. Models and simulations of complex recycling processes have been made with
artificial deep neural networks, focusing on how biological and chemical processes interact
over time. They determined various conditions for the system to be stable and conver-
gent; hence an invaluable approach for real-time prediction and control in environmental
engineering. The authors’ analysis adds substantially to the understanding of stability in
nonlinear fractional-order systems and serves as a foundation for generalizations of such
techniques to more general classes of evolution equations.

While fractional integro-differential equations have been considered from proper exis-
tence and stability points of view, attention has been largely paid to specific types of
fractional derivatives-in particular the Hilfer or Riemann–Liouville operators [20, 21],or to
one kind of Ulam stability. These works only consider a few particular boundary condi-
tions or work under very narrow analytical tools, which means no one has really started to
look into multiple stability types in a generalized set-up. Furthermore, almost every other
considered almost completely theoretical works, aside from actually showing how initial
data perturbations affect the behavior of solutions.

The present study provides a complete analysis of four different types of Ulam stability
for fractional integro-differential equations involving the Caputo derivative, in contrast
to prior studies [19, 20]. By applying a nonlinear integral inequality akin to the Henry-
Gronwall inequality, conditions of stability are established in a strong and unified manner.
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The detailed illustrative examples and graphical simulations not only serve to verify ob-
tained results but also exhibit the behavior of issued trajectories concerning variations in
initial conditions. This combination of rigorous analysis and insight through illustrations
makes the current work very different from previous ones.

It has been noted that fractional integro-differential equations have recently attracted
much attention because of the numerous application areas in science. These equations are
very useful in modeling complicated phenomena with memory and heredity; consequently,
they are essential in physics, engineering, and biology. However, more work needs to
be done on Ulam stability results and data dependence in fractional integro-differential
equations even when fractional calculus is becoming increasingly popular. To fill this
research gap, this study intends to compile and systematize the existing information related
to Ulam stability and incorporate the Henry-Gronwall inequality to complement the Ulam
stability analysis. In the same respect, data dependence outcomes are performed with the
help of the generalized Gronwall inequality that is consisted of mixed integral terms.
This study aims at contributing towards the existing knowledge in the area of fractional
integro-differential equations and by so doing providing new valuable information that
would improve the knowledge in the field of fractional calculus. Within this discourse, we
analyze the following fractional integro-differential equation:

cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

0
µ(ξ, ς, ψ(ς))dς, ξ ∈ [β, ε), ε = +∞,

where cDα denotes the Caputo fractional derivative with α belonging to the open in-
terval (0, 1). We will subsequently establish specific conditions for the functions ϑ and µ.
Furthermore, we investigate data dependence analysis for the following fractional integro-
differential equation:

cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

0
µ(ξ, ς, ψ(ς))dς, ξ ∈ [β, ε), ε < +∞,

where cDα represents the Caputo fractional derivative with α falling within the range
of (1, 2).

In this article, the focus lies on exploring four distinct Ulam stability definitions in
the context of fractional integro-differential equations. The Henry-Gronwall inequality
demonstrates these four types of Ulam stability results for fractional integro-differential
equations when 0 < α < 1 and ε = +∞. Additionally, attention is drawn to the intriguing
data dependence results associated with the fractional integro-differential equation when
1 < α < 2 and ε < +∞. This is achieved by employing a generalized Henry-Gronwall
inequality incorporating a mixed integral term. To enhance our theoretical findings, an il-
lustrative example featuring such fractional integro-differential equations is also presented.

2. Preliminaries

In this section, we consider a Banach space denoted as (B, | · |), where β and ε are
real numbers with β < ε ≤ +∞. Let C([β, ε),B) represent the Banach space comprising
all continuous functions defined on the interval [β, ε), equipped with the norm |ϱ|c =
sup{|ϱ(ξ)| : ξ ∈ [β, ε)} [12, 18, 14].

Definition 2.1. [14] The fractional integral of a function h(ξ) with the Riemann-Liouville
definition of order ω > 0 is given by

Jωh(ξ) =
1

Γ(ω)

∫ ξ

0
(ξ − ζ)ω−1h(ζ) dζ, for ξ > 0, ω ∈ R+,
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where R+ denotes the set of positive real numbers, and J0h(ξ) = h(ξ).

Definition 2.2. [14] The Caputo fractional derivative of order ω, where ω falls within the
range of 0 to 1, is applicable to a function h : [0, 1) → R. It can be represented as:

Dωh(ξ) =
1

Γ(1− ω)

∫ ξ

0

h
′
(ζ)

(ξ − ζ)ω
dζ, for ξ > 0.

Consider ϵ as a positive real number, where ϑ and µ are continuous operators mapping
from the domain [β, ε) × B to B, while ρ is a continuous function mapping from the
domain [β, ε) to the set of positive real numbers, denoted as R+. Let ψ : [β, ε) → B be a
continuous function. Now, consider the following integro-differential equation

cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

β
µ(ξ, ς, ψ(ς)) dς, α ∈ (0, 1) (or (1, 2)), ξ ∈ [β, ε). (1)

We examine the corresponding inequality for an approximate function ϱ(ξ), which is as-
sumed to be a close approximation to the exact solution ψ(ξ):∣∣cDαϱ(ξ)− ϑ(ξ, ϱ(ξ))−

∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς

∣∣ ≤ ϵ, ξ ∈ [β, ε), (2)

∣∣cDαϱ(ξ)− ϑ(ξ, ϱ(ξ))−
∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς

∣∣ ≤ ρ(ξ), ξ ∈ [β, ε), (3)

∣∣cDαϱ(ξ)− ϑ(ξ, ϱ(ξ))−
∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς

∣∣ ≤ ϵρ(ξ), ξ ∈ [β, ε). (4)

The equation (1) is considered U-H stable if there exists a positive real number cϑ,µ such
that, for any given ϵ > 0 and for every solution ϱ in either C1([β, ε),B) (or C2([β, ε),B))
of the inequality (2), there exists a solution ψ in either C1([β, ε),B) (or C2([β, ε),B)) of
the equation (1) such that |ϱ(ξ)−ψ(ξ)| is less than or equal to cϑ,µϵ for all ξ in the interval
[β, ε).

The equation (1) is considered generalized U-H stable if there exists a positive real
number θϑ,µ such that, for any given ϵ > 0 and for every solution ϱ in either C1([β, ε),B)
(or C2([β, ε),B)) of the inequality (2), there exists a solution ψ in either C1([β, ε),B) (or
C2([β, ε),B)) of the equation (1) such that |ϱ(ξ) − ψ(ξ)| is less than or equal to θϑ,µ(ϵ)
for all ξ in the interval [β, ε).

The equation (1) demonstrates U-H-R stability with respect to ρ if there exists a pos-
itive real number cϑ,µ,ρ such that, for any given ϵ > 0 and for each solution ϱ in either
C1([β, ε),B) (or C2([β, ε),B)) of the inequality (4), there exists a solution ψ in either
C1([β, ε),B) (or C2([β, ε),B)) of the equation (1) such that |ϱ(ξ) − ψ(ξ)| is less than or
equal to cϑ,µ,ρϵρ(ξ) for all ξ in the interval [β, ε).

The equation (1) demonstrates generalized U-H-R stability with respect to ρ if there
exists a positive real number cϑ,µ,ρ such that, for any given ϵ > 0 and for each solution
ϱ in either C1([β, ε),B) (or C2([β, ε),B)) of the inequality (3), there exists a solution ψ
in either C1([β, ε),B) (or C2([β, ε),B)) of the equation (1) such that |ϱ(ξ)− ψ(ξ)| is less
than or equal to cϑ,µ,ρϵρ(ξ) for all ξ in the interval [β, ε).

Remark 2.1. A function ϱ in the space C1([β, ε),B) (or C2([β, ε),B)) is considered a
solution to the inequality (2) if and only if there exists another function g defined on the
interval [β, ε) and belonging to either C1([β, ε),B) (or C2([β, ε),B)) such that:

(1) |g(ξ)| ≤ ϵ, for all ξ ∈ [β, ε).
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(2) The function ψ satisfies the equation

cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

0
µ(ξ, ς, ψ(ς)) dς + g(ξ), ξ ∈ [β, ε).

Similar arguments can be applied to inequalities (3) and (4). Therefore, Ulam stability
in fractional integro-differential equations can be understood as a specific manifestation
of data dependence exhibited by the solutions of such equations.

Remark 2.2. For any α satisfying 0 < α < 1, if a function ϱ belongs to the class
C1([β, ε),B) and satisfies the inequality (2), then it also serves as a solution to the following
integral inequality:∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) +

∫ ξ

β
µ(σ, ς, ϱ(ς)) dσ

]
dς
∣∣∣ ≤ (ξ − β)αϵ

Γ(α+ 1)
,

ξ ∈ [β, ε).
By the previous result, we have:

cDαϱ(ξ) = ϑ(ξ, ϱ(ξ)) +

∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς + g(ξ), ∀ξ ∈ [β, ε).

Applying the integral operator yields:

ϱ(ξ)− ϱ(β) =
1

Γ(α)

∫ ξ

β
(ξ − ς)α−1ϑ(ς, ϱ(ς)) dς +

1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

(∫ ς

β
µ(σ, ς, ϱ(ς)) dσ

)
dς +

1

Γ(α)

∫ ξ

β
(ξ − ς)α−1g(ς) dς.

Thus:∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) +

∫ ξ

β
µ(σ, ς, ϱ(ς)) dσ

]
dς
∣∣∣

=
∣∣∣ 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1g(ς) dς

∣∣∣
≤ 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1|g(ς)| dς

≤ ϵ

Γ(α)

∫ ξ

β
(ξ − ς)α−1 dς

≤ (ξ − β)αϵ

Γ(α+ 1)
.

Similar remarks can be made about inequalities (3) and (4).
Lemma 2.1. [18] Let ϱ and η be continuous functions mapping from [0, T ) to [0,+∞),

where T ≤ ∞. Suppose η is non-decreasing and there exist constants m ≤ 0 and n > 0
such that:

ϱ(ξ) ≤ η(ξ) +m

∫ ξ

0
(ξ − ς)n−1ϱ(ς) dς, ξ ∈ [0, T ).

Then,

ϱ(ξ) ≤ η(ξ) +

∫ ξ

0

[ ∞∑
r=0

(mΓ(n))r

Γ(rn)
(ξ − ς)rn−1η(ς)

]
dς, ξ ∈ [0, T ).
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If η(ξ) = β̄ is a constant function on the interval 0 ≤ ξ < T , the inequality simplifies to:

ϱ(ξ) ≤ β̄En(mΓ(n)tn), 0 ≤ t < T,

where En denotes the Mittag-Leffler function defined by:

Eσ,τ (v) =
∞∑
γ=0

vγ

Γ(σγ + τ)
, (v, σ, τ ∈ C,R with σ > 0).

Remark 2.3. [18] Consider the case where q < +∞ and ϱ is a continuous function
defined on the interval [0, q] with values in the Banach space B. Suppose ϱ satisfies the
inequality:

|ϱ(ξ)| ≤ p1 + q1

∫ ξ

0
(ξ − ς)δ−1|ϱ(ς)|γ dς + r1

∫ q

0
(q − ς)α−1|ϱ(ς)|γ dς,

where δ ∈ (1, 2), γ ∈ [0, 1− 1
m ] for some 1 < m < +∞, and p1, q1, r1 ≥ 0 are constants. If

there exists a constant M := (q1 + r1)

[
qm(δ−1)+1

p
(δ−1)+1
1

] 1
m

> 0, then |ϱ(ξ)| ≤ (p1 + 1)eMq.

3. Ulam Stability Results and Data Dependence

In this section, we examine Ulam stability in fractional integro-differential equations,
focusing on how stability depends on variations in data. We present theoretical results
and discuss their implications for the stability of solutions.

3.1. Ulam Stability Results. In this subsection, we investigate the Ulam stability of
fractional integro-differential equations. We detail the conditions under which solutions
exhibit stability, focusing on the influence of data variations on the behavior of solutions.

Consider the fractional integro-differential equation:

cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

β
µ(ξ, ς, ψ(ς)) dς; α ∈ (0, 1) (or (1,2)), ξ ∈ [β, ε).

Where ψ(ξ) is the unknown solution. Let ϱ(ξ) be a continuous approximate function. We
analyze its deviation from the exact solution via the inequality:∣∣∣∣cDαϱ(ξ)−

[
ϑ(ξ, ϱ(ξ)) +

∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς

] ∣∣∣∣ ≤ ϕ(ξ); ξ ∈ [β, ε).

This analysis is conducted under the assumption that ε = +∞. We assume the following
conditions:

(H1) k, ϑ ∈ C ([β,∞)×B,B).
(H2) There exist constants m1ϑ,m2µ > 0 such that:

|ϑ(ξ, u1)− ϑ(ξ, u2)| ≤ m1ϑ|u1 − u2|,

|µ(ξ, ς, v1)− µ(ξ, ς, v2)| ≤ m2µ|v1 − v2|,
for all ξ ∈ [β, ε) and u1, u2, v1, v2 ∈ B.

(H3) If ρ is an increasing function in C ([β,+∞),R+), then there exists a positive con-
stant λρ > 0 such that:

1

Γ(α)

∫ ξ

β
(ξ − ς)α−1ρ(ς) dς ≤ λρρ(ξ) for each ξ ∈ [β, ε).

Under these conditions, we obtain the following generalized Ulam-Hyers-Rassias stability
results.
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Theorem 3.1. Under the conditions (H1), (H2), and (H3), the equation (1) with ε = +∞
is generally classified as U-H-R stable.

Proof. Consider ϱ ∈ C1([a,+∞),B) satisfying the inequality (3) with ε = +∞. Let ψ
be the unique solution of the Cauchy problem:

cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

β
µ(ξ, ς, ψ(ς)) dς, 0 < α < 1, ξ ∈ [β, ε), with ψ(β) = ϱ(β),

(5)
where ψ(ξ) is the unknown function and ϱ is a given continuous initial function. Then we
have:

ψ(ξ) = ϱ(β) +
1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ψ(ς)) +

∫ ς

β
µ(ς, σ, ψ(σ)) dσ

]
dς.

Applying the integral operator on inequality (3), we get

ϱ(ξ)− ϱ(β)− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1ϑ(ς, ϱ(ς))dς +

1

Γ (α)

∫ ξ

β
(ξ − ς)α−1+

∫ ς

β
µ(ς, σ, ϱ(σ))dσdς

≤ 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1ρ(ς)dς

∣∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) +

∫ ς

β
µ(ς, σ, ϱ(σ)) dσ

]
dς

∣∣∣∣∣
≤ 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1|ρ(ς)|dς

≤ λρρ(ξ); ξ ∈ [a,+∞
)
.
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It follows,

∣∣∣ϱ(ξ)− ψ(ξ)
∣∣∣ ≤ ∣∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ψ(ς))+

∫ ς

β
µ(ς, σ, ψ(σ))dσ

]
dς

∣∣∣∣∣
≤

∣∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1ϑ(ς, ψ(ς))dς

+
1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∫ ς

β
µ(ς, σ, ψ(σ))dσdς

∣∣∣∣∣
≤

∣∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1ϑ(ς, ϱ(ς))dς +

1

Γ (α)

∫ ξ

β
(ξ − ς)α−1ϑ(ς, ϱ(ς))dς

− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1ϑ(ς, ψ(ς))dς − 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∫ ς

β
µ(ς, σ, ϱ(σ))dσdς

+
1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∫ ξ

ς
µ(σ, ς, ϱ(ς))dσdς − 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∫ ς

β
µ(ς, σ, ψ(σ))dσdς

∣∣∣∣∣
≤

∣∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1ϑ(ς, ϱ(ς))dς

+
1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∫ ς

β
µ(ς, σ, ϱ(σ))dσdς

∣∣∣∣∣
+

1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϑ(ς, ϱ(ς))− ϑ(ς, ψ(ς))
∣∣∣dς

+
1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∫ ξ

β

∣∣∣µ(σ, ς, ϱ(ς))− µ(σ, ς, ψ(ς))
∣∣∣dσdς

≤

∣∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) + +

∫ ς

β
µ(ς, σ, ϱ(σ))dσ

]
dς

∣∣∣∣∣
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+
1

Γ (α)

∫ ξ

β
(ξ − ς)α−1m1ϑ

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς + 1

Γ (α)

∫ ξ

β
(ξ − ς)α−1m2µ

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς

≤ λρρ(ξ) +
m1ϑ

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς

+
m2µ

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣(ξ − ς)dς

≤ λρρ(ξ) +
m1ϑ

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς + m2µ

Γ (α)

∫ ξ

β
(ξ − ς)α

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς

≤ λρρ(ξ) +
m1ϑ

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς + m2µ

Γ (α)

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣ ∫ ξ

β
(ξ − ς)αdς

≤ λρρ(ξ) +
m1ϑ

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς + m2µ

Γ (α)

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣Tα+1

α+ 1

≤ λρρ(ξ) +
m1ϑ

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς + m2µ

Γ (α)(α+ 1)

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣Tα+1

≤ λρρ(ξ) +
m1ϑ

Γ (α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣dς +m2µ

∣∣∣ϱ(ς)− ψ(ς)
∣∣∣ αTα+1

(α+ 1)Γ (α+1)
α

.

By applying Lemma 2.1 and Remark 2.1, there exists a constant M∗
ϑ,µ > 0 that is

independent of λρρ(ξ), such that:

|ϱ(ξ)− ψ(ξ)| ≤M∗
ϑ,µλρρ(ξ), ξ ∈ [a,+∞).

Therefore, the equation (1) is classified as exhibiting generalized Ulam-Hyers-Rassias sta-
bility.

3.2. Data Dependence. In this subsection, we examine how variations in data affect the
stability of fractional integro-differential equations. We analyze the sensitivity of solutions
to changes in input data, highlighting the robustness and adaptability of the models under
different conditions.

For 1 < α < 2, we consider the following equation:

cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

β
µ(ξ, ς, ψ(ς))dς α ∈ (0, 1) or (1, 2); ξ ∈

[
β, ε

)
,

and the inequality:∣∣∣∣ cDαϱ(ξ)−
[
ϑ(ς, ϱ(ς)) + +

∫ ς

β
µ(ς, σ, ϱ(σ)) dσdς

]∣∣∣∣ ≤ ϵ; ξ ∈
[
β, ε

)
,

in the case ε < +∞. We assume the following conditions:

• (H4) ϑ, µ ∈ C([β, ε]×B).
• (H5) There exist positive constants mϑ,µ > 0 and λ ∈ [0, 1− 1

p ], where p is a real

number with 1 < p <∞, such that:

|ϑ(ξ, u1)− ϑ(ξ, u2)| ≤ m1ϑ|u1 − u2|λ,

|µ(σ, ς, v1)− µ(σ, ς, v2)| ≤ m2µ|v1 − v2|λ,
for all ξ ∈

[
β, ε

)
and all u1, u2, v1, v2 ∈ B.

Theorem 3.2. Assume that the assumptions (H4) and (H5) hold. Let ϱ ∈ C2[β, ε] satisfy
inequality (2). Let ψ denote the solution to the following boundary value problem:
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cDαψ(ξ) = ϑ(ξ, ψ(ξ)) +

∫ ξ

β
µ(ξ, ς, ψ(ς)) dς, 1 < α < 2, ξ ∈ [β, ε), (6)

with boundary conditions ψ(β) = ϱ(β) and ψ(ε) = ϱ(ε). Then, the following inequality
holds:

|ϱ(ξ)− ψ(ξ)| ≤ cϑ,µ(ϵ+ 1), ξ ∈ [β, ε], (7)

where

cϑ,µ = eMbmax

[
(β − ε)α

Γ(α+ 1)
, 1

]
> 0,

and

M =
2mϑ,µ

Γ(α)

[
bp(α−1)+1

p(α− 1) + 1

] 1
p

.

Proof: By Lemma (3.1) of [3], the solution ψ(ξ) is given by:

ψ(ξ) =
ε− ξ

ε− β
ϱ(β) +

ξ − β

ε− β
ϱ(ε) +

β − ξ

ε− β

1

Γ(α)

∫ ε

β
(ξ − ς)α−1

[
ϑ(ς, ψ(ς)) +

∫ ς

β
µ(ς, σ, ψ(σ)) dσ

]
dς

+
1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ψ(ς)) +

∫ ς

β
µ(ς, σ, ψ(σ)) dσ

]
dς.

Using the differential inequality (2), we obtain:

ϱ(ξ) =
b− ξ

ε− β
ϱ(β) +

ξ − β

ε− β
ϱ(ε) +

β − ξ

ε− β

1

Γ(α)

∫ ε

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) +

∫ ς

β
µ(ς, σ, ϱ(σ)) dσ

]
dς

+
1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) +

∫ ς

β
µ(ς, σ, ϱ(σ)) dσ

]
dς.

Thus, we have:

∣∣∣∣ϱ(ξ)− b− ξ

ε− β
ϱ(β)− ξ − β

ε− β
ϱ(ε)− β − ξ

ε− β

1

Γ(α)

∫ ε

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) +

∫ ς

β
µ(ς, σ, ϱ(σ)) dσ

]
dς − 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ϱ(ς)) +

∫ ς

β
µ(ς, σ, ϱ(σ)) dσ

]
dς

∣∣∣∣ ≤ ϵ

Γ(α)

∫ ε

β
(ξ − ς)α−1 dς

≤ (ε− β)α ϵ

αΓ(α)
=

(ε− β)α ϵ

Γ(α+ 1)
.



894 TWMS J. APP. ENG. MATH. V.16, N.7, 2026

Thus, we have:

|ϱ(ξ)− ψ(ξ)| ≤
∣∣∣∣ϱ(ξ)− b− ξ

ε− β
ϱ(β)− ξ − β

ε− β
ϱ(ε)

−β − ξ

ε− β

1

Γ(α)

∫ ε

β
(ξ − ς)α−1

[
ϑ(ς, ψ(ς)) +

∫ ς

β
µ(ς, σ, ψ(σ)) dσ

]
dς

∣∣∣∣
− 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

[
ϑ(ς, ψ(ς)) +

∫ ς

β
µ(ς, σ, ψ(σ)) dσ

]
dς

≤ (β − ε)αϵ

Γ(α+ 1)
+

|β − ξ|
ε− β

1

Γ(α)

∫ ε

β
(ε− ς)α−1 |ϑ(ς, ϱ(ς))− ϑ(ς, ψ(ς))| dς

+
|β − ξ|
ε− β

1

Γ(α)

∫ ε

β
(ε− ς)α−1

∫ ξ

β
|µ(σ, ς, ϱ(ς))− µ(σ, ς, ψ(ς))| dσ dς.

Thus, we obtain:

|ϱ(ξ)− ψ(ξ)| ≤ cϑ,µ(ϵ+ 1),

where:

cϑ,µ = eMbmax

[
(β − ε)α

Γ(α+ 1)
, 1

]
> 0,

and

M =
2mϑ,µ

Γ(α)

[
bp(α−1)+1

p(α− 1) + 1

] 1
p

.

Substituting the Remark (2.3) into the above equation, we get the inequality (7).
Proposition 3.1. Consider the case where 0 < α < 1 and B = R. We analyze the

following equation:

cDαψ(ξ) =

∫ ξ

β
µ(ξ, ς, ψ(ς)) dς ; ξ ∈

[
β, ε

)
, (8)

and the associated inequality:∣∣∣∣cDαϱ(ξ)−
∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς

∣∣∣∣ ≤ ϵ ; ξ ∈
[
β, ε

)
. (9)

If ϱ is a solution to the inequality (9) on the interval
[
β, ε

)
, then there exists a function

g in C
[
β, ε

)
such that:

(i) |g(ξ)| ≤ ϵ ; ξ ∈
[
β, ε

)
,

(ii) cDαψ(ξ) =

∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς + g(ξ) ; ξ ∈

[
β, ε

)
.

(10)

Integrating (10) from β to ξ, we obtain:

ϱ(ξ)− ϱ(β) =
1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

(∫ ς

β
µ(ς, σ, ϱ(σ)) dσ

)
dς +

1

Γ(α)

∫ ξ

β
(ξ − β)α−1g(ς) dς.

ϱ(ξ) = ϱ(β) +
1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

(∫ ς

β
µ(ς, σ, ϱ(σ)) dσ

)
dς +

1

Γ(α)

∫ ξ

β
(ξ − β)α−1g(ς) dς.
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For any c ∈ R, we have:

|ϱ(ξ)− c| =
∣∣∣∣ϱ(β) + 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

(∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

)
dς

+
1

Γ(α)

∫ ξ

β
(ξ − β)α−1|g(ς)| dς − c

∣∣∣∣
≤ |ϱ(β)− c|+ 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣∣∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

∣∣∣∣ dς + ϵ

Γ(α)

∫ ξ

β
(ξ − β)α−1 dς

≤ |ϱ(β)− c|+ 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣∣∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

∣∣∣∣ dς + ϵ(ξ − β)α

Γ(α)
.

By setting c = ϱ(β), we get:

|ϱ(ξ)− ϱ(β)| ≤ 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

∣∣∣∣∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

∣∣∣∣ dς + ϵ(ξ − β)α

Γ(α)∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

∣∣∣∣ ≤ ϵ(ξ − β)α

Γ(α)
.

If ε < +∞, then:∣∣∣∣ϱ(ξ)− ϱ(β)− 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

∣∣∣∣ ≤ ϵ(ξ − β)α

Γ(α)
. (11)

Thus, the equation (8) is U-H stable.
If ε = +∞, the function

ϱ(ξ) =
(ξ − β)αϵ

Γ(α+ 1)
,

satisfies the inequality (9), and∣∣∣∣ϱ(ξ)− c− 1

Γ(α)

∫ ξ

β
(ξ−ς)α−1

∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

∣∣∣∣
=

∣∣∣∣(ξ − β)αϵ

Γ(α+ 1)
− c − 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

∣∣∣∣
→ ∞ as ξ → ∞.

Therefore, the equation (8) is U-H stable on the interval
[
β,+∞

)
.

Now, consider the inequality:

cDαϱ(ξ) ≤
∫ ξ

β
µ(ξ, ς, ϱ(ς)) dς + ϵ. (12)

By solving (12) and integrating, we get:

ϱ(ξ) ≤ ϱ(β) +
1

Γ(α)

∫ ξ

β
(ξ − ς)α−1

(∫ ς

β
|µ(ς, σ, ϱ(σ))| dσ

)
dς +

ϵ(ξ − β)α

Γ(α)
. (13)

Thus, the equation (8) is U-H stable for ξ ∈
[
β, ε

)
.

If ε = +∞, the stability result also holds for ξ ∈
[
β,+∞

)
, as shown by the solution of

(14).
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Example 3.1. Consider the case where 0 < α < 1 and B = R. We examine the following
equation:

cDαψ(ξ) = 0; ξ ∈
[
β, ε

)
, (14)

and the inequality:
|cDαϱ(ξ)| ≤ ϵ; ξ ∈

[
β, ε

)
. (15)

Let ϱ ∈ C1
[
β, ε

)
be a solution to equation (15). Then there exists a function g ∈ C

[
β, ε

)
such that:

(i) |g(ξ)| ≤ ϵ; ξ ∈
[
β, ε

)
,

(ii) cDαψ(ξ) = g(ξ); ξ ∈
[
β, ε

)
. (16)

Integrating (16) from β to ξ, we obtain:

ϱ(ξ) = ϱ(β) +
1

Γ(α)

∫ ξ

β
(ξ − ς)α−1g(ς) dς; ξ ∈

[
β, ε

)
.

For any c ∈ R, we have:

|ϱ(ξ)− c| =
∣∣∣∣ϱ(β) + 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1g(ς) dς − c

∣∣∣∣
≤ |ϱ(β)− c|+ 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1|g(ς)| dς

≤ |ϱ(β)− c|+ ϵ

Γ(α)

∫ ξ

β
(ξ − ς)α−1 dς

≤ |ϱ(β)− c|+ ϵ(ξ − β)α

Γ(α+ 1)
.

Setting c = ϱ(β), we obtain:

|ϱ(ξ)− ϱ(β)| ≤ ϵ(ξ − β)α

Γ(α+ 1)
, ξ ∈

[
β, ε

)
.

If ε < +∞, then:

|ϱ(ξ)− ϱ(β)| ≤ ϵ(ε− ξ)α

Γ(α+ 1)
, ξ ∈

[
β, ε

)
.

Hence, equation (14) exhibits U-H stability.
If ε = +∞, the function:

ϱ(ξ) =
(ξ − β)αϵ

Γ(α+ 1)
,

satisfies inequality (15) and:

|ϱ(ξ)− c| =
∣∣∣∣(ξ − β)αϵ

Γ(α+ 1)
− c

∣∣∣∣ → ∞ as ξ → ∞.

Therefore, equation (14) is U-H stable on the interval
[
β,+∞

)
.

Now, consider the inequality:

|cDαϱ(ξ)| ≤ ρ(ξ); ξ ∈
[
β,+∞

)
. (17)
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Let ϱ be a solution to equation (14), and ψ(ξ) = ϱ(β) for ξ ∈
[
β,+∞

)
. We have:

|ϱ(ξ)− ψ(ξ)| = |ϱ(ξ)− ϱ(β)| ≤ 1

Γ(α)

∫ ξ

β
(ξ − ς)α−1ρ(ς) dς; ξ ∈

[
β,+∞

)
.

If there exists a constant cρ > 0 such that:

1

Γ(α)

∫ ξ

β
(ξ − ς)α−1ρ(ς) dς ≤ cρρ(ξ); ξ ∈

[
β,+∞

)
,

then, under these conditions, it is evident that equation (14) demonstrates generalized
U-H-R stability for ρ on the interval

[
β,+∞

)
.

Figure 1. Plot of ϱ(ξ) as a function of ξ for β = 0, ϵ = 1, and α = 0.5.

The 2D plot in Figure 1 illustrates the behavior of the function ϱ(ξ) over the range from
β to 10, parameterized by α and ϵ. The curve represents the fractional-order behavior
of ϱ(ξ) as ξ varies, demonstrating how the function evolves under the influence of these
parameters. The red dashed horizontal line denotes the constant value ϱ(β) at ξ = 10,
serving as a reference point for comparison. As ξ increases, the distance between the
curve of ϱ(ξ) and the horizontal line provides insight into the stability characteristics
of the system. Specifically, the graph illustrates how ϱ(ξ) transitions relative to ϱ(β),
highlighting the impact of fractional order α on stability. This visualization helps in the
analysis of the systems Ulam stability properties, and its depiction on the function and
the initial condition as well as the fractional differential operator.

In Figure 2, there is a 3D surface plot of ϱ(ξ) against ξ and another parameter φ. This
graph shows the level of ϱ(ξ) with respect to different values of ξ and φ; bright colors
on the surface represent high values of ϱ(ξ), while low values fade. A colourful grid is
useful for visualizing how this value varies with both parameters, thus drawing attention
to changes in the functions values embodied in ϱ(ξ). The surface plot gives a gist showing
the interaction of the data sets ξ and φ with ϱ(ξ) making it easy to predict the high and low
regions of data dependence. The grid lines and the colour gradient also clarify the functions
responsiveness to changes in a parameter and the patterns within the data points. This
kind of 3D representation is more helpful in observing the functions performance under
certain circumstances and to get a better look at stability and responsive bandwidth as
well as cohesiveness between various variables.
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Figure 2. 3D surface plot of ϱ(ξ) as a function of ξ and a second parameter
φ, with β = 0, ϵ = 1, and α = 0.5.

4. Conclusion

The present work has established four different types of Ulam stability of fractional
integro-differential equations, applying the Henry-Gronwall inequality, with the under-
lying functional setting changing in each case. Thereafter, data dependence results were
proved through another form of a Gronwall-type inequality involving mixed integral terms.
The theory was then complemented by a grossly illustrative example with graphs of the
function ϱ(ξ) plotted against some parameters associated with the example, in order to
afford meaningful theoretical insights into the results obtained. Nonetheless, there are lim-
itations to the present work. The analysis has been confined to the fractional differential
equations involving only one type of fractional derivative and does not embrace systems
containing delay terms, stochastic terms, or else multi-term fractional operators. Besides,
the graphical simulations have been conditioned on a given set of parameters for which the
dynamic content is not explored from the standpoint of more general initial conditions or
allowable perturbations. Future research can target the gaps identified by studying sys-
tems governed by more general or hybrid fractional derivatives (say Caputo–Hadamard or
Hilfer), with added delay and memory kernels, and models arising from physical, biolog-
ical, or engineering applications. Intensified study of sensitivity of solutions to fractional
order changes and their relations to stability properties from different types of integral
kernels may also contribute. Thus, higher-dimensional numerical simulations and design-
ing appropriate algorithms that satisfy the computationally efficient implementations of
such equations would be precious objects from which to continue searching. This pa-
per lays the groundwork necessary for more advanced and applied studies into fractional
integro-differential equations.



P. RAGHAVENDRAN: STABILITY ANALYSIS AND DATA SENSITIVITY OF ... 899

References

[1] Abbas, S., Benchohra, M., Lagreg, J. E., Alsaedi, A. and Zhou, Y., 2017, Existence and Ulam stabil-
ity for fractional differential equations of Hilfer-Hadamard type, Advances in Differential Equations,
2017(1), p. 180.

[2] Abdo, M. S., Thabet, S. T. M. and Ahmad, B., 2020, The existence and U-H stability results for Hilfer
fractional integro-differential equations, Journal of Pseudo-Differential Operators and Applications, 11,
pp. 1757-1780.

[3] Agarwal, R. P., Benchohra, M. and Hamani, S., 2010, A survey on existence results for boundary value
problems of nonlinear fractional differential equations and inclusions, Acta Applicandae Mathematicae,
109, pp. 973-1033.

[4] Bai, Z., 2010, On positive solutions of a nonlocal fractional boundary value problem, Nonlinear Analysis:
Theory, Methods and Applications, 72, pp. 916-924.

[5] Benchohra, M. and Lazreg, J. E., 2017, Existence and Ulam stability for nonlinear implicit fractional
differential equations with Hadamard derivative, Studia Universitatis Babe-Bolyai Mathematica, 62(1),
pp. 27-38.

[6] Devi, A. and Kumar, A., 2022, Hyers-Ulam stability and existence of solution of boundary value
problem for a coupled system of fractional differential equations, Advances in Mathematical Physics,
2022, p. 9095706.

[7] Furati, K. M. and Kassim, M. D., 2012, Existence and uniqueness for a problem involving Hilfer
fractional derivative, Computers and Mathematics with Applications, 64(6), pp. 1616-1626.

[8] Gunasekar, T., Raghavendran, P., Santra, S. S., Majumder, D., Baleanu, D. and Balasundaram, H.,
2024, Application of Laplace transform to solve fractional integro-differential equations, Journal of
Mathematics and Computer Science, 33(3), pp. 225-237.

[9] Hammad, M. A., Shah, R., Alotaibi, B. M., Alotiby, M., Tiofack, C. G. L., Alrowaily, A. W. and
El-Tantawy, S. A., 2023, On the modified versions of G’/G-expansion technique for analyzing the
fractional coupled Higgs system, AIP Advances, 13, 105131.

[10] Kaushik, K., Kumar, A., Khan, A. and Abdeljawad, T., 2023, Existence of solutions by fixed point
theorem of general delay fractional differential equation with p-Laplacian operator, AIMS Mathematics,
8(5), pp. 10160-10176.

[11] Lazreg, J. E., Abbas, S., Benchohra, M. and Karapinar, E., 2021, Impulsive Caputo-Fabrizio fractional
differential equations in b-metric spaces, Open Mathematics, 19(1), pp. 363-372.

[12] Raghavendran, P., Gunasekar, T., Balasundaram, H., Santra, S. S., Majumder, D. and Baleanu, D.,
2023, Solving fractional integro-differential equations by Aboodh transform, Journal of Mathematics
and Computer Science, 32, pp. 229-240.

[13] Salim, A., Benchohra, M., Karapinar, E. and Lazreg, J. E., 2020, Existence and Ulam stability for
impulsive generalized Hilfer-type fractional differential equations, Advances in Difference Equations,
2020, p. 601.

[14] Singh, A., Kumar, A., Khan, A. and Abdeljawad, T., 2023, Existence and Ulam-Hyers-Rassias sta-
bility of a delay model with p-Laplacian operator in sense of Hilfer fractional operator, Advances in
Mathematical Physics, 2023, p. 7736854.

[15] Sousa, J. V. C. and Oliveira, E. C. D., 2018, On the Hilfer fractional derivative, Communications in
Nonlinear Science and Numerical Simulation, 60, pp. 72-91.

[16] Sousa, J. V. C. and Oliveira, E. C. D., 2018, U-H stability of a nonlinear fractional Volterra integro-
differential equation, Applied Mathematics Letters, 81, pp. 50-56.

[17] Wahid, S., Khan, A., Kumar, A. and Abdeljawad, T., 2023, Numerical solutions of time-fractional
order Kundu-Mukherjee-Naskar equation, Results in Applied Mathematics, 17, p. 100311.

[18] Wang, J., Lv, L. and Zhou, Y., 2011, Ulam stability and data dependence for fractional differential
equations with Caputo derivative, Electronic Journal of Qualitative Theory of Differential Equations,
2011(63), pp. 1-10.

[19] Kumar, K., 2015, Existence of Solutions of Fractional Integrodifferential System with Nonlocal Con-
ditions, IIUM Engineering Journal, 16(1), pp. 33-41.

[20] Dhawan, K., Vats, R. K., Nain, A. K. and Shukla, A., 2024, Well-posedness and Ulam-Hyers stability
of Hilfer fractional differential equations of order (1, 2] with nonlocal boundary conditions, Bulletin des
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